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SPECIAL GENERIC MAPS ON OPEN 4-MANIFOLDS

OSAMU SAEKI

Abstract. We characterize those smooth 1-connected open 4-manifolds with

certain finite type properties which admit proper special generic maps into

3-manifolds. As a corollary, we show that a smooth 4-manifold homeomorphic
to R4 admits a proper special generic map into Rn for some n = 1, 2 or 3

if and only if it is diffeomorphic to R4. We also characterize those smooth

4-manifolds homeomorphic to L ×R for some closed orientable 3-manifold L
which admit proper special generic maps into R3.

1. Introduction

A special generic map f : M → N between smooth manifolds is a smooth map
with at most definite fold singularities, which have the normal form

(x1, x2, . . . , xm) 7→ (x1, x2, . . . , xn−1, x
2
n + x2

n+1 + · · ·+ x2
m), (1.1)

where m = dimM ≥ dimN = n. In particular, submersions are considered special
generic maps.

In [24, 25], the author has shown that a smooth connected closed m-dimensional
manifold M admits a special generic map into Rn for every n with 1 ≤ n ≤ m
if and only if M is diffeomorphic to the standard m-sphere Sm. Furthermore,
certain cobordism groups of special generic maps into R are naturally isomorphic
to the h-cobordism groups of homotopy spheres in higher dimensions [26]. In [27,
28] Sakuma and the author found some pairs of homeomorphic smooth closed 4-
manifolds such that one of them admits a special generic map into R3, while the
other does not. These show that special generic maps are sensitive to detecting
distinct differentiable structures on a given topological manifold.

On the other hand, it has been known that a smooth m-dimensional manifold
is homeomorphic to Rm if and only if it is diffeomorphic to the standard Rm,
provided m 6= 4 (see [18, 31]), while for m = 4, there exist uncountably many
distinct differentiable structures on R4 (for example, see [4, 8, 10, 32]). In fact, it is
known that most open 4-manifolds admit infinitely (and very often, uncountably)
many distinct differentiable structures [1, 3, 7, 9].

In this paper, we characterize those smooth 1-connected open 4-manifolds of
“finite type” which admit proper special generic maps into 3-manifolds, using the
solution to the Poincaré Conjecture in dimension three (see [19, 20, 21] or [17],
for example). Here, an open 4-manifold is of finite type if its homology is finitely
generated and it has only finitely many ends, whose associated fundamental groups
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are stable and finitely presentable. As a corollary, we show that a smooth 4-manifold
homeomorphic to R4 is diffeomorphic to the standard R4 if and only if it admits
a proper special generic map into Rn for some n = 1, 2 or 3. We also prove similar
results for certain standard 1-connected open 4-manifolds.

Furthermore, in §4 we show that if a smooth 4-manifold M is homeomorphic to
L×R for some connected closed orientable 3-manifold L and if M admits a proper
special generic map into R3, then M is diffeomorphic to L×R and the 3-manifold
L admits a special generic map into R2.

All these results claim that among the (uncountably or infinitely) many distinct
differentiable structures on a certain open topological 4-manifold, there is at most
one smooth structure that allows the existence of a proper special generic map into
a lower dimensional manifold.

Throughout the paper, manifolds and maps between them are differentiable of
class C∞ unless otherwise indicated. The (co)homology groups are with integer
coefficients unless otherwise specified. The symbol “∼=” denotes a diffeomorphism
between smooth manifolds or an appropriate isomorphism between algebraic ob-
jects. For a topological space X, the symbol “idX” denotes the identity map of
X.

The author would like to express his sincere gratitude to Kazuhiro Sakuma for
stimulating discussions and invaluable comments. He would also like to thank the
referee for his/her comments that improved the presentation of the paper.

2. Preliminaries

Let us first recall the following notion of a Stein factorization, which will play
an important role in this paper.

Definition 2.1. Let f : M → N be a smooth map between smooth manifolds. For
two points x, x′ ∈M , we define x ∼f x′ if f(x) = f(x′)(= y), and the points x and
x′ belong to the same connected component of f−1(y). We define Wf = M/∼f
to be the quotient space with respect to this equivalence relation, and denote by
qf : M → Wf the quotient map. Then, we see easily that there exists a unique
continuous map f̄ : Wf → N that makes the diagram

M
f−−−−−→ N

qf↘ ↗f̄

Wf

commutative. The above diagram is called the Stein factorization of f (see [15]).

The Stein factorization is a very useful tool for studying topological properties
of special generic maps. In fact, we can prove the following, which is folklore (for
example, see [24]). (In the following, a continuous map is proper if the inverse
image of a compact set is always compact.)

Proposition 2.2. Let f : M → N be a proper special generic map between smooth
manifolds with m = dimM > dimN = n. Then, we have the following.

(1) The set of singular points S(f) of f is a regular submanifold of M of di-
mension n− 1, which is closed as a subset of M .

(2) The quotient space Wf has the structure of a smooth n-dimensional mani-
fold possibly with boundary such that f̄ : Wf → N is an immersion.
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(3) The quotient map qf : M → Wf restricted to S(f) is a diffeomorphism
onto ∂Wf .

(4) The quotient map qf restricted to M \ S(f) is a smooth fiber bundle over
IntWf with fiber the standard (m− n)-sphere Sm−n.

In the following, we recall several notions concerning ends of manifolds. For
details, the reader is referred to Siebenmann’s thesis [30].

Definition 2.3. Let X be a Hausdorff space. Consider a collection ε of subsets of
X with the following properties.

(i) Each G ∈ ε is a connected open non-empty set with compact frontier G−G,
(ii) If G,G′ ∈ ε, then there exists G′′ ∈ ε with G′′ ⊂ G ∩G′,
(iii)

⋂
G∈ε

G = ∅.

Adding to ε every connected open non-empty set H ⊂ X with compact frontier
such that G ⊂ H for some G ∈ ε, we produce a collection ε′ satisfying (i), (ii) and
(iii), which we call the end of X determined by ε.

An end of a Hausdorff space X is a collection ε of subsets of X which is maximal
with respect to the properties (i), (ii) and (iii) above.

A neighborhood of an end ε is any set N ⊂ X that contains some member of ε.

Definition 2.4. Let ε be an end of a topological manifold X. The fundamental
group π1 is stable at ε if there exists a sequence of path connected neighborhoods
of ε, X1 ⊃ X2 ⊃ · · · , with

⋂
Xi = ∅ such that (with base points and base paths

chosen) the sequence

π1(X1)
f1←−−−−−π1(X2)

f2←−−−−− · · ·

induced by the inclusions induces isomorphisms

Im(f1)
∼=←−−−−−Im(f2)

∼=←−−−−− · · · .

The following lemma is proved in [30].

Lemma 2.5. If π1 is stable at ε and Y1 ⊃ Y2 ⊃ · · · is any path connected sequence
of neighborhoods of ε such that

⋂
Y i = ∅, then for any choice of base points and

base paths, the inverse sequence

G : π1(Y1)
g1←−−−−−π1(Y2)

g2←−−−−− · · ·

induced by the inclusions is stable, i.e. there exists a subsequence

π1(Yi1)
h1←−−−−−π1(Yi2)

h2←−−−−− · · ·

inducing isomorphisms

Im(h1)
∼=←−−−−−Im(h2)

∼=←−−−−− · · · ,

where each hj is a suitable composition of gi’s.

Definition 2.6. When π1 is stable at an end ε, we define π1(ε) to be the projective
limit lim

←−
G for some fixed system G as above. According to [30], π1(ε) is well defined

up to isomorphism.
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3. Open 4-manifolds that admit special generic maps

In the following, a manifold is open if it has no boundary and each of its com-
ponent is non-compact, while a manifold is closed if it has no boundary and is
compact.

Let us begin by the following.

Lemma 3.1. Let M be a smooth connected open 4-manifold with finitely many
ends such that H2(M ; Z2) is finitely generated. We assume that for each end ε, π1

is stable and π1(ε) is finitely presentable. If f : M → N is a proper special generic
map into a smooth orientable 3-manifold N , then there exists a smooth compact

3-manifold W̃ possibly with boundary and a smooth embedding h : Wf → W̃ such

that h(IntWf ) = Int W̃ .

Proof. Suppose that S(f) ∼= ∂Wf has infinitely many components. Let Si, i =
0, 1, 2, . . ., be an infinite family of distinct components of ∂Wf . SinceM is connected
and qf is surjective, Wf is connected. Thus, there exists an infinite family of
disjointly embedded arcs αi, i ≥ 1, connecting S0 and Si in the 3-manifold Wf

such that each αi intersects ∂Wf transversely at its end points and Intαi ⊂ IntWf .

Then, {q−1
f (αi)}i≥1 is an infinite family of disjointly embedded 2-spheres in M .

Furthermore, for each i ≥ 1, q−1
f (Si) is a submanifold of M which is closed as a

subset of M , intersects q−1
f (αi) transversely at one point, and does not intersect

q−1
f (αj) for j 6= i. This implies that the homology classes in H2(M ; Z2) represented

by q−1
f (αi), i ≥ 1, are linearly independent. This contradicts our assumption

that H2(M ; Z2) is finitely generated. Therefore, ∂Wf has at most finitely many
components.

Let the number of ends of M be denoted by r. Let K be an arbitrary compact
subset of Wf . Since f is proper, so is qf , and hence K ′ = q−1

f (K) is a compact

subset of M . Therefore, M \K ′ has at most r unbounded components1 (see [30,
Lemma 1.8]). Thus, qf (M \K ′) = Wf \K has at most r unbounded components,
since qf is proper. Hence, Wf has finitely many ends.

Let ε be an end of Wf and U1 ⊃ U2 ⊃ · · · be any path connected sequence of

neighborhoods of ε such that
⋂
U i = ∅. Then, for Vi = q−1

f (Ui), V1 ⊃ V2 ⊃ · · · is
a path connected sequence of neighborhoods of the corresponding end of M with⋂
V i = ∅. By Lemma 2.5 together with our assumption, there exists a subsequence

Vi1 ⊃ Vi2 ⊃ · · · such that the sequence

π1(Vi1)
f1←−−−−−π1(Vi2)

f2←−−−−− · · ·

induced by the inclusions induces isomorphisms

Im(f1)
∼=←−−−−−Im(f2)

∼=←−−−−− · · · .

Since Uij is open in Wf , every Vij contains an S1-fiber of qf . Thus, each fj induces

an isomorphism between the cyclic subgroups generated by the S1-fibers. Since
(qf )∗ : π1(Vij )→ π1(Uij ) is an epimorphism whose kernel coincides with the cyclic

subgroup generated by the S1-fibers, we see that the sequence

π1(Ui1)
g1←−−−−−π1(Ui2)

g2←−−−−− · · ·

1A subset of a topological space is bounded if its closure is compact; otherwise, it is unbounded.
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induced by the inclusions induces isomorphisms

Im(g1)
∼=←−−−−−Im(g2)

∼=←−−−−− · · · .

Therefore, for each end of Wf , π1 is stable. Furthermore, by our assumption, π1 is
finitely presentable.

On the other hand, since f̄ : Wf → N is an immersion and N is orientable, Wf

is also orientable. Therefore, by [13] (see also [14]), we have the desired conclusion.
(In fact, what we need here is [13, Theorem 3] with the condition π1(εi) 6∼= Z2 for
each i being replaced by the orientability of the 3-manifold M . This version of the
theorem holds by the same reason as explained in the proof of [13, Corollary 2.1]:
when the manifold is orientable, no projective plane appears in the boundary, and
the argument works.) �

Remark 3.2. By [5], the compact 3-manifold W̃ as in Lemma 3.1 is unique up to
diffeomorphism.

Using Lemma 3.1, we prove the following.

Theorem 3.3. Let M be a smooth connected open orientable 4-manifold with
finitely many ends such that H∗(M) is finitely generated. We assume that for each
end ε, π1 is stable and π1(ε) is finitely presentable. If f : M → N is a proper spe-
cial generic map into a smooth orientable 3-manifold N , then there exists a smooth

connected closed 4-manifold M̃ and a compact orientable surface F possibly with

boundary smoothly embedded in M̃ such that M is diffeomorphic to M̃ \ F .

Proof. By [24], there exists an orientable linear D2-bundle π : Ef → Wf such
that M is diffeomorphic to ∂Ef , where an `-dimensional disk bundle is linear if
its structure group can be reduced to a subgroup of the orthogonal group O(`).
Moreover, if C denotes a small closed collar neighborhood of ∂Wf in Wf , then

NS = q−1
f (C) is a tubular neighborhood of S(f) in M and π restricted to (∂Ef ) ∩

π−1(Wf \ C) can be identified with the smooth S1-bundle qf |M\NS
: M \ NS →

Wf \ C.
Now, let us consider the cohomology exact sequence for the pair (Ef ,M \NS) '

(Ef ,M \ S(f)):

H̃k(Ef )→ H̃k(M \ S(f))→ H̃k+1(Ef ,M \ S(f)).

We have H̃k(Ef ) ∼= H̃k(Wf ), since Ef →Wf is a D2-bundle. Furthermore, by the

Thom isomorphism theorem (for example, see [16]), we have H̃k+1(Ef ,M \S(f)) ∼=
H̃k−1(Wf ). Therefore, putting k = 2, we have the exact sequence

H2(Wf )→ H2(M \ S(f))→ H1(Wf ).

Since H∗(Wf ) ∼= H∗(W̃ ) is finitely generated, so is H2(M \ S(f)), where W̃ is the
compact orientable 3-manifold as in Lemma 3.1.

By excision, we have H̃k+1(M,M \S(f)) ∼= H̃k+1(NS , ∂NS). Since M and S(f)

are orientable, NS is an orientableD2-bundle over S(f). Therefore, H̃k+1(NS , ∂NS)

is isomorphic to H̃k−1(S(f)) by the Thom isomorphism theorem. Thus, we have

H̃k+1(M,M \ S(f)) ∼= H̃k−1(S(f)).
Let us consider the cohomology exact sequence for the pair (M,M \ S(f)):

H2(M \ S(f))→ H3(M,M \ S(f))→ H3(M).
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Since H2(M \ S(f)) and H3(M) are finitely generated, so is H3(M,M \ S(f)) ∼=
H1(S(f)). This implies that H∗(S(f)) is finitely generated, since S(f) has finitely
many components by the proof of Lemma 3.1. Then, we see that S(f) ∼= ∂Wf

is diffeomorphic to ∂W̃ \ F1, where F1(⊂ ∂W̃ ) is a compact orientable surface
possibly with boundary (see [13, Proposition 2]). In fact, we can prove that Wf is

diffeomorphic to W̃ \ F1.

Let π̃ : Ẽ → W̃ be the linear D2-bundle which naturally extends π : Ef → Wf .

Then, by the above arguments, we see that M ∼= ∂Ef is diffeomorphic to ∂Ẽ \
π̃−1(F1). Set M̃ = ∂Ẽ and let F be the compact surface in M̃ which corresponds
to the zero section of π̃ over F1. Then the desired conclusion follows. �

Remark 3.4. As the above proof shows, the closed 4-manifold M̃ in Theorem 3.3
is the boundary of an orientable linear D2-bundle over the compact orientable

3-manifold W̃ as in Lemma 3.1. In particular, it admits a special generic map

f̃ : M̃ → R3 whose quotient space can be identified with W̃ (see [24]). Furthermore,

the surface F in Theorem 3.3 is a codimension zero submanifold of S(f̃) and the
quotient map qf : M →Wf can be identified with qf̃ |M̃\F .

Remark 3.5. Theorem 3.3 holds true even if N is non-orientable, provided that Wf

is orientable. If for each end ε, π1(ε) contains no cyclic subgroup of index two, then
even the orientability of Wf is not necessary (but, in this case, the surface F may
possibly be non-orientable).

As a corollary, we have the following characterization of smooth 1-connected
open 4-manifolds of “finite type” which admit proper special generic maps into
3-manifolds.

Corollary 3.6. Let M be a smooth 1-connected open 4-manifold with finitely many
ends such that H∗(M) is finitely generated. We assume that for each end ε, π1 is
stable and π1(ε) is finitely presentable. Then there exists a proper special generic
map f : M → N into a smooth 3-manifold N with S(f) 6= ∅ if and only if M is
diffeomorphic to the connected sum of a finite number of copies of the following
4-manifolds:

(1) R4,
(2) the interior of the boundary connected sum of a finite number of copies of

S2 ×D2,
(3) the total space of a 2-plane bundle over S2,
(4) the total space of an S2-bundle over S2,

where at least one manifold of the form (1), (2) or (3) should appear in the con-
nected sum. In particular, each end of such an open 4-manifold has a neighborhood
diffeomorphic to L ×R, where L is the 3-sphere S3, a lens space, or a connected
sum of a finite number of copies of S1 × S2.

Proof. Suppose that there exists a proper special generic map f : M → N into a
3-manifold N with S(f) 6= ∅. Since (qf )∗ : π1(M) → π1(Wf ) is an isomorphism

(see [24]), Wf is also 1-connected and hence is orientable. Let W̃ be the compact

3-manifold as in Lemma 3.1 (see also Remark 3.5). Note that W̃ is 1-connected.
Then by the solution to the 3-dimensional Poincaré Conjecture (see [19, 20, 21]

or [17], for example), W̃ is diffeomorphic either to the 3-disk or to the boundary



SPECIAL GENERIC MAPS ON OPEN 4-MANIFOLDS 7

connected sum of a finite number of copies of S2× I, where I = [0, 1]. By the proof

of Theorem 3.3, there exists a compact surface F possibly with boundary in ∂W̃

such that Wf is diffeomorphic to W̃ \ F . Note that ∂Wf
∼= ∂W̃ \ F 6= ∅, since

S(f) 6= ∅.
We can decompose W̃ as the boundary connected sum of a finite number of

compact 3-manifolds Wi such that

(i) each Wi contains at most one component of F , say Fi,
(ii) if Wi contains no component of F , then we put Fi = ∅ and Wi

∼= S2 × I,
(iii) if Fi 6= ∅ has no boundary, then Fi ∼= S2 is a component of ∂Wi and

Wi
∼= S2 × I,

(iv) if Fi has non-empty boundary, then Wi
∼= D3.

The 3-manifold Wf can also be decomposed as the boundary connected sum of
the manifolds W ′i = Wi \ Fi. Then, M is decomposed into the connected sum of
the 4-manifolds Mi, which is obtained by attaching 4-disks to q−1

f (W ′i ) along the

boundary 3-spheres (for details, see [24]).
If Wi contains no component of F , then Mi admits a special generic map whose

quotient space in the Stein factorization is diffeomorphic to S2 × I. Therefore, Mi

is diffeomorphic to an S2-bundle over S2 (see [24]).
If Fi 6= ∅ has no boundary, then Mi admits a special generic map whose quo-

tient space in the Stein factorization is diffeomorphic to S2 × [0, 1). Then, Mi is
diffeomorphic to a 2-plane bundle over S2.

If Fi has non-empty boundary, then by Theorem 3.3 Mi is diffeomorphic to

∂Ẽi \ Fi, where Ẽi is a D2-bundle over Wi
∼= D3 and Fi is identified with the zero

section over Fi. Therefore, Mi is diffeomorphic to S4 \ Σ, where Σ is a connected
non-empty surface with non-empty boundary embedded in S4. If Σ is a disk, then
Mi is diffeomorphic to R4. Otherwise, Σ is homotopy equivalent to a bouquet
of a finite number of circles. Then, S4 \ Σ is diffeomorphic to the interior of the
boundary connected sum of a finite number of copies of S2 ×D2.

Thus, we have proved that M is diffeomorphic to a manifold of a desired form.
Conversely, each 4-manifold in the list admits a proper special generic map into a

3-manifold with non-empty set of singularities. By the connected sum construction
with respect to the quotient space (for details, see [24]), we see that their connected
sums also admit proper special generic maps into 3-manifolds.

This completes the proof. �

Remark 3.7. The 4-manifold S2 ×R2 admits at least two types of proper special
generic maps into R3 as follows. Let g : S2 → R be the standard height function
with exactly two critical points, which are non-degenerate. Then, g × idR2 : S2 ×
R2 → R×R2 is a proper special generic map whose quotient space is diffeomorphic
to [−1, 1] × R2. On the other hand, let h : R2 → [0,∞) be the proper smooth
function defined by h(x, y) = x2 + y2. Then, idS2 × h : S2 × R2 → S2 × [0,∞)
composed with a proper embedding S2 × [0,∞) → R3 is a proper special generic
map whose quotient space is diffeomorphic to S2 × [0,∞).

The above observation corresponds to the fact that S2 × R2 appears twice in
Corollary 3.6: it is the interior of S2 × D2, and at the same time it is the total
space of the trivial 2-plane bundle over S2.

The 4-manifold (CP 2]CP 2) \ {two points} is another such example. It is the
connected sum of a non-trivial S2-bundle over S2 and two copies of R4, and at
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the same time it is the connected sum of two 2-plane bundles over S2 with Euler
numbers +1 and −1.

Remark 3.8. For 4-manifolds as in Corollary 3.6, two are homeomorphic if and
only if they are diffeomorphic. Note that every 4-manifold in Corollary 3.6 admits
infinitely many distinct differentiable structures by [1]. In fact, most of them admit
uncountably many distinct differentiable structures (see [3, 7, 9]).

Remark 3.9. In Corollary 3.6 we assumed that S(f) 6= ∅. If f is a proper sub-
mersion, then Wf is still 1-connected and is diffeomorphic to the interior of the
connected sum of a finite number of copies of S2 × [0, 1]. Furthermore, M is dif-
feomorphic to the total space of an orientable S1-bundle over Wf . Since M is
1-connected, the Euler class of the S1-bundle should be primitive.

As a corollary, we have the following.

Corollary 3.10. Let M be a smooth 4-manifold homeomorphic to R4. Then there
exists a proper special generic map f : M → Rn for some n = 1, 2 or 3 if and only
if M is diffeomorphic to the standard R4.

Proof. First note that the standard R4 admits a special generic map into Rn for
n = 1, 2 and 3: just consider the map defined by (1.1) for m = 4 globally. Therefore,
if M ∼= R4, then M also admits proper special generic maps into Rn for n = 1, 2
and 3.

Suppose that there exists a proper special generic map f : M → R3. If f is a
submersion, then M must be diffeomorphic to R3 × S1, which is a contradiction.
Then by Corollary 3.6, M must be diffeomorphic to R4.

Suppose now that there exists a proper special generic map f : M → R2.
Then, the quotient space Wf is a 1-connected non-compact surface with non-empty
boundary.

Lemma 3.11. The boundary ∂Wf is connected and non-compact.

Proof. Suppose that S(f) ∼= ∂Wf is not connected. Let S1 and S2 be distinct con-
nected components of ∂Wf . Note that Wf is connected, since so is M . Therefore,
there exists an arc α in Wf which intersects S1 and S2 at its end points transversely

such that Intα ⊂ IntWf . Then, q−1
f (α) is a smooth submanifold of M diffeomor-

phic to S3. Furthermore, it intersects the component q−1
f (S1) of S(f) transversely

at one point. Note that q−1
f (S1) is a 1-dimensional submanifold of M , which is a

closed subset of M . This is a contradiction, since M is contractible and H3(M) = 0.
Therefore, S(f) must be connected.

Suppose that S(f) is compact. Since M is non-compact and qf is proper, Wf is
non-compact. Therefore, there exists a proper embedding γ : [0,∞) → Wf which

intersects with ∂Wf (∼= S(f)) transversely at its end point. Then, q−1
f (γ([0,∞))) is

a properly embedded open 3-disk in M which intersects S(f) transversely at one
point. This implies that S(f) represents a nontrivial homology class in H1(M),
which is a contradiction, since H1(M) = 0. Therefore, S(f) must be non-compact.

�

Therefore, Wf is diffeomorphic to R×[0,∞) (for example, see [13, Proposition 2]
or [23]). Then, we see that M ∼= ∂(Wf ×D3) is diffeomorphic to the standard R4.
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Finally, suppose that M admits a proper special generic map into R. Then, Wf

is diffeomorphic to [0,∞) and M is diffeomorphic to the boundary of [0,∞)×D4,
which is diffeomorphic to the standard R4. �

Remark 3.12. It has been known that a smooth m-dimensional manifold is home-
omorphic to Rm if and only if it is diffeomorphic to the standard Rm, provided
that m 6= 4 (see [18, 31]), while for m = 4, there exist uncountably many distinct
differentiable structures on R4 (for example, see [4, 8, 10, 32]). This shows that
among the uncountably many differentiable structures on R4, the standard one is
the unique structure that allows the existence of a proper special generic map into
Rn for n ≤ 3.

Remark 3.13. If a smooth 4-manifold M is homeomorphic to R4, then there always
exists a proper special generic map M → R4. See [6] and [11, The Folding Theorem
(p. 27)] for details.

Remark 3.14. If we omit the properness, then every smooth 4-manifold homeomor-
phic to R4 admits a submersion into Rn for all n with 1 ≤ n ≤ 4 (see [22]).

In fact, by virtue of [22], an open 4-manifold admits a submersion into Rn if and
only if it has n everywhere linearly independent vector fields. Therefore, we have
the following.

Proposition 3.15. Let M be a smooth connected open orientable 4-manifold. Then
we have the following.

(1) There always exists a submersion M → R.
(2) There exists a submersion M → R2 if and only if W3(M) = βw2(M) = 0,

where W3 (or w2) denotes the 3rd Whitney (resp. 2nd Stiefel–Whitney)
class.

(3) There exists a submersion M → R3 if and only if w2(M) = 0.
(4) There exists a submersion M → R4 if and only if w2(M) = 0.

Remark 3.16. Let f : R4 → R3 be a proper special generic map. Then, we can show
that the quotient map qf : R4 → Wf is C∞ right-left equivalent to the standard
map g : R4 → R2 × [0,∞) defined by (1.1) with (n,m) = (4, 3).

Note that the map f̄ : Wf → R3 is a proper immersion. Since there are plenty
of proper immersions R2 × [0,∞) → R3, the C∞ right-left equivalence class of a
proper special generic map f : R4 → R3 is far from being unique. In fact, we can
show that two proper special generic maps fi : R4 → R3, i = 0, 1, are C∞ right-left
equivalent if and only if the proper immersions f̄i : Wfi → R3 are C∞ right-left
equivalent.

Remark 3.17. By [24] together with the solution to the 3-dimensional Poincaré
Conjecture, we have the following: a smooth 4-manifold M homeomorphic to S4

admits a special generic map into Rn for some n = 1, 2 or 3 if and only if M
is diffeomorphic to the standard S4. Furthermore, when n = 3, the singular set
of a special generic map M → R3 is always isotopic to the standardly embedded
2-sphere in S4. (For details, see [29].)

Similarly, we have the following.2

2Corollaries 3.18 and 3.19, and Theorem 4.1 in §4 were first conjectured by Kazuhiro Sakuma

to whom the author would like to express his sincere gratitude.
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Corollary 3.18. Let M be a smooth 4-manifold homeomorphic to S3 ×R. Then
there exists a proper special generic map f : M → Rn for some n = 1, 2 or 3 if and
only if M is diffeomorphic to the standard S3 ×R.

Note that S3 ×R ∼= R4]R4.

Corollary 3.19. Let M be a smooth 4-manifold homeomorphic to S2 ×R2. Then
there exists a proper special generic map f : M → Rn for some n = 2 or 3 if and
only if M is diffeomorphic to the standard S2 ×R2.

4. Manifolds homeomorphic to L3 ×R

In this section, we prove the following.

Theorem 4.1. Let L be a smooth connected closed orientable 3-manifold. A smooth
4-manifold M homeomorphic to L × R admits a proper special generic map into
R3 if and only if M is diffeomorphic to L×R and L is a smooth closed 3-manifold
that admits a special generic map into R2.

Proof. First suppose that M admits a proper special generic map f : M → R3.
Note that S(f) 6= ∅, since otherwise M is diffeomorphic to S1×R3, which leads to
a contradiction.

By the proof of Theorem 3.3, there exist a compact orientable 3-manifold W̃

and a compact surface F possibly with boundary embedded in ∂W̃ such that Wf is

diffeomorphic to W̃ \F . In particular, for each end of Wf , there exists a neighbor-
hood Ci diffeomorphic to Fi× [0,∞) for some compact connected orientable surface

Fi possibly with boundary. Then, each C̃i = q−1
f (Ci) is a neighborhood of an end

of M . Set F̃i = q−1
f (Fi × {1}), which is a connected closed orientable 3-manifold.

Since M has exactly two ends and each of them has a neighborhood homeomorphic

to L× [0,∞), we see that Wf also has exactly two ends and the inclusions F̃i →M
induce homotopy equivalences.

Let us consider the following commutative diagram:

π1(F̃i)
(ι̃i)∗−−−−→ π1(M)

(qf )∗

y y(qf )∗

π1(Fi)
(ιi)∗−−−−→ π1(Wf ),

where ι̃i : F̃i → M and ιi : Fi → Wf are the inclusions. Since (qf )∗ ◦ (ι̃i)∗
is an isomorphism, (qf )∗ : π1(F̃i) → π1(Fi) is a monomorphism. Since it is an
epimorphism, it must be an isomorphism. Therefore, (ιi)∗ is also an isomorphism
and Wf has a surface fundamental group.

Then by [12, Theorem 10.6] together with the solution to the 3-dimensional

Poincaré Conjecture, we see that W̃ is diffeomorphic to (Fi × [0, 1])]
(
]kB3

)
for

some k ≥ 0, and hence Wf is diffeomorphic to (Fi×R)]
(
]kB3

)
, where B3 denotes

the 3-dimensional ball. Then, by an argument similar to that in [27], we can show

that M is diffeomorphic to the connected sum of F̃i ×R and S2-bundles over S2.
Since M is homeomorphic to L × R for a closed orientable 3-manifold L, we see

that M is diffeomorphic to F̃i ×R.

If Fi has no boundary, then F̃i is an S1-bundle over Fi. Since (qf )∗ : π1(F̃i) →
π1(Fi) is an isomorphism, we see that F̃i is diffeomorphic to S3 and the S1-bundle
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is the Hopf fibration. If Fi has non-empty boundary, then for any immersion η :

Fi → R2, the composition η ◦ qf : F̃i → R2 is a special generic map. In either case,

F̃i admits a special generic map into R2.

Note that F̃i has a free fundamental group. Since the inclusion F̃i →M induces
a homotopy equivalence, L also has a free fundamental group. Therefore, L is
diffeomorphic to S3 or the connected sum of some copies of S1 × S2 by virtue
of [12, Chapter 5] and the solution to the 3-dimensional Poincaré Conjecture. In
particular, L admits a special generic map into R2 (see [2]).

Conversely, if M is diffeomorphic to L×R and L admits a special generic map
g : L→ R2, then the map

M ∼= L×R
g×idR−−−−−→R2 ×R = R3

is a proper special generic map. This completes the proof. �

Remark 4.2. As has been seen in the above proof, the 3-manifold L in Theorem 4.1
is diffeomorphic to S3 or the connected sum of a finite number of copies of S1×S2.
For details, see [2].

Remark 4.3. We can also show that if M is homeomorphic to L × R for some
connected closed orientable 3-manifold L and M admits a proper special generic
map into R2, then L is diffeomorphic to S3 and M is diffeomorphic to S3 ×R.

The following conjecture seems plausible.

Conjecture 4.4. For a topological 4-manifold M , there exists at most one differen-
tiable structure on M that allows the existence of a proper special generic map into
R3.

Remark 4.5. In the above conjecture, the properness of the special generic map
is essential. Suppose that f : M → N is a special generic map of a smooth
open 4-manifold M into a smooth manifold N with dimN < 4. Let us consider
a homeomorphism h : M ′ → M , where M ′ is another smooth open 4-manifold.
Then, by using h, we can construct a “formal solution” over M ′ on the jet level
for the open differential relation corresponding to special generic maps (see [11]).
Then, by virtue of the Gromov h-principle for open manifolds, we see that M ′ also
admits a special generic map into N . Note that even if the original special generic
map f is proper, the resulting special generic map on M ′ may not be proper.

Compare this with the situation in Remark 3.13, where the target has dimension
four. In the equidimensional case, the C0 dense h-principle holds for special generic
maps and the properness can be preserved (see [11]).
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