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This volume contains the proceedings of the international workshop “Topology and Geometry of Singular
Spaces”, held in honour of David Trotman in celebration of his sixtieth birthday. The workshop took place at the
Centre International de Rencontres Mathématiques (CIRM), Marseilles, France from October 29 to November
2nd 2012. Its main theme was the singularity theory of spaces and maps.
The meeting was attended by 74 participants from all over the world. 29 talks were given by major specialists,
and 8 posters were presented by some younger mathematicians. The topics of the talks and posters were wideranging: stratification theory, stratified Morse theory, geometry of definable sets, singularities at infinity of
polynomial maps, additive invariants of real algebraic varieties, applications of singularities to robotics, and
topology of complex analytic singularities.
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David Trotman
David John Angelo Trotman was born on September 27th, 1951, in Plymouth, U.K..
As a boy he lived in Stourbridge, attending first Gig Mill School (1958-62) and then King Edward’s School
(1962-69). His interest in, and enjoyment of, mathematics was evident very early, but he had many other interests
too - the end of his schooldays coincided with success in a competition involving walking 240 kilometers through
mountainous terrain in western Turkey, undertaking a dozen set projects on the way!
He read mathematics as an undergraduate at the University of Cambridge (1969-72), where a prize-winning
essay on Plane Algebraic Curves is already indicative of his mathematical focus. He went on to do post-graduate
work at the University of Warwick - from where his M.Sc. dissertation Classification of elementary catastrophes
of codimension less than or equal to 5, often cited and much used, comes - and later on at the Université
Paris-Sud, at Orsay. His Ph.D. was awarded in 1978; his thesis was entitled Whitney Stratifications: Faults and
Detectors. The list of advisors who encouraged this work is remarkable - Christopher Zeeman, Bernard Teissier,
René Thom, and, less officially, Terry Wall.
He has held tenured positions at the University of Paris XI (Orsay) and at the University of Angers, but from
1988 he has been Professor of Mathematics at the University of Provence (Aix-Marseille I). Here he has played
an important role, both administratively (for example, he was Director of the Graduate School in Mathematics
and Computing of Marseilles from 1996 to 2004, and he was an elected member of the CNU (the National
University Council in France) from 1999 to 2007), and especially in teaching and research. He has supervised
ten Ph.D. students, with great success - all ten are active in teaching and/or research in mathematics. They
are listed below.
David’s extensive published research in singularity theory is described by Les Wilson elsewhere in this
volume. An equally important part of David’s contribution to the research milieu lies in the way he interacts
with colleagues and students. He is very helpful, and very generous with his time - and his wide knowledge
of, and intuition for, singularities in general and stratifications in particular has helped towards the success of
many a research project, to the extent that René Thom, in an article in the Bulletin of the AMS, could write
of the work of “Trotman and his school” on the theory of stratifications. David has always been good at asking
interesting questions, and at finding, or helping to find, interesting answers!
I have known David since we were undergraduates at St. John’s College, Cambridge, and over time have
got to know him, and his family, very well. He has helped me very many times, both mathematically and
practically. It is a privilege to have him as my colleague and my friend. I congratulate him on a most successful
career so far, and wish for him - and for us, his colleagues, collaborators and students - many more years of
interesting mathematics.
Andrew du Plessis

The Trotman School of Stratifications.
First generation: Patrice Orro (1984); Karim Bekka (1988); Stephane Simon (1994); Laurent Noirel (1996);,
Claudio Murolo (1997); Georges Comte (1998); Didier D’Acunto (2001); Dwi Juniati (2002); Guillaume Valette
(2003); Saurabh Trivedi (2013).
The next generation: via Orro: Mohammad Alcheikh, Abdelhak Berrabah, Si Tiep Dinh, Farah Farah,
Sébastien Jacquet, Mayada Slayman; via Bekka: Nicolas Dutertre, Vincent Grandjean; via Comte: Lionel
Alberti; via Juniati: Mustamin Anggo, M.J. Dewiyani, Sulis Janu, Jackson Mairing, Theresia Nugrahaningsih,
Herry Susanto, Nurdin.
The coauthors: Kambouchner, Brodersen, Navarro Aznar, Orro, Bekka, Kuo, Li Pei Xin, Kwieciński, Risler,
Wilson, Murolo, Noirel, Comte, Milman, Juniati, du Plessis, Gaffney, King, Plénat, Trivedi and Nguyen Nhan.
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THE RESEARCH OF DAVID TROTMAN
Leslie Wilson
In order to analyze singular spaces (differentiable or analytic), Whitney and Thom in the 1950’s and 1960’s
partitioned the spaces into disjoint unions of manifolds satisfying some conditions on how they approached each
other; this was the beginning of Stratification Theory. Early work by them, Mather and others focused on
proving topological equisingularity of the stratifications, or of stratified mappings. The theory has continued to
develop, and has become an essential tool in Differential Topology, Algebraic Geometry and Global Analysis.
Since his first publications in 1976, David Trotman has played a central role in Stratification Theory. I will give
a brief presentation of his work. Citation numbers refer to the following Publication List. I will assume some
familiarity with basic stratification theory on the reader’s part; an excellent survey of real stratification theory
is [C16].
Whitney’s stratification condition (b) and Verdier’s (w) were both early on proven to guarantee topological
equisingularity. How are these conditions related? (b) is equivalent to (w) in the complex analytic case; (w)
implies (b) in the real subanalytic case. The converse is not true: the first semialgebraic example appeared in
Trotman [C2], the first algebraic example y 4 = t4 x + x3 was due to Brodersen-Trotman [6]. In the differentiable
case neither condition implies the other (the slow spiral satisfies (w) but not (b)).
Wall conjectured that condition (b) (and Whitney’s weaker condition (a)) were equivalent to more geometric
conditions (bs ) and (as ): these conditions hold for strata X and Y with Y in the closure of X if for every C 1
tubular neighborhood T of Y (with C 1 projection π to Y and C 1 control function ρ to R with Y = ρ−1 (0)),
(π, ρ)|X is a submersion to Y × R (respectively, π|X is a submersion to Y )— here π and ρ are assumed C 1 equivalent to orthogonal projection and the distance squared to Y function, respectively. Trotman in [4] showed
that (bs ) implies (b) and (as ) implies (a) (Thom having established the converse earlier). Trotman’s Arcata
paper [C5] is still a beautiful though no longer complete listing of known relationships between stratification
conditions.
For some applications (for example the classification of topological stable mappings) it is necessary to
consider stratification conditions weaker than (b) and (w), but which still guarantee topological equisingularity.
One useful such condition is condition (C), introduced by Trotman’s student Bekka; this involves replacing ρ
with a generalized control function. Bekka and Trotman in [25] (see also [11]) study a notion of “locally-radial
(C)-regular spaces”: in addition to yielding stratifications which are topologically trivial, the stratifications are
locally homeomorphic to a cone on a stratified space such that the rays of the cone have finite length and the
volume is locally finite. In [C14], Bekka and Trotman define a notion of “weakly Whitney”, which lies between
(b)-regular and locally-radial (C)-regular; it has the additional property that the intersection of two weakly
Whitney stratified spaces is weakly Whitney (see also [32]).
Condition (a) is weaker then (b), and doesn’t imply topological triviality; why is it interesting? Trotman
showed in [3] that (a) has the following important property: a locally finite stratification of a closed subset Z
of a C 1 manifold M is (a)-regular iff for every C 1 manifold N , {f ∈ C 1 (N, M )|f is transverse to the strata of
Z } is an open set in the Whitney C 1 topology.
An important property for stratification conditions is invariance under transverse intersection. The following
was proved in Orro-Trotman [C17]: if (Z, Σ) and (Z 0 , Σ0 ) are Whitney (b)-regular (resp. (a)-regular, resp. (w)regular) and have transverse intersections in M , then (Z ∩ Z 0 , Σ ∩ Σ0 ) is (b)-regular (resp. (a)-regular, resp.
(w)-regular) (the (b) case was done earlier, the Orro-Trotman result includes other conditions we haven’t looked
at).
Similarly one would like to know which conditions are invariant under intersection with generic wings.
Suppose X and Y are disjoint C 2 submanifolds of a C 2 manifold M , and y ∈ Y ∩ X. Suppose E is a regularity
condition (like (b)). Then (X, Y ) is said to be (E ∗ )-regular if for all k, 0 ≤ k < codY , there is an open,
dense subset of the Grassmannian of codimension k subspaces of Ty M containing Ty Y such that if W is a C 2
submanifold of M with Y ⊂ W near y, and Ty W ∈ U k , then W is transverse to X near y and (X ∩ W, Y ) is
(E)-regular at y (the W is a generic wing). From Navarro Aznar-Trotman [7]: for subanalytic stratifications,
(w) =⇒ (w∗ ), and if dim Y = 1, (b) =⇒ (b∗ ). This property plays an important role in the work of
Goresky and MacPherson on existence of stratified Morse functions, and in Teissier’s equisingularity results.
More recently, it was shown by Juniati-Trotman-Valette [26]: for subanalytic stratifications, (L) =⇒ (L∗ )
(where (L) is the condition of Mostowski guaranteeing Lipschitz equisingularity).
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Another interesting stratification condition, due originally to Thom, is condition (t). Recall Whitney’s
example Z = {y 2 = t2 x2 + x3 }, which satisfies (a) but not (b). The intersections of Z with planes through 0
transverse to the t-axis have constant topological type. A theorem by Kuo in 1978 states: if (X, Y ) is (a)-regular
at y ∈ Y then (h∞ ) holds, i.e. the germs at y of intersections S ∩ X, where S is a C ∞ submanifold transverse
to Y at y and dim S + dim Y = dim M (S is called a direct transversal) are homeomorphic. Trotman refined
Thom’s condition to be: (X, Y ) is (tk )-regular at y ∈ Y if every C k submanifold S transverse to Y at y is
transverse to X nearby. He proved the following theorems.
Theorem (Trotman [1]): If Y is semianalytic, then (t1 ) is equivalent to (a).
In the above result one needs non-direct transversals. In the results below, we always restrict to direct
transversals.
Theorem (Trotman [9]): (t1 ) is equivalent to (h1 ).
Theorem (Trotman-Wilson [17], following Kuo-Trotman [12] and Kuo-Li-Trotman [13]): For subanalytic
strata (tk ) is equivalent to the finiteness of the number of topological types of germs at y of S ∩ X for S a C k
transversal to Y (1 ≤ k ≤ ∞).
The proofs use the“Grassmann blowup”: like the regular blowup, but with lines through y replaced with all
linear subspaces through y of dimension equal to the codimension of Y .
Theorem ([12] and [17]): (X, Y ) is (tk )-regular at 0 ∈ Y iff its Grassmann blowup (X̃, Ỹ ) is (tk−1 )-regular
at every point of Ỹ (k ≥ 1).
A definition of (tk ) is given in [17] so that (t0 ) is equivalent to (w). So (t1 ) =⇒ (h1 ) follows from blowup
and then applying the Verdier Isotopy Theorem.
Consider the Koike-Kucharz example: let Z = {x3 − 3xy 5 + ty 6 = 0}, with Y the t-axis and X = Z − Y .
Then (X, Y ) is (t2 ), but not (t1 ). There are two topological types of germs at 0 of intersections S ∩ X where S
is a C 2 submanifold transverse to Y at 0. However the number of topological types of such germs for S of class
C 1 is uncountable.
Also there is a theory in [17] of (tk− ) such that (t1− ) is essentially (a) holding for all sequences going to 0
not tangent to Y . The (tk ) and (tk− )-conditions were formulated for jets of transversals. The (tk ) and (tk− )conditions were then used to characterize sufficiency of jets of functions, generalizing theorems of Bochnak,
Kuo, Lu and others.
In Gaffney-Trotman-Wilson[30] condition (tk ) was expressed in terms of integral closure of modules, giving
more algebraic techniques for computations. In the complex analytic case, (tk ) is characterized by the genericity
of the multiplicity of a certain submodule.
If a subset Z of Rn or Cn contains a submanifold Y , and p is the local orthogonal projection to Y , then the
normal cone CY Z of Z to Y is the set of limits ti (zi − p(zi )), where zi ∈ Z converge some y ∈ Y , and ti is in
R or C as appropriate.
Theorem (Hironaka in analytic (b) case, Orro-Trotman [22] generalize to smooth (a) + (re )): a stratification
of Z satisfying the above regularity conditions is (npf ) (= normally pseudo-flat, i.e. p is an open map), and
(n) (= the fibre of the normal cone is the tangent cone of the fibre).
Orro-Trotman [22] show the Theorem fails for (a)-regularity. Trotman-Wilson [28] show that it also fails in
the non-polynomial bounded
p o-minimal category for (b); our example is :
z = f (x, y) = x − x ln(y + x2 + y 2 )/ ln(x).
The Nash fiber of a singular space X at x is the set of limits of tangent spaces at regular points xi of X
as xi → x. Kwieciński-Trotman [15] show: every continuum can be realized as the Nash fiber of a Whitney
stratified set.
The classical Poincaré-Hopf Theorem equates the index of a vector field with isolated zeros on a smooth
compact manifold with the Euler characteristic of the manifold. Trotman (with King) proved a generalization
to singular spaces satisfying fairly general stratification conditions; their manuscript has been influential in the
field for many years, but has only recently been published in [33].
Finally, Trotman has made several contributions toward the proof of Zariski’s Conjecture: the multiplicity of
complex analytic hypersurface-germs with isolated singularity is invariant under homeomorphism. C 1 -invariance
was proven in [C11]; bi-Lipschitz invariance is proved in Risler-Trotman [16]. In Comte-Milman-Trotman [23]
it is proven that multiplicity is preserved by homeomorphisms which preserve both |z| and level sets of the
moduli of our defining equations. More recently, Plenát and Trotman in [31] prove: if the family F (z, t) =
f (z) + tg1 (z) + t2 g2 (z) + t3 g3 (z) + . . . has constant Milnor number at z = 0, then mult(gr ) = mult(f ) − r + 1
for r ≥ 1.
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6. (with Hans Brodersen), Whitney (b)-regularity is weaker than Kuo’s ratio test for real algebraic stratifications, Mathematica Scandinavia 45 (1979), 27–34.
7. (with Vicente Navarro Aznar), Whitney regularity and generic wings, Annales de l’Institut Fourier, Grenoble
31 (1981), 87–111.
8. (with Patrice Orro), Sur les fibres de Nash de surfaces à singularités isolées, Comptes Rendues de l’Académie
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On the boundary of the Milnor fibre of real singularities, Aurelio Menegon Neto
Corank 2 map germs from R2 to R2 , Juan Antonio Moya Pérez
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