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MODULI SPACES FOR TOPOLOGICALLY QUASI-HOMOGENEOUS
FUNCTIONS

YOHANN GENZMER AND EMMANUEL PAUL

ABSTRACT. We consider the topological class of a germ of 2-variables quasi-homogeneous
complex analytic function. Each element f in this class induces a germ of foliation (df = 0)
and a germ of curve (f = 0). We first describe the moduli space of the foliations in this class
and we give analytic normal forms. The classification of curves induces a distribution on this
moduli space. By studying the infinitesimal generators of this distribution, we can compute
the generic dimension of the moduli space for the curves, and we obtain the corresponding
generic normal forms.

INTRODUCTION

From any convergent series f in C{z, y}, we can consider three different associated mathematical
objects: a germ of holomorphic function defined by the sum of this series, a germ of foliation
whose leaves are the connected components of the level curves f = constants, and an embedded
curve f = 0. Composing f on the left side by a diffeomorphism of (C,0) may change the function
but nor the foliation or the curve. Multiplying f by an invertible function v may change the
function and the foliation but not the related curve. Therefore, there are three different analytic
equivalence relations:

e The classification of functions (or right equivalence):
fo ~r f1 & 3¢ € Diff (C*,0), f1 = fooo.
e The classification of foliations (or left-right equivalence):
fo~ f1 < 3¢ € Diff (C*,0), ¢ € Diff (C,0), o fi = foo¢.
e The classification of curves:
fo ~e f1 < 3¢ € Diff (C*,0), Ju € Oz,u(0) # 0,uf1 = foo .

In the same way, one can define topological classifications requiring only topological changes of
coordinates. In what follows, we are going to consider mostly the two last equivalence relations
for foliations and curves, since the comparison between the two first analytic classifications has
been studied in [1].

Finally, we emphasize that in our work, we will always require that the conjugacies that appear
above will respect a fixed numbering of the branches of f = 0.

A germ of holomorphic function f,, : (C%,0) — (C,0) is quasi-homogeneous if and only if f,,

belongs to its jacobian ideal J(fq,) = (aggh, ag?lh). If fun is quasi-homogeneous, there exist
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coordinates (z,y) and positive coprime integers k and [ such that the quasi-radial vector field
R = kxa% + lya% satisfies
R(fqh) =d- fqha

where the integer d is the quasi-homogeneous (k,1)-degree of fq, [15]. In these coordinates, fy,
has some cuspidal branches and maybe axial branches, that is to say, fqu is written

P
(1) fan = ca"=y" [ [ (0" + apa’)™

b=1
where ¢ is a non vanishing complex number and the multiplicities satisfy ng > 0, no > 0 and
ny > 0. The complex numbers a; are non vanishing numbers such that a, # a,. Using a
convenient analytic change of coordinates, we may suppose that a; = 1.
A germ of holomorphic function f is topologically quasi-homogeneous if the function f is topo-
logically conjugated to a quasi-homogeneous function f.,, that is to say there is a continuous
right-equivalence between f and fq.

For any couple of coprime positive integers (k,1) with & < [ and (p + 2)-uple (n) of integers
in N2 x (N*)?| (n) = (neo, n0,n1,Mn2," -+ ,n,) we consider the topological class T(k1),(n) Of fan
defined in (1), that is the set of all functions topologically conjugated to f,,. The first aim of
this paper is to describe the moduli space defined by the quotient

Mgty my = TD.0) /o

where ~ refers to the left-right analytical equivalence. We give the infinitesimal description of
this moduli space by making use of the cohomological tools considered by J.F. Mattei in [13]:
the tangent space to the moduli space is given by the first Céch cohomology group H'(D,©z),
where D is the exceptional divisor of the desingularization of fy,, and ©r is the sheaf of germs
of vector fields tangent to the desingularized foliation F induced by dfqn = 0. Using a particular
covering of D, we give a triangular presentation of the C-space H*(D,©z) in Theorem (1.3).
This description leads us to consider triangular analytic normal forms
P
(2) No ==y [T*+ > apam®)™
b=1 {(b,d),®(b,d)€TIU{(1,kl)}

by perturbing the topological normal form (1) with some monomials m? following an algorithm
described in the subsection (1.2), in which the precise meaning of the indexation ®(b,d) is
defined. This family of analytic normal forms turns out to be semi-universal as established in
Theorem (1.10). In this way, we obtain a local description of M ;) (). We finally give a global
description of this moduli space in Theorem (1.15) and Theorem (1.16) by proving that any
function in 7y ;) (n) is actually conjugated to some normal form N, , and that the parameter a
is unique up to some weighted projective action of C*. All the results of this first part can be
extended to the generic Darboux function:

fO) = flf\l ...prp
with complex multiplicities \;. Nevertheless, we do not insert this extension here, since we have
previously explain in [8] how to perform it in the topologically homogeneous case.

The second part of our work is dedicated to the study of the moduli space of curves in the quasi-
homogeneous topological class. This problem is a particular case of an open problem known as
the Zariski problem. It has only a very few answers: Zariski [17] for the very first treatment of
some particular cases, Hefez and Hernandes [5, 6] for the irreducible curves, Granger [9] in the
homogeneous topological class and [2] for some results which are particular cases of our present
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result. Our strategy that we already introduced in a previous work [8], differs from all this works:
we consider the integrable distribution C on the moduli space of foliations My ;) () induced by
the equivalence relation ~.: two foliations represented by two points in M ;) () are in a same
orbit of this distribution if and only if they induce the same curve up to analytic conjugacy.
Studying the family of vector fields that induce the distribution C on My 1), (n), We compute the

dimension of the generic strata of the moduli space of curves M(k,lx(n)/c in Theorem (2.7). We
also give an algorithm in order to construct the corresponding generic normal forms in Theorem
(2.8).

Since the cohomological description of the moduli space of foliations is known for a general one-
form, we may expect that this strategy can be develop in a general topological class.

In order to keep a sufficiently readable text, we have postponed a lot of technical computations
in appendix A.

We thank Jean-Francois Mattei for helpful discussions, and for suggesting improvements on a
first version of this work.

1. THE MODULI SPACE OF FOLIATIONS

In this section, we will consider a function f in the class 7(x1),(n). The (k,[)-degree of a monomial
x™y™ is km + In. It induces a valuation on C{x,y} denoted by vy ;.

Let f be a function in the topological class T(x ), (n)- We know, from a theorem of Lejeune-
Jalabert [10] that the desingularization process of f is identical to that of fg;, that is to say:
after a sequence of blowing-ups F, the exceptional divisor D is a chain of components isomorphic
to PY(C), the strict transform of the cuspidal branches intersect the same component D., the
principal component, and the strict transform of the axes, if they appear, intersect the end
components of this chain : see Appendix A, and figure (2).

Lemma 1.1 (Prenormalization). There exists some coordinates (x,y) such that f is written
fla,y) =™y (Y + 2’ + )" (Y +asa’ +-)" o (gt )
where ¢ is a non-vanishing complex number, ap, b = 2,...,p are non-vanishing complex numbers

with ay # ay # 1, and the dots are terms of (k,1)-degree greater than kl.

Proof. Let f be a function topologically conjugated to f;,. The number of branches, and
their multiplicities are topological invariants. Therefore, we consider the following irreducible
decomposition of f:

f= e fiofr - fo.
Since f has the same desingularization process as fyn, if ng > 0 or ne > 0, the strict transform
of the corresponding branches appear on the end components. Therefore, their blowing-down
are smooth transverse branches at 0, and we can choose coordinates (z,y) such that

f — :Cnooynof{ll .. ,f;lp'

Now, the strict transform of the other branches meet the principal component D.. Using the
blown-down formulas of proposition (3.2) in Appendix A, we obtain that:

fi = aiy® + iz’ + -

with a; # 0 and 5; # 0. By factorizing «; in each component f; we obtain the existence of a
non-vanishing constant ¢ and a family of p non-vanishing complex number ap, b =1,...,p such
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that

f=ca=y™ (yk+a1xl—|—...)"1... (yk+ap3:l_|_...)np
where the dots are terms of (k, ) —degree greater than k. Finally, by applying a final change of
coordinates of the form (z,y) — (ax,y), we can suppose that a; = 1. O

Unless any precision is given, from now on, we will only consider system of coordinates (x,y)
such that the function f € 7(x1),(n) has an expression as in the above lemma.

1.1. The infinitesimal description. Since the transverse structure of a foliation defined by a
function is rigid, i.e. completely given by the discrete data of the multiplicities, any topologically
trivial deformation is an unfolding as defined in [13]. We know from the same reference that the
tangent space to the moduli space of unfoldings of a germ of analytic foliation F is the vector
space: H1(D,©Oz), where O is the sheaf on D of germs of holomorphic vector fields tangent to
the desingularized foliation F. Furthermore, this vector space is a finite dimensional one, whose
dimension ¢ is obtained by a formula involving the multiplicities of the foliation at the singular
points appearing at each step of the blowing up process. In the present topological class, we
will give an alternative description of this tangent space which will allow us to construct normal
forms.

Let f be in Ty 1) (n)- We consider the saturated foliations F and F induced by df and E*df,
where E is the desingularization morphism of f.
Notation 1.2.

(1) We define two integers ey and e in {0,1} as follows: if ng > 0 then we set eg = 1, else
we set eg = 0. We define e the same way but relative to Ny .
(2) Let (u,v) be the unique couple of integers defined by the Bézout identity

uk —vl=1with0<u<l, 0<v<k.

(3) We denote by v. the multiplicity of the desingularized foliation on the principal compo-
nent D, of the exceptional divisor. According to Proposition (3.4) in Appendiz A, we
have

Ve=Fklp—k —l + keoo + leo.

(4) Let T be the triangle in the real half plane (X,Y), Y > 0, delimited by
EX—(k-v)Y —-v:) > 0
IX—(1l-uw)Y —-v.) < 0

The summit of this triangle is (0,v.). The directions of the non horizontal edges are
given by the vectors

Z=(k—v,k) andy=(l—u,l).

Theorem 1.3. There is an explicit linear isomorphism ¥ between H'(D,©x) and the C-vector
space freely generated by the set of integer points e; j = (i,7) in the triangle T.

The expression of ¥ is given in the proof below. We give a presentation of the tangent space
to the moduli space of a function in the topological class: (k,1) = (3,5), p =4, ng = ne = 0,
ni,...,nq arbitrary, obtained by this theorem in Appendix B, Figure (3).
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Proof. Let us consider 6 the vector field with an isolated singularity defined by

1 —o0f 0 Of 0
®) br = of of ( 6;cf6_+a_f%>'
g.c.d. (%, 8—y) Y Y
Let {Uy,Us} be the covering of the exceptional divisor introduced in the Appendix A. From
proposition 3.6, we know that this covering is acyclic with respect to the sheaf ® . Therefore
we have

Ox(UpNUx)
HYD,05) = .
( 7) Or () ®Or(Usx)
In order to compute each term of this quotient, we consider the principal chart (z.,y.) defined
near the central component D, defined in Appendix A. The domain of this chart contains UyNU.
The vector field
E*0;
eis - Ve
Ye
has isolated singularities and defines F on Uy N Us. Therefore we have
@]:(UO N UOO) =0 (UQ n UOO) - i,

and each 6§ in © x(Uy N Uy ) can be written

0= Z Xij eyl | - Ois-

i€Z,jEN

By the local monomial expression of E given by proposition 3.2 in Appendix A, these vector
fields 6 blow down on meromorphic vector fields with poles on the axes:

E.0 = Z Aij glim(U=w)(G=ve) g =hit(k—v)(G=ve) . 0.
i€Z, jEN
Let us prove that # has an holomorphic extension on Uy if and only if
—ki+(k—v)(j—rv.) <0 = A\ ; =0. (%)

If such an extension is possible, then 6 has no pole along the curve y = 0 whose strict transform
belongs to Up, thus the property (x) holds. On the converse, if the property (*) is satisfied, then
the multiplicity vp, (0) of 6 along the component D; which meets the strict transform of the
z-axis is positive. Indeed, after a standard blow-up, we find

vp, () > Am‘iyrélo{(l —ki+(G-—ve)lk—v—I1l+uw}>0
Now, the intermediate multiplicities vp, (), 1 < i < ¢ are also positive. This is a consequence
of the relations
vp,(0) = ewvp,(#), vp,.,(0) = eivp,(0) —vp,_,(0), i=2,...,c—1

which can be obtained by a similar argument as in proposition 3.4. Here, —e; is the self-

intersection of the component D;. Since e; > 2 fori =1,...,¢— 1, we have
VD2(0) > VD1(9)7 VDi+1(9) - VDi(e) > VDi(e) - VDi—l(0)5 1=2,...,c—1
which proves that vp,(f) is positive for any ¢ = 1,...,c¢. In the same way, an element 6 in

O (UpNUs) belongs to © x(Uy) if and only if
li—(l—u)(j—uc) <0 = )\i,j =0.

Therefore, there is a linear isomorphism ¥ between the C-space freely generated by the integer
points e; ; in T and H' (D, ©z) defined by:
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(4) v Z )\i,jei,j — Z )\LJiL'éyg - B;s
(4,J)€T (i,4)€T
]
This representation gives us a direct formula for the dimension § of H!(D,©#), by counting the

integers points in the above triangle. In order to give an explicit formula, we need the following
fact:

Lemma 1.4 (and notations). The number of integer points in an open interval |a,b[ is given
by 1b] — [a], where [a] stands for the usual integer part n of a: n < a < n+ 1, and |b] is the
"strict” integer part m of b defined by m <b < m + 1.

Since the intersections of the horizontal levels j with the boundary of T are respectively given
by 222(j — ve) and 554(j — 1), we obtain

Proposition 1.5. The dimension of H(D,©x) is

=3 (546w - [5G -wa)

Jj=0

Example. For the topological class given by (k,1) = (3,5), p = 4, without axis, by counting the
integers points in figure (3) in Appendix B, or applying the previous formula, we obtain that
0=T8.

1.2. Construction of the local normal forms. We will construct here analytic models for
topologically quasi-homogeneous functions starting from the topological normal form (1). Since
it already appears (p — 1) analytic invariants that are the values a; (the cross ratios between
branches on the principal component), we have to add § — (p — 1) monomial terms of higher
degrees. The construction to come is a priori based upon some algorithmic but arbitrary choices.
It will be justified by Theorem (1.10) in the next section.

In our previous work in [8], for the homogeneous topological class, in which the topological
representative was p transverse lines, we straightened the fourth first lines on xy(y+z)(y+a4,1),
we added the monomials a572:102 to the fifth line, a6)2x2 + a6)3x3 to the sixth, and so on. We
generalize this triangular construction here by making use of the quasi-homogeneous (k, [)-degree.
Nevertheless, the choice of the monomials and their distribution between the branches is not so
obvious here.

The following algorithm will associate an analytic normal form starting from the previous tri-
angular presentation of the infinitesimal moduli space.

The figure (3) in Appendix B shows the procedure in order to construct the normal forms
associated to the topological class of

(v* + :c5)n1 (v* + a2x5)n2 (v* + a3x5)n3 (v* + a4x5)n4 )
The meaning of all the datas that appear on the figure will be detailed below.
The construction consists in two successive steps.

Step 1. Choice of the monomials.

Notation 1.6. For any d > kl, there exists a unique monomial x'y? with quasi-homogeneous
(k,1)-degree d, such that j < k. We denote it the following way

m® =gy ik+jl=d, j<k.
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For (k,1) = (3,5), we find m!'5 = 25 m!® = 229% m!7 = 2%y, m'® = 26 ...

Therefore, to each horizontal line of index j in the triangle T, one can associate the monomial
m?, d =kl + j. We put them on a column on the right side in Figure (3).

Step 2. Distribution of the monomials between the cuspidal branches. The link
between the monomial terms m? and m?*! is the multiplication by the meromorphic monomial
term m?t!/m?.  We encode this multiplication by a translation in T. We associate to the
multiplication by z (resp. y) the translation by & = (k — v, k) (resp. ¥ = (I — u,1)). This choice
is suggested by the formulas of Proposition (3.2) in Appendix A. Thus to a degree d we associate
the translation in Z2 by the vector ¢y defined by
tq = iZ + jy
where ziy? = matl /m.
Lemma 1.7. For any d, tq is either (1,1) or (0,1).
Proof. Let m¢ = 2%y and thus ik + jl = d with 0 < j < k. Suppose first that 5 — v > 0. Then
mt1 = 2ituyi=? Hence, in the the canonical basis, the components of ¢y are
i+u—i)(k—v,k)+({G—v—3)(I—ul)=(1,1).
If j — v < 0 then md+! = gitv=lyitk=v Indeed, we have 0 < j+k—v < kandi4+u—1>0
since from
(+uwk=kl+1-(G—v)l>kl.
In this case, the components of tg are
(u—1)(k—v,k)+ (k—v)(—u,l)=(0,1).
O

For (k,1) = (3,5), the meromorphic monomials form a periodic sequence of lenght 3 generated
by: yz/xB, 962/y7 xz/y. The successive translations are tf5, tfg, tl_}, t;g = t;g, etc..., whose
components are (0,1), (1,1), (1,1). We put the translations on a column on the right side of
Figure (3).

Now we consider all the parallel paths issued from the integer points (¢,0) on the horizontal axe,
under the action of the successive translations tg. The point (—Vck%, O) is the intersection of
the left edge of the triangle with this horizontal axe. We consider the p integer points:

k—wv

M, = <[—yc — [+, 0>, My = ([—uc [+p— 1,o> vy My = <[—yck;”[+1,o>.

Notice that the (p — 1) last ones are inside the triangle, while the first one is outside.

k—wv

Proposition 1.8. The p paths issued from the initial points M;, i = 1,...,p, obtained by the
action of the successive translations tq pass through all the integer points inside the triangle T.

Proof. Let i, and j, such that m*+" = ginyin  Following the arguments in the proof of Lemma
(1.7), the sequence (i, j,) is explicitely defined by the following system

in =14+ ua, — (I —u)b,

Jn = —van + (k—v) by,

ink + jnl =do+n

in <k
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where dy = kl and (an, b,) is defined by (ao, bo) = (0,0) and
(Z::ll) >+<(1)>ifjn—v20
- (Z”>+<(1)>ifjn—v<0.

Notice that a,, is the number of translations of type (1,1) occuring in a path of lenght n, and
corresponds to the horizontal component of the sum of the n first translations. We consider the
left side of the triangle given by the equation

ki—(k—v)j+uve(k—v)=0

Il
7 N
[SalS]
3 3

and its intersections (z,,,n) with the horizontal levels j = n. We have

k—wv
k

We consider the path starting from the last integer point ([zo[+1,0). The successive integer
points of this path are given by the sequence (p,,n) = ([zo[+1 + a,,n). We claim that the
moving point along this path does not go too far away from the left side of the triangle. More
precisely, we have:

Ty = (n —v.).

(Pn — 2n) €] = L1].
Indeed, by solving the above system, we obtain a,, = _TJ” + nk;”. Therefore we have:

k— k— k—
Pn — &y = ([—VCT”HVCT“ 1)+ (an —n-— Y.

Clearly, the first part of the sum belongs to 0, 1], and the second one, which equals to %
belongs to | — 1,0]. Therefore this path will catch all the first integer points of the triangle
on each level starting from the left side. If we consider the p parallel paths starting from M;,
1=1,...,p, they will catch all the integers points of the triangle, since on each level there is at
most p points. (Il

These p paths give us a unique way to distribute the monomials ab7dmd on each branch, putting

the monomials encountered on the first path (starting from the right hand side) on the first
branch, and so on. With this path game, we do not miss any point of the triangle according
to the previous proposition. Each integer point of the triangle can be represented by the new
coordinates (b, d) where b is the index of a path or branch and d the index of a level, or degree.
From our construction, they are related to (i, ) by the change of indexation

k—wv !
(5) (i,5) = ®(b, d) = ([—VCT[-FP—FI—Z)—I— > i, d—k:l),
i=kl—1

where ay;_1 = 0, and for 7 > kl, a; is the horizontal component of t:—.

To conclude, the general writing of the analytic normal forms for foliations defined by a function
in 7(x,1),(n) obtained by our construction is the following definition

Definition 1.9. Let A be the following open set of C?
A= {(apq), ®0b,d) €T, appr #0, appr # 1, ap # a1 for b #0'}.
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Furthermore, we set a1 = 1. For a = (apq) € A we define the analytic normal form Ng by

np
p

(6) Ny = x"ey"° yF + Z ap,am®

b=1 {(b,d), ®(b,d) € T} U{(1, k1)}

Example. From the figure (3) in the Appendix B, the analytic normal form N, of the foliation
defined by a function f in the topological class (k,l) = (3,5), p = 4, n = (n1,n2,n3,n4) are
given in the same Appendix: we add 2 monomials on the first branch, 16 on the second, 31 on
the third and 29 on the last one.

1.3. Local universality. The construction described in the previous section is justified, a pos-
teriori, by the following result. For any a € A, we consider the saturated foliation F, defined
by the one-form dN,.

Theorem 1.10. For any a® in A, the germ of deformation {F,, a € (A,a°)} is an equireducible
semi-universal unfolding among the equireducible unfoldings of Fuo.

This means that for any equireducible unfolding {F;, ¢t € (T,t°)} where (T,t°) is a germ of
some space of parameters t = ({1,...,ts), such that Fo = F,o, there exists a map A : T — A
with A(t°) = a” such that the family F; is analytically equivalent to dV. A(t)- Furthermore, the
universality means that the map A is unique and the semi-universality only requires that the
first derivative of A at t° is unique.

Proof. Let E be the common desingularization map for each foliation F, and ]—' the pull-back
of 7, by E. F. is also the saturated foliation defined by the one-form dN, where N, = N, o E.
Let ©g be the sheaf on D = E~1(0) of germs of holomorphic vector fields tangent to the foliation

Foo.

Lemma 1.11. Let U = {Uy, U} be the covering of the exceptional divisor of E introduced in

the Appendiz A (notations 3.1). Any unfolding of Fuo is locally analytically trivial on each open
set Up, Uso.

Proof. Suppose that the unfolding is given by a one-form

OF, OF, <~ 0F,
aF = £t 2 il
or "oy T &or

such that dF defines }N'ao. Let m be a point of D, in some local chart (z;,y;) of D. For each
parameter t¢,., we can find a local vector field in some neighborhood U, of m

0 0 0 0
X’I"Zo’r‘__: r\Li, i;t_ 7\ L1y ’i7t_—_
- = (Ol ) + Bl i) = 5
such that d(F o E)(X,) = 0, which can also be written
0
0. (FoE)= oL (FoE).

The existence of X, is clear around a regular point of the foliation, and still true around a
reduced singular point: see [13]. The difference between two such local vector fields is a tangent
vector field to the foliation Fuo. Now, from Proposition (3.6) in Appendix A, we have

HY(Uy,00) = H (Us, ©9) = 0.
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Therefore we can glue together these vector fields on Uy or on Uy. The trivialization of the

unfolding on Uy or Uy in the direction 6% is obtained by integration of these vector fields

X (]

For each parameter aj, 4 of the unfolding defined by dNy, a in (A, a®), the previous lemma proves
that there exist two vector fields 92@ in ©9(Up) and 655, in ©g(Us) such that

ON,
Oap.q

ON,
Oay q

(7) 09 4(Nao) = and  05%(Nyo) =

a=a a=a

We call them ” trivializing vector fields in the direction apq”. We denote by aaaf“d

0 4 — 05 in ©g(Up NUs) and by [ O0F, } , its image in H'(D,©y), which does not depend on

dap,q

the difference

the choice of the trivializing vector fields. We define a map from the tangent space to A at a°
into HY(D, ©¢) by

ToA —s H'(D,6y)
8
®) Z(b,d)/\b,d(a)% = Dby Aba(a) [aazf,,adLo

According to a theorem of J.F. Mattei ([13], Theorem (3.2.1)), the unfolding {F,, a € (A, a°)} is
semi-universal among the equireducible unfoldings if and only if this map is a bijective one. By
our construction, the dimension of T,0.A is equal to the one of H'(D,®g). Therefore it suffices

to prove that the cocycles [;j;“d

} , are independent. We denote by
a

0F, N
dayq] o Chd

the component of [ga?d} , on the element of the basis {ei,;} given by Theorem (1.3). These

numbers define a square matrix M of size § = dim H'(D,©y), and we have to prove that it is
an invertible one, that will be done in two steps.

Step 1. Components of the cocycles on the first level d = kl.

According to our construction of the normal forms, the coefficient a; j; is constant equal to 1.
Nevertheless, in order to perform calculus in a more symmetric way, we first consider here the
parameter aj k; as a free parameter.

Proposition 1.12. The square matriz of size p defined by

(o)., o))
Oap ki ao, (kL) bb' =1,....p

is an invertible Vandermonde matrix.

Proof. We first compute the p components of degree ki of the trivializing vector fields 92) o and

075, in the two charts (z.-1, yc—1) and (2., y.) around (D, 0) and (D,, o0o), covering the principal

component D, (see notations (3.1) in Appendix A). Notice that, from Proposition (3.2), we have
0 0

E'R= e = o
v 185[:0—1 Y ayc
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Therefore the R-degree is also the x._1-degree or the y.-degree. In what follows, the dots stand
for terms of higher R-degree. We set n,. := Zle nyp where the ny’s are the multiplicities of N,
on the cuspidal branches. We have

p

) Na(@eot,yout) = alnmgtinothinegmetunotoine TT(q, 0y y4oooym
b=1

(10) = w P(ye—1) + -

where m = kns + Ing + kin., and P is a one variable polynomial. Now we have
ON, ON,

11 ¢ = TP(ye ¢ =™ Py, e

(11) o = mEl P e Gt = el Pye) o
8E npx™  P(ye—

(12) — ble_1 (y 1) +
Oap ki ap ki + Yoo1

Let us write

Te—1 0
eg,kl - ’]C’I’L o‘g)kl(y(;*l)axc_l + ﬁg’kl(y671)6y0_l _|_ e
Identifying the terms of lower z._1-degree in equation (7) on Uy, we obtain
an
13 ol P+, P = —
(13) bkl b,kl P

From the solution (Ag, By) of the following Bézout identity in Cly._1]:
AoP + BoP' = P A P', deg(Ay) < deg(P'/P A P'), deg(By) < deg(P/P A P'),
where PA P’ stands for ged(P, P'), we obtain an holomorphic solution of equation (13) by setting
( npAo P nyBo P )
(PAP)(appt +ye—1) (PAP)(apr + Ye-1)

We may suppose that the solution (agykl, ﬂgﬁ ) coincides with this one. Indeed, one can check
that another choice for the solution of the Bézout identity differs from this one by a vector field
tangent (at the first order kl) to the foliation, holomorphic on Uy. We can perform a similar
computation in the other chart (z.,y.) on (D.,00). We have:

p
]/\Zz(irc,yc) = yhnoetinothine p(k—v)neo +(l—uyno-+(kl—kujn H (1+ ap e + - - )™
b=1
= Q) +
Setting 675, = al‘fkl(xc)a%c + 2 8% (@) oo T we have
npT0Q)
14 aOO /+ o0 — )
(14) @ BWQ = s

By considering the solution (A, Bs) of the following Bézout identity:

Q’ Q
AooQ + BOOQI = Q A Qla deg(Aoo) < deg(m)a deg(Boo) < deg(Q A Q/)
we obtain an holomorphic solution of (14) on Uy by setting:
NyTeQBoo Np2TeQ Aoo

; ﬁziokz =

=TTy (@A Q) (1+ anuwe) @A QY
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In order to compute the cocycles, we give the expression of 92) . in the chart (z.,y.). Since we

1

have .—1 = TcYe, Ye—1 = x_ -, We obtain

0 4 0 0 9 n
— =, — = -0l — + TeYer—-
a:I;c—l N ayc, ayc—l ¢ 6550 Y ayc
Furthermore, by considering the reduced polynomials related to P and @, we also have
P 1 Q
A p W) = FW(%)'

‘We obtain:

—(p+2) ’
NpTe QIQNQ (z) [ 4 -1 0 -1 2 0 9
A c c + B c —dL. + cdey + -
(ot + 220 m~ Ao(z. )y i o, )(—z TeYem—)

9g,kl = O dy

We consider now a vector field 8,5 on UyN Uy, tangent to the saturated foliation defined by dﬁ;,
with isolated singularities. Since

N, & ON, &
ayc a:I:c a:I:c ayc B

we can choose

)
Y.

(=myl 7 Qo) + ) 5— + (U Q (we) + )

0x,

0 ! 0
91'5:: —L‘F"' — 4+ ycL—F--- —
QNQ O mQ A Q' 9ye
Let @2:;? be the function such that 6, — 6;%, = @2:;? - 0;s. By computing the coefficient of
HQ)M — 05, on 9/0z., we have:
oo NpTc

PV — "¢ [P By(2;t) — Boo(e)].
= T e Boles ) — Buela)

Oap, k1
of @2:;? where i is defined by ®(V/, kl) = (i,0) (i.e., from (5), i = [~ Z2[+p+ 1 —b'). Thus we

only have to consider the meromorphic part of @2’;?, ie.:

The value of <[ 0F, ] . ,6¢(b/,kz)> is by construction the coefficients on % of the Laurent series
a

Ny By(z.)

2 b
14 ap pize xsP

where By(z) = >P_ v,a™ is the polynomial function = By(z~'). We have

T =
c 1
—— = > (—ap) T,
1+ aprize =
>N p
Bo(xc) _ n—2p
55 = vl P
Le n=0

Therefore, the coefficient of the Laurent series of @2’2? in ¢ is

P

Z nyon(—ap k)™ = nbzvn(—ab,kl)%_l_""‘i

(m+1)+(n—2p) =1 n=0
0<n<p

= mpBo(—ay ) X (—app)



MODULI SPACES FOR TOPOLOGICALLY QUASI-HOMOGENEOUS FUNCTIONS 15

Finally we obtain

(15) <{8]-'a} 7€<I>(b’,kl)> = Op(— %kl)b,

Oap ki | 4o

where C) = an#O(—ab*,il) X (—abﬂkl)(ngr[*”Ck%D. This defines a Vandermonde matrix. Fur-
thermore, Cp = 0 if and only if Bo(—apx) = 0, which cannot happen: evaluating the Bézout
identity

P P’
A By—— =1
Pap TP AP
at yo = —ayp, k1, we would obtain a contradiction, since —ap 1 is a root of P.
Moreover, ap 1 # ap ki for b # b, thus the Vandermonde matrix is invertible. O

Step 2. Relationship between the components of the cocycles on different levels.

Lemma 1.13. If 98 ks Uo are trivializing vector fields on Uy (resp. on Us) for the direction
, then for any d > kl, the vector fields

(9% K’
~d ~d
m- g9 m_ >
mkl b,kl> Tkl b,kl

are trivializing vector fields on Uy and Uy, for the direction % where m = mo F.

Proof. Let By := yk + Z(b d),®(b,d)ET abydmd be the branch of index b, and E := B, o E/. Since
we have:

if 0y, satisfies equation (7) for d = kI, then, given d > ki, ~,616‘b i satisfies the trivializing
equation for the level d. Furthermore, this vector field is still holomorphlc on Uy. Indeed, from
the trivializing equation (7), we deduce that the multiplicity of the trivializing vector field 981 ki
on a component D; of D NUj is given by

vilOh ) = vi(m*) = vi(By) + 1.
The multiplicity of 2—;9?1 w on Dj is thus equal to
mt g ~d ~ kl ~ kl a
v; (Web,kl) =v;(m®) —v;(M™) + v, (M™) —vi(By) + 1
and therefore is still a positive number. The argument is similar for 6;5;. O

We consider the linear operator

~d
Tyi= == : O9(Us NUs) — Oo(Up NTUx).
m
induced by the previous Lemma. We can remark that when d runs over {kl, kl + 1,---} the

points Ty - ep(y,x1) are exactly the paths introduced in the previous section, and the indexation
(7,7) = ®(b,d) has been introduced such that

Ta - ea(b,kl) = Co(b,d)-

Proposition 1.14. Let d > ki be the index of an horizontal level in the half plane representing
©0(UpNUs). For each b, v in1,...,p, we have that
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(1) for any d' such that kl < d' < d, one has

([Bs] o) =t
aa/b,d ao, P(b’,d") .

(2) the coefficient <[ 0F, } . ,e¢(b/7d)> is constant with respect to d (i.e. constant along the
a

dap,q

paths introduced in the previous section).
(3) the coefficient <[ 0F, ] . ,e¢(b,1d,)> only depends on the variables a4 with
a

dap,q

kl<d <kli+d —d.
Proof. For b=1,...,p, we have:

8]:(1, | o [ a]:a ) . . .
8a:b,kl 140 o Zb/ _8a’b,kl 10 ) €O (' ,kl) (b’ ,kl)
where the dots correspond to components of higher level. Applying the linear operator T, we
obtain:
5.7:,1 ] [ a]:a 7
- ) € (b ep(br d) F -
[8ab,d_ a0 %: < | Dap k1 | 0 (b ,kl)> (b’ ,d)

which proves the statements (1) and (2). For the third point, we consider the meromorphic
. 0,00
function ®,;” defined by

o0 0,00
(16) eg,d - 9b,d = (I)b,d Ois

where 60,5 is the vector field with isolated singularities which generates the foliation on Uy N Uy,
introduced in step 1. Recall that the coefficient

OF, .
P

is nothing but the coefficient of ziy/ in the Laurent development of ®,°5° (see the proof of
proposition (1.12)). On the first level (d = kl), setting

0 0
Opia = (O0k) ,, 5o + (0550),,, Ve gy

c

the second relation in (7) can be written

ON, ON,  ON,
17 075, -2 075, — = e,
(17) ( b,kl)% oz, + ( b,kl)ycy Oy dapm

Now, extending the expression of the partial derivatives of ]T]; filtered by y. variable as in (11)
leads to expressions of the following form

ON,
Ye 8y = yZnAo(ch) + yzn—HAl (‘Tc) + yT+2A2 (‘Tc) T

ON,
o = Yo' Bolwe)+ Yy By (o) + Yt Ba(ae) - -

ON,
dap ki = y"Co(we) +yI 0 (we) + y T2 Co(2e) - -

where m is defined in (9). From the construction of the normal form N,, it can be seen that for
any ¢, A;, B; and C; depend only on the variable ay ¢ with kl < d < kl 4 4. Thus, if one filters
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the equation (17) with respect to the y. variable, one can see that the solution 6‘;7’70“ shares the
same property of filtration, namely, if one writes

0 0
el?jjkl = (Do(zc) + Di(ze)ye + - ')5:6 + (Eo(we) + Er(xe)ye + - ')yc@a

then D; and E; depend only on the variables ay 4 with kl < d < kl + ¢. The same remark can
be done for 98 ; using a filtration with respect to the z._; variable. Finally, since 0;; has also
the same property of filtration, the relation (16) implies that the jet of order ¢ with respect to

0,00

the y. variable of ®,’; depends only on the variables a; ;, with kl < d < kl + 4. Now, since the

vertical component of T} is just a translation induced by xy9=*! this property propagates as in
the statement of (3). O

End of the proof of Theorem (1.10).

Notice first that the operator Ty is ”quite well defined” in the cohomology group H(D, ©y): let
M = eq(2,k1), - - -» Mp = ea(p,r1y be the roots of the paths indexed by the branches b = 2,...,p
and M; the point under the root of the first branch (recall that this root is on the second
level since we set ai = 1). If we pick a point on the first level outside My, Ma,..., M,,
the action of Ty preserves the half planes corresponding to ©¢(Up) and ©¢(Us). This is clear
on figure (3) and it is a consequence of Proposition (1.8): these paths cannot go back inside
the triangle. Therefore the operator T, is well defined on H'(D,©g) excepted on the line
generated by My = eg(1,,)- We add this point to the triangle and now we can write the

. OFa 0Fa _ 0Fa OFq
(0 + 1) x (6 + 1)-matrix of the cocycles e Py e nT B Ol {eaw,a)}v.as

ordered by the lexicographic order. According to the previous Proposition (1.12) and Proposition
(1.14) this matrix is a block triangular matrix:

(i) 0 0
x (Vo) 0

V=1 x x (W)
X X X

where V; is the invertible Vandermonde matrix obtained in step 1, V5, Vs... are sub-matrices
of consecutive lines and columns of V; defined by the paths from the first level to the following
levels. Clearly since det(V') = []det(V;) this matrix is an invertible one. Finally, since a1 1 = 1,
e1r ¢ T, the matrix M is obtained by deleting the first line and first column of V, and is still
an invertible one. O

1.4. The global moduli space of foliations.

Proposition 1.15 (Existence of normal forms). For any f in T 1) ), there exists a in A such
that f ~ Ng, where ~ denotes the classification of foliations.

Proof. We can suppose that f is given under its prenormalization form (1.1). Therefore the
deformation defined by

1
f)\ = Ff ()\kxu)‘ly)
where 7 = kne + Ing + klne, (n. = >, np) is an equireducible unfolding of fo = Ng,,
ap = (1,az2,...,a,,0,...,0) € A.

Using Theorem (1.10), we can ensure that for A small enough, there exists a € A such that
fn ~ Ng. Furthermore, this deformation is analytically trivial for A # 0, since we construct it
by a conjugacy. Therefore, f = f1 ~ fy, for A small, and the proposition is proved. O
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Let us consider the diffeomorphism: hy(z,y) = (\Fx, Aly). We have:
Ngohy =A"Ny,, withX-a=X\- (abﬁd) = ()\d—klab’d).

As above, we have thus N, ~ Ny.,. Actually, this action of C* the only obstruction to the
unicity of normal forms:

Theorem 1.16 (Unicity of normal forms). N, ~ N, if and only if there exists a complex
number A # 0 such that a =\-a.

Proof - Suppose that there exists a conjugacy relation
(18) YoN, = Ngo¢.

Following [1], we can suppose that v is an homothetie vId. We are going to reduce the proof
to the case where ¢ is tangent to the identity. Since the conjugacy preserves the numbering of
the branches, looking at the relation induced by (18) on the jet of smaller (k,l)-order, we can
ensure that the linear part of ¢ is written hy = (A¥z, Aly) for some A # 0. Then

Nyogpoh ' =yN, oh ' =cNy 1y

where ¢ stands for some non vanishing number. Since ¢Oh;1 is tangent to the identity, it appears
that ¢ = 1. Thus, setting for the sake of simplicity a =X1.d and ¢=¢o h;l we are led to a
relation

(19) N,y =Ngo0¢
where ¢ is tangent to the identity. The proof reduces to show that in the situation (19), we have

a = a'. Let X be a germ of formal vector field such that ¢ = eX. The vector field X can be
decomposed in the sum of its quasi-homogeneous components

X=X, + Xyt +---
Lemma 1.17. If NyoeX» ™ = N,/ then for allb from 1 top and alld < kl+v—1, apq = Ay g

Proof. We set:
N, = ]\]lgN) RS ]\]lgNJr:D*l) + NéNJr:D) 4
where N = kneo + Ing + kin. is the degree of the first quasi-homogeneous component of N,.
Since we have
eXV+”.Na:Na+Xy'Na+"'

we obtain N,gNH) = N(E,NH) for ¢ from 0 to v — 1. The expression of N,gNH) only depends on the
variables ap 4 for d < kl+1i. Finally we claim that N = Né,Nﬂ) if and only if ap.4 = a;, 4 for
d < kl+ 1. This fact can be proved by induction on d < kl + 4. It is obvious for d = kl. Suppose

that ap g = ade is true for d < kl + j — 1 with j — 1 < 4. Then we have:

thN) kl+j thN) ! kl+j
——ap ;M = ——a m T
- vk + ap gt ’ zb: YR+ ap gt R
which implies that ap ki4; = %,klﬂ‘- O
Now if v > pkl+leg + keo, and N, o eXvt = N, then according to the previous lemma, for all

band d < kl 4 pkl + leg + keoo — 1, ab)dza;))d. Since v, = pkl + keoo + leg — k — [ then
ve+kl—1 <pkl+Ekl+leg+ keeo — 1.
—_——

bigger value of d
(b,d) €T

Therefore we have a = a . Thus, it remains to prove the following lemma;:
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Lemma 1.18. If N, oeX»t = N, then v > pkl + leg + keoo.

Proof. Tt suffices to prove that v < pkl+leg+ ke leads to a contradiction. Since the conjugacy
¢ does not modify the parameter ap q for d < kl + v — 1 the first non trivial relation of the
smallest (k,1)-degree induced by (19) is written

X, - NV = -N@+» 4 NV,

Dividing by NéN) leads to

p k l P !
X, - (y* + apx') X,z X,y b ki+v + O pryy
E np : + Noo + ng = mFtv E : .

Y& + ap gt x Y y* + ap, !

b=1 b=1
We take the pull-back of the previous equality with respect to the map F and write it in the
coordinates (z.,y.). Since we are going to look at residus at x. = —ab_il, we only make appear

the terms having poles at these points:

P = P
n an ap ki Xy - Te pr—iv—itku Z Ob kl+v

14 ap pize 14 aprize

b=1 b=1

where )’(V,j stands for the vector field E;u £, Op ki+o for the difference —ap i1 + a;klﬂ, and i,7j

for the couple of integers such that mF+v = 2iyJ.
Since the integer v — iv — ju + ku is non negative, evaluating the residue at —ab_}d yields the
relation

(20) nbab,kl)?; “ T (—%—,;1@1) = (_ab_,llcl

v—iv—ju+ku
) Ob kl+v-

A straightforward computation shows that )’(V,j - T is a polynomial function in x. that is written
the following way

(1) if €o = 1 ~that is if the curve y = 0 is invariant— or if % is not an integer

- ey (ORI O-p]
X, ae= > pua = ok I > Qg
v(1-$)Swv(1—-¢), weN w=0
(2) else
N o]+ [va-p)+4]-[ra-$)]-1
Xu *Te = Z pwx}:u = Zec l Z qwx'lcu

v(1-¥)<w<y(l-2)++, weN w=0
Now, in view of the construction of the normal form, the coefficient dy x4, has to be zero for

k—v l—u

(v =ve) — (V—Vc)[

p—ﬂZﬂ}

values of the parameter b. Thus, according to (20), the polynomial function Z, - has the same
number of non-vanishing roots among the values —a;,ﬁl, b=1,...,p. This number is strictly

greater than the degree of the polynomial functions factorized in the above expressions of Z, ‘Te.
Thus, the latter has to be the zero polynomial function. Therefore, looking again at the relation
(20) yields

Vb, 6pki4r = 0.
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Hence, the vector field X, has to be tangent to N,gN) which is a contradiction with the hypothesis
v < pkl + leg + kéo. O

Finally, we can summarize the previous results by

Theorem 1.19. The moduli space My, 1y (n) is isomorphic to ’A/(C* where the action of C* is
defined by

Aa= M- (abﬁd) = (/\dikl . abﬁd)

2. THE MODULI SPACE OF CURVES

Let C be the partition of M = M4 1),(n) induced by the classification of curves ~..

2.1. The infinitesimal generators of C. We first recall general facts proved in [8], which are
valid in every topological class. Let F be a foliation defined by an holomorphic function f (or
more generally by any generic non dicritical differential form w), and let S be the curve defined
by f = 0 (or by the separatrix set of w). Let E: M — (C2,0) be the desingularization map
of the foliation, and D its exceptional divisor. We denote by f, F , S the pull back by E on M
of f, F or S. The tangent space to the point [S] in the moduli space of curves (for ~.) is the
cohomological group H'(D, ©g) where O3 is the sheaf on D of germs of vector fields tangent to
S. The inclusion of © F into ©g induces a map :

HY(D,67) - H'(D,05)
whose kernel represents the directions of unfolding of foliations with trivial associate unfolding

of curves.

Definition 2.1. An open set U of M is a quasi-homogeneous open set (relatively to f) if there
exists an holomorphic vector field Ry on U such that RU(f) =

We can always cover D by two quasi-homogeneous open sets U and V. The cocycle of quasi-
homogeneity [Ry.v] of F is the element of H(D,Ox) induced by Ry — Ry .

Recall that H'(D, ©#) has a natural structure of Oz-module. We have:

Theorem 2.2. [8] The kernel of the map i is generated by the cocycle of quasi-homogeneity,
1.e.:

ker(i) = {h-[Ruyv], h € Oz}
Notice that the distribution induced by these directions is integrable and defines a singular
foliation C on A. The point corresponding to the topological model is a singular one: indeed,

this model is quasihomogeneous. Therefore the whole open set U = M is quasi-homogeneous,
and the cocycle [Ry v] is trivial for this foliation.

Let X, be the vector fields on A generated by z™y™ - [Ry,v]. Below, we describe some
properties of the distribution induced by the vector fields X, ;.

Proposition 2.3.
(1) The Og-generator of C is given by:

1 OF,
Xoo = —— S (- k)ana { }
" 8&5 d]| .o
&(b,d)ETU{(1,kl)} dlg

where v = kng + Inee + kY b_; np
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(2) For any level d we denote by an the components of the vector field X,, , on the
subspace Vect{egw,q), b = 1,...,p}. For any m, n, Xy, n is quasihomogeneous with
respect to the degree induced by rXo,0. Indeed, we have

[rXo0,0, Xm.n] = (km +1In) X

The coefficients of X}, . are quasi-homogeneous with respect to the weight rXo 0 of degree
v—km—In—kl. In particular, they only depend on the variables ay,q with d < v—km—In.
(3) If we decompose the vector field Xo0

Xoo = ——ZZ (d— ki) abd{gi}
0F,
_% Z Z Z(d_kl)ab’d<{8abyd]ao’ei’j> €i,5-

i€Z,5>1 \0<d—kl<j b

Tij(a)

then the functions I'; ; (a) are algebraically independent.
(4) The vector fields defined by

v km—+iln
Xm = Qg k11 Xm o

commute with Xo 0. Therefore, they induce the distribution C on M.

Proof. 1. The proof is the same as the one of proposition (5.5) of [8] with a very slight change
where we replace (Az, \y) with (\*z, Aly) .

2. The proof is also a slight generalization of the proof of Proposition (5.9) in [8].

3. Let us decompose the coefficient I'; ; (a)

oS ([25] s 5 T[] )

da
boklts 0<d—ki<j b

Li; R; ;

Following, the proposition (1.14) the function < [ 0F, } , €, j> depends only on the variables

0ap, ki | 4o

ap g with ®(',d) = (4,7). The expression <[ Bfa} , ei,j> in R;; depends only on the

Bab,d ao
variables ap ¢ where d’ satisfies

0<d —kl<j—(d—kl) = d <j+kl—(d—Fkl)<j+klL

In view of the proposition (1.12), for a fixed value of j = J, the functions L; ; considered
as linear functions of the variables ap 114, are linearly independent because their matrix is an
extraction of consecutive rows and columns in the Vandermonde matrix of 1.12. Thus, they are
also algebraically independent as a whole. Now, let us consider an algebraic relation between
the functions I'; ; (a) given by a polynomial function P ({X;;}(,jjer) where the X; ;s are some
independent variables
P (Fi,j (CL)) =0.
Let J be the greatest integer such that there exists a point (¢, J) in T and denote by

{(iOa J)v (ila J)v tet (iqv J)}

the family of points in T at the level J. The relation P is written
P ({035 @)}y s Ligs (@) + Rig,s (0) -+ Ly (a) + Riyy () =0,
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We fix all the variables ay ¢ with d —kl < J at a generic value. Then, the above relation becomes
an algebraic relation between the affine forms L; j (a) + R;, s (a). Let us decompose the relation
P as follows
P = Z Qr (X ) X1
I1C{(iksd) }imo. g
where X = H(i)J)EI Xi,7. Here, Q@ depends only on the variables X; ; with j < J. Since, the
affine form L; j (a) + R; s (a) are algebraically independent, for any I, we have

Qr (i (a)) =0,

which are algebraic relations between the functions I'; j (a) with j < J. Therefore, an inductive
argument ensures that P has to be the trivial relation, which proves the property.

4. We recall that the global moduli space of foliations is obtained from the local one by consid-
ering the weighted action of C* on A which is also the flow of X . Since the X o-degree of the
variable aj ri41 is equal to 1, we have

km—+Iln . km—+in km—+in
|:TXO.,05 A3 ki+1 Xm,n:| = TXO,O(achH_l )Xm,n + A3 ki+1 [TXO,Ov Xm,n]

= —(km + In)ay Tt X n + a3 [rX0.0, Ximn] = 0.

d

2.2. The dimension of the generic strata. The dimension 7 of the generic strata of the local
moduli space of curves corresponds to the codimension of the distribution C at a generic point
of M. According to proposition 2.3, the family of coeflicients {I';;};,; of Xo,0 is functionally
independent: thus, any family of r vector fields in dimension r whose coefficients are chosen
among the I';;’s is generically free: indeed, their determinant cannot identically vanish since it
would produce a functional relation between the I';;’s. Thus, to compute the dimension of the
generic strata, we just have to browse the triangle of moduli and to compute at each level d how
many moduli can actually be reached by the vector fields X, ,. For the following computations,
we recommend to refer at each step to the example presented in Appendix B, figure 3.

Let us denote by v(Xp,.n) = km+In+ kl + 1 the order of X, ,,. By construction, v(X, ) — ki
is the first level of the triangle of moduli on which X,,, may have an action: indeed, since
Xmn = 2™y" Xo,0, its projections on the previous levels vanish. In most cases, X, can be
used to kill a modulus which is exactly at its first level v(X,, ,,) — kl. However, in some cases,
Xm,n cannot be used this way because, for instance, the triangle of moduli has no modulus on
this particular level: therefore, we use X,, , to kill a modulus on some level above. To take care
of all this possibilities, we introduce a decomposition by blocks of the triangle of moduli and we
prove some related arithmetical properties:

A block B; in the triangle of moduli is a union of k£l consecutive horizontal lines from the line of
index d; = ikl + 1, see Figure 3. We denote by

e ng the "dimension” of the line of index d which means the number of integer points on
this line.

o N, = E;:ii)l]ill ng the dimension of the block B; which is also the number of integer
points in the whole block.

o n® =max{ng, d =ikl +1,...,(i + 1)kl} which is the greatest dimension of a line in

the block B;.

One can easily prove, by using the equations of the edges of the triangle, the following lemma
—see also figure 3— :
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Lemma 2.4.
(1) We have: Niyq1 = N; — kl, ni*® =p —i.

(2) For each line of level d of the block B;, ng = n*®* or n®* — 1.

(3) On the first line d; of the block B;, the number ng, reaches the mazimum ni*®*.

We denote by:

e g the number of vector fields X, ,, such that v(X,, ) =d

(DR
® Qi=> g it+14d

o ¢ =max{qq, d=7ikl+1,...,(i+ 1)kl}.
One can check a similar result to (2.4):

Lemma 2.5.
(1) We have: Qi1 = Qi +kl, ¢"** =1i.
(2) For each line of level d of the block B;, qq = ¢™** or ¢"®* — 1.
(3) On the first line d; of the block B;, the number qq, reaches the maximum g*.

We consider the maximal sequence of blocks B; such that ¢;"** = ¢ < n"® = p — 1, i.e. the
sequence By, ..., B}, 9, where |p/2] is the strict integer part of p/2. We call critical block, the
block By when p is even or the unique block B; that appears when p = 1. This block is going
to be analyzed independently. In figure 3, this block is the second one, and in figure 1, since
p =1, this block is the sole block Bj.
Consider a block B; such that ¢;*** > n]***. For each line of index d of this block, since gq = ¢;***
or ¢"** — 1, we have: ¢4 > n*** > ng. According to the previous functional independence of
the vector fields X, ,, we can conclude that in this case, their action is transitive on such a
block and the block above.
In the critical block By or By, the integers ng — qq for d = d;,...,d; + kl — 1 can only take
the values +1, 0 or -1, starting from the value 0 on the first level of the block. On the latter
level, the action of the X, ,, is thus transitive. We consider the first line of this block on which
nda — qa 7 0:
e If we have ng — g4 = +1, there remains one dimension which cannot be reached by the
action of the X,, ,. We have to count it in the codimension of the generic leaves of C.
o If ng — g4 = —1, the action of the vector fields X, ,, is transitive on this level. Fur-
thermore we have an extra vector field X,, , such that v(X,,,) = d whose higher
components will act on the higher levels. Suppose that there exists a level d’ > d such
that ng — q@ = +1.
Therefore, in order to compute the generic dimension of the distribution C on the critical block,
we have to introduce the following non commutative sum :

Definition 2.6. Let rq be a sequence taking its values in {—1,0,+1}. The notation ), rq
denotes the value obtained by the following operations:
(1) delete the values 0;
(2) delete recursively the consecutive values (—1,+1) (but not the consecutive values (+1,—1));
(3) after the two first steps, remains a sequence of n consecutive terms with value +1, fol-

lowed by m consecutive terms with value -1. We set: Y rq = n.

Example. In the critical block of Figure 3, the sequence of values ng — g4 is:

{0,41,41,0,+1,0,—1,41,0,—1,0,—1,—1,0, —1}.

The extra vector field appearing on the 7" position acts on the next level. The next extra vector

fields are unuseful. Therefore, the number of free dimensions under the action of these vector
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fields is .
Z{o, +1,41,0,41,0,—1,41,0,-1,0,—1,—1,0,—1} = 3.
From all the considerations above, we deduce the following:

Theorem 2.7. The dimension of the generic strata of the moduli space for curves is

do+]p/2]+kl—1 ——d,, /o t+kl—1
T= > (nd_Qd)+Zd:d . (na — qa),
d=do P

where ng :]%(VC —d+ k)] — [“T_l(uc —d+ El)[, qa is the number of positive integer solutions

(m,n) of the equation km + In+ kl + 1 = d, and the second sum Y is defined above and only
appears if p is even or if p =1 (in this case, we set dy /o = kl).

Example. In the topological class (k,1) = (3,5) and p = 4 of figure 3, we obtain 7 = 35.
2.3. Normal forms for curves.

Theorem 2.8. We consider the reduced normal form

P
N, = Iemyeo yk + Z ab,dmd
b=1 {(b,d), ®(b,d) € T} U {(1, kI)}
obtained for the classification of foliations defined by topologically quasi-homogeneous functions.
We obtain a generic unique normal form Ny, b € C™ for the classification of curves by performing
the following operations on Ny:
(1) we set: ay gi41 = 1;
(2) for each level d in a block By, i <|p/2], we set ap,q = 0 for the first g4 coefficients starting
from the rightside of the line d;
(3) for each level in the critical block B,/ (which appears if p is even), we consider the
sequence of number ng — qq (recall that in this block we have ng — qq € {—1,0,+1}).

o if ng —qq =0, we vanish all the coefficients of the line;

o ifng —qq = +1, we set ap.q = 0 for the first coefficient starting from the right side
of the line d;

e for the first lines such that ng — g4 = —1 and encountered in the sequence on some
line d, we set ap q = 0 for the unique coefficient on this line. Furthermore, we set
ap,qr = 0 for the second coefficient on the next line d' > d such that ng — qur = +1,
if such line exists.

e for the last line such that ng—qq = —1 without upper line d’ such that ng —qq = +1
we set ap.q = 0 for the unique coefficient on this line.

(4) for each level d in a block By, i >]p/2], and every index b, we set a4 = 0.

Proof. Since the projection Xé)dol) of Xg,0 on the first line of the block B; is the radial vector
field in the variables a; q4,, its flow acts by homothety on this level and we can make use of its
action to normalize one coeflicient to the value 1. We choose the first one starting from the right
side.

On all the higher levels of index d > dy and for the g4 vector fields X, ,, such that v(X,, ) = d,
we have 9

Xr(r;i,)n = Z me (ado, ad, ) —aab P

b
in which T, (agy,aq,) only depends on the variables ap g, and apq,. This is a consequence
of the relation X, , = 2™y" - Xo,0 and of the proposition 1.14. Therefore this vector field is
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constant with respect to the variables of the level d > d;. Its flow acts by translation and we
make use of this flow (and the independence property) to vanish ¢4 coefficients.
In the critical block, if there is an extra vector field X, ,, on a line d such that ng — ¢4 = —1, we

make use of the component Xf,g:% to act on the next level d’ such that ng — qo = +1. Suppose
that this level is the next one (d’ = d + 1). This means that we have to consider the action of
the second non vanishing component of X, ,,. According to the proposition 1.14, this one will
depend on the variables ap 4., ap.4, and ap 4,+1. If we have to skip two lines it will depend on the

variables ap 4y, Qb.d,, @b d,+1 and ap g, +2, and so on. Therefore, it turns out that the components

of X,(,‘i',l will only depend on variables ap ¢ with d < d’. Its flow still acts by translation and we
make use of it to vanish the second coefficient of this line. O

We give in Appendix B the generic normal form obtained in the topological class (k,1) = (3,5)
and p = 4.

2.4. An example: the case y" + z"*l. In [17], O. Zariski computes the dimension of the
generic stratum of the moduli space of the curve

y" + 2"t =0

for n > 2. We are going to apply our strategy to recover this dimension.
Let us consider £k = n and [ = n+1. In this situation, the fundamental Bezout relation is written

n-n—Mm-1)-(n+1)=1.

2

Thus, u=n,v=n—1, v, =n° —n — 1, and the triangle T is delimited by the two lines

j—ni=n*-—n—1
j—(+1)yi=n®>—n—1

On a level j, this triangle bounds an interval

n-n—-1—-j n

W), =) - e

2

[
For j > 0, all these intervals have length less than 1, and we have:

(j)eZ & FaeNj=-14+(a+1)n
r(j)€eZ & JaeNj=1+aln+1).

Therefore, the interval ]I(j), 7(j)[ contains an integer if and only if there exists o in N such that
l+an+1)<j<—-1+(a+1)n.

Thus we have n; = 1 for the above values of the index j, and n; = 0 else. Now we have for each
k>0

I/(X]g)o) —do =kn+1, V(Xk—l,l) —do=kn+2,--- ,V(Xo)k) —do=kn+k+1
where dy = n(n + 1). This gives ¢; = 1 for the above values of the index j and 0 else. We
summarize these results in figure 1.
From the previous remarks the sequence n; — g, 7 > 0 takes the following values:
0,-1,1,1,...,1,0,0,-1,-1, 1,1,...,1 ,0,0,—-1,-1,—-1, 1,1,...,1
S—— N—— N——

7j=2,....n—2 j=n+3,..., 2n—2 j=2n+4,...,3n—2
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_j=2n+3 Xo,
_Jj=2n4+2 X1
________ j=2n+1 X2

________ Jj=2n
__-Jg=2n-1
_ - J=2n-2

_____ _d=n+1 X1

FIGURE 1. The case y" + z"*!

Since there is only one branch, there is only one block and it is a critical block. Therefore we
have

T=Y>0(n;—¢;) = (n—4)+Mn—-6)+n—-8 +--+(0orl)
= Zsup(n—4—2a,0)
a>0
= Wifﬂisemn
a2
B k) TR

4
which are the formulas given in [17].

3. APPENDIX A: REDUCTION OF SINGULARITIES OF A TOPOLOGICALLY

QUASI-HOMOGENEOUS FUNCTION

Let f be a topologically quasihomogeneous function of weight (k, 1) with p cuspidal branches, and
multiplicities (noo, 70, N1, -.,np). From Lemma (1.1), we can consider a system of coordinates
(x,y) such that f is written

Flxy) = ca™=y™ (y* + 2t + )" (Y +aguat +-)" o (YF Fap et £ o)
where the dots contains terms of (k,[)-degree bigger than k.
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Let 6; be the vector field with an isolated singularity defined by

- 1 —af o of o
e\ 9z dy

The vector field 07 can be also defined as a dual of the 1-form fred% for the standard volume
form dz A dy
(22) dz Ndy (0f,-) = f"ed%
where
fed@y) =caoy (vF +2t +) (v +aguat +0) - (Y aprat + ).

3.1. The desingularization. The desingularization of f is exactly the same as its topological
quasihomogeneous model fq,

fan(z,y) = caey™ (yk + xl)nl (yk + az,klIl)n2 e (yk + ap,klxl) "

The process of desingularization E : M — (C2,0) can be inductively described as follows: the
map F is written F; o E where

e Ej is the standard blow-up of (0,0) in C2.

e E is the process of reduction of EY fon which is a quasi-homogeneous function of degree

(k,1—k).

Therefore, the process of desingularization will follow the Euclide algorithm for the couple (k,1).
In particular, the exceptional divisor is a chain of compact components CP' such that each of
them is linked exactly with two others except the extremal components. There is exactly one
component called the central component along which is attached the strict transform of the
cuspidal branches of fg,.

FI1GURE 2. Desingularization of a topologically quasi-homogeneous function.

In what follows we will keep the following notations:

Notation 3.1.
o The integers u and v are defined by:
uk—vl=1 0<u<l, 0<v<k.

o The numbering D1,...,Dn of the components of D is a geometric order of the chain,
from the one which contains the strict transform of y = 0, to the one which contains the
strict transform of x = 0. It is not the "historical” order of the process.
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e On each D;, we denote by 0 the intersection point with D;_1, or with the strict transform
of y = 0 for Dy, and by oo the intersection with D;11 or with the strict transform of
x =0 for Dy.

e Each component D; is covered by two charts (zi—1,yi—1) and (x;,y;) whose domains
Vie1 and V; contains (D;,0) and (D;,o0). The change of coordinates are given by

e; —1
Ti—1 =2, Yi, Yi-1 =T,

where —e; s the self intersection of the component D;.

e On the principal component D., we choose the two charts such that each domain V._q,
V., contains all the strict transforms of the cuspidal branches.

o We define the covering of D by the two open sets:

Up = Uiy Vi, Uso = UL Vi
Proposition 3.2. The desingularization map E is given in the chart (zc,y.) by

(‘Tay) = (x]g_vyf ) xlc_uyi)
The blowing down is given in this chart by:

Il qul

'rc:y_k;’ yC:

Proof. We prove this result by an induction on the number of blowing up’s of the minimal
desingularization of f. For one blow-up, we have: £k =1 = 1, uw = 1, v = 0 therefore, the
formula is valid in this case. After one blow-up E;, the germ of E7 f at its singular point along
the exceptional divisor is a quasi-homogeneous function in the class (k,I — k). Notice that if
uk — vl = 1 is the Bézout identity of (k,!), the corresponding Bézout identity for the new pair
is (u —v)k —v(l — k) = 1. Let us suppose that the formula of Proposition (3.2) is valid for the
pair (k,l — k). Therefore, after one blowing-up we have in the first chart
(23) wy=a Y, yr=ag Ty
Thus, we obtain:

v =z =al Y, Y=oy =y

From this, we easily obtain the inverse formulas defining the blowing-down. (Il

3.2. Computing multiplicities. We first recall the classical result which allows us to compute
the multiplicities of a function along the components D; of the exceptional divisor D of its
desingularization [4]: we consider the matrix of intersections J defined for ¢ # j by J; ; = 1 if
the two components D; and D; meet together, J; ; = 0 otherwise, and J; ; = —e;, where —¢; is
the self intersection of each component. For any component D;, let n; be the number of strict
branches of f o E meeting D;, counted with their multiplicities, and let B be the column matrix
induced by these numbers.

Proposition 3.3. The multiplicities m; of (f o E) along each D; define a column matriz M
which satisfy

JM + B =0.

In the quasi-homogeneous case, since D = D1U---UD._1UDUD.41U- - -UDp, the column matrix
B is here: (ng,0,...,0,n.,0,...,0,n5)%, where n. = Zle ny is on index c¢. The intersection
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matrix is given by:

—e1 1 0 0
1 —ex 1 0 0
0 1 —e 1 0 0
J =
0 e 0 1 —en-a 1
0o - 0 1 —en

Therefore we obtain the multiplicities of f by M = —J 1B (see example below).

We compute now the multiplicities of the desingularized foliation, i.e. of the vector field E*fy,
where 6 is the vector field (21) with isolated singularity, defining the foliation F.

Proposition 3.4.
(1) The multiplicities v; of E*0y along each component D; define a column matriz N which
satisfy
JN +C =0,
where C = (g9 — 1,0,...,0,p,0,...,0,e00 — 1)t, with p on indez c.
(2) The multiplicity of E*0; on the principal component D. of D is

ve =klp—k — 1l 4 keoo + leo.

(3) The multiplicities of E*0¢ on the (yo = 0) (strict transform of the z-axis) and on (xn =
0) (strict transform of the y-azis) are eg — 1 and eo — 1.

Proof. Let V = (v;) be the multiplicities of E*dx A dy along each D;. From
E*(dz A dy)(E*0y,-) = (f** 0 E)d(f 0 E)/(f o E)

we obtain:

’Ul—|—V1:’I”1—|—(ml—1)—m1:TZ—1
where r; = v(f™* o E,D;). We consider the "axis function”: a = zy. Let A = (a;) be the
column matrix of multiplicities of a o E along each D;. We claim that v; = a; — 1. Indeed, let
(x;,y;) be the chart induced by (z,y) and E around the origin of D;. Since F is here monomial
in these coordinates, there exist positive integers p, ¢, r, s, such that:
E*dw/\dyZaOE-E*(d—I/\@)zaOE-(ps—qr) A
from which we deduce v; = a; — 1. Therefore we obtain A+ N = R, where R, A are the matrices
of multiplities of ("% o ) and a o E along each D;. Now, from the previous proposition applied
to the functions f7*? and a we have: JR + B"*? = 0, with B"*? = (£4,0,...,0,p,0,...,0,e0)
and JA+ B’ = 0 where B’ is the column matrix such that b} =1fori=1ori= N and b, =0
otherwise. We obtain:

JN=JR-A)=-B"4+B =—-C.
For the principal component, by making use of the formulas of proposition (3.2), we obtain:
ve = vy (E"9)=rc—1—v.=(klp+ ke +1leg—1)— (k+1-1)
= kip+keo +1leg—k—1L.
On the branch (yo = 0), we have v, (E* f**?) = &g and vy, (a o E) = 1. Therefore,

Uy (E*05) = vy, (E*fredcjc—f) — vy (E™dx AN dy) = e¢ — 1.

We obtain the multiplicity on (zx = 0) by a similar computation. (I
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Example. For (k,l) = (3,5), the matrix of intersections is:

-3 1 0 0
1 -1 1 0
J= 0 1 -2 1
0 0 1 =3

and we have B = (ng, nc, 0, ns)", where ne = > ;_, np, and C = (g9 — 1,p,0,e0 — 1). Therefore
we obtain:

210 + Neo + dNe 260+ €00 +5p—3
M- ong + 3nee + 151, | | _ 5e0 + 3600 + 15p — 8

3ng + 2nse + I ’ 360+ 2600 +9p—5

no + Neo + 3N €0+ €0 +3p—2

The multiplicity of the foliation on the principal component Dj is

Ve = beg + 3600 + 15p — 8.

3.3. Acyclic covering of D for the sheaf © . We consider the covering {Up, U} defined in
(3.1).

Lemma 3.5. There exists a global section Ty (resp. Teo) of the sheaf ©x of germs of vector
fields tangent to E*F on Uy (resp. Us) which admits only isolated singularities.

Proof. From Proposition (3.4), the following holomorphic vector fields

E*0; E*0; )
90:71,1 v eizm, 1=1,...,
Lo Yo Ty Y

have isolated singularities. We claim that they glue together on their common domains, defining
a global section Ty of © x on Uy. Indeed, from the previous relation JN + C' = 0, we have :

c—1

)

—61V1—|—I/2—|—50—1 = 0

Vici—eVi+vipr = 0, 1=2,...,c—1

Therefore, using the change of coordinates between two consecutive charts, we have

Vo U1 _ —vo Vi, €e1v1 __ Vi, €Eg0—1
T1"Y1 = Yo "To Yo = = Lo Yo
Vitl, vy —Vit1 U4 eivi _ Vi Vi1 .
Ty = Y Ly =y, i=1,0,c— L
The proof is similar for constructing T, on Ue. O

Proposition 3.6. We have H'(Uy,07) = H'(Us,O7) = 0.

Proof. The previous section Ty with isolated singularities allows us to identify the sheaf © |y, to
Owlu,- Since the Chern class of each branch is negative, a direct computation with the change
of charts shows that H'(Up, Opr) = 0. The proof is similar for Us,. O

4. APPENDIX B: NORMAL FORMS FOR (k,1) = (3,5) AND p =4
According to the figure draw below, the analytical normal form for the topological class of
(y3 + 3:5)7” (y3 + a2x5)n2 (y3 + a3x5)n3 (y3 + a4x5)n4

is given by the following family of functions with 78 parameters
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No = (¥*+2° +a162%y* + Cll,lgﬂﬂgyz)n1 X

(y3 + a2,15335 + a2,161’292 + a2,17l’4y + 02,18336 + a2119:1:3y2 + 02,2033531
ta2212” + a2,202 Y% + a2,232°y + a2,247° + a2,252°y* + az,2627y
+a2,28$6y2 + a2,29$8y + a2,31907yz + 612,345108y2)n2 x

(y3 + a3,15$€5 + 613,16202y2 + a3,17$4y + a3,185€6 + a3,19x3y2 + a3720x5y
+a3,21£v7 + 613,22964y2 + a3,235€6y + a3,24!108 + a3725x5y2 + a3,265€7y
+a3,27l’9 + a3,28$6y2 + a3,29$8y + CL3,305L’10 + a3,31l’7yz + a3,32l’gy
+a3,33:1:11 + a3,34l’892 + a3,35:1:10y + a3,36$12 + a3,37l’83/2 + a3,38l’uy
+a3,39$13 + a3,40!10992 + a3,41$12y + a3,43$10y2 + a3744x13y + 613,46961292
+a3,491‘133/2)n3 X

(y3 + a4,15335 + a4,17:1:4y + a4,18336 + a4,201’5y + a4,21$7 + a4,231’63/
+a4,24l‘8 + a4,26337y + a4,27l’9 + a4,29338y + a4,3ol’10 + a4,321‘gy
+a4,33$11 + a4,35$10y + a4,36$12 + a4,38$11y + a4,39$13 + a4,41$12y
+a4,42I14 + a4,44l‘13y + £L4,4511315 + a4,47x14y + a4,4811316 + a4,50:1:15y

17 16 18 17 18, \ "4
Fa45127" + 04,53 Y + Q4,540 + G456 Y + Q4,597 y)
Moreover, the normal forms for the generic curve are given by the 35-parameters family

N, = (¥°+2° +2%y%) x

(° + a2,152° + a2,162°y” + a2,177%y + a2,182° + a2,107%y* + a2 202"y
+CL2123£Z?6y) X

(yg + as,152° + a3,162°Y> + as, 170"y + a3 152° + a3107°Y” + a3 202"y
+as 012" + a3 200 y? + a3 232°y + a3,247° + a3 2527y + a3 2627y
+as282%y* + a3,29$8y) X

(y3 + 614,15!105 + a4717:c4y + @4,18!’106 + a4,205€5y + 614,21!107 + a4,235€6y
-1-614,24!108 + a4,265€7y + a4,27!109 + a4,295€8y + 614,30!1010 + a4732x9y

11 10
+a4,33C" " + a4,35T y)
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(k1) = (3,5) (u,v) =(2,1)
p = 4 branches

€0 = €xx = 0 (no axes)
6=3+40+254+10=178

T=32+4+35.B,=32+3=35

Bs
N3 =10
transitive action

m? monomial of R-degree d

t,; translation associated to

ng number of modules at level'd

qq number of vector fields of C such
that v(Xp,n) =d

md+1
d

By
Ny =25
critical block

My Ms My My

S Vi Vi Vh VIS Vi Vi Vi Vil W Vi Vi Vi 0V VA VA VA N Vil VN

N4 dd

(0, ve = 52)
d =62
- = d4 =61
d =60
d =47
__________ __ dz=46
1 2 d =45
2 2
1 2
1 2
2 2
1 2
2 2
2 1 :jumpofthe
1 2 . critical bloc
2 72"
2 1
2 2
2 1
2 1 d =32
2 2 _ _ ___ ] __ d2=31
2 1 d =30
3 1
2 1
2 1
3 1
2 1
3 1
3 0
2 1
3 1
3 0
3 1
3 0 d=18
3 0 j d=17
3 1 di =16
3 0 ———— L= > dop=15

FIGURE 3. Moduli triangle of the topological class (k,1) = (3,5) and p =4
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