DETAILED CALCULATIONS OF
“THE FUNDAMENTAL GROUP OF THE COMPLEMENT OF
THE SINGULAR LOCUS OF LAURICELLA’S F¢”

YOSHIAKI GOTO AND JYOICHI KANEKO

ABSTRACT. In this paper, we give proofs of Lemma 4.1, Lemma 4.2, Lemma 5.3
and Theorem 5.5 in which omitted calculations are supplied. We also provide
detailed explanations of Remark 4.3 and the derivation of the 72 relations in
Subsection 5.3. Further, as an appendix, we give calculations in the inductive
steps of the proof of Theorem 1.2.

3. PROOF OF THEOREM 1.2

For the convenience of the readers, in Appendix A we give an example of the
induction steps of the proof of Theorem 1.2.

4. PRESENTATION OF 71 (X®)

4.2. Computation of 7r1(X(3) N H). By computing the monodromy relations, we
obtain the following relations:

(
(1) as = as;
(2) [0, 6] = 1
(3) (azas)® = (asaz)?;
(4) [a27a21a3a4] =1;
(5) (agazauazt)? = (azasag 'a)?;
(6) ag = azazay(azas)™l;
(7) (a7a8)2 = (048047)2;
(8) (Goas)? = (asdn)?;
©)) 042@4@2_1 = as_lcwozg;
10)
)

[d;lgég&% 648] = 1; ~
(67 ' aodiran) Las(as ' andrar), as) = 1,

(07) [a1,a2] =1, [ag, 7] = 1;

(1’) same as (1);

(27) o, a7] = 1;

(3’) same as (3);

(4) [a1, 0y tazay) = 1;
(57) (a1a3a4a§1)2 = (a3a4a§1a1)2;
(6") ar = apasas(ogas)™h

(7) (asag)® = (agas)?;
(8) (ajas)? = (asd))?;
(9) aroua;! = agtagas;
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(10) [ag~'a/vdg, ag) = 1; i
(11°) [(af~ a1 aforn ) tas(ay = d/ 1aha), a) = 1;

where

6&2 = (a3a4)_1a2(a3a4), &2 = (013044045046)_1042(043054015046),
6&3 = 0421043044, 647 = a§1a7ag, 648 = a7aga7_1,
O~/1 = (a3a4)_1a1(a3a4), 5[/1 = (a3a4a5a7)_1a1(a3a4a5a7),
&y = aytazay, &b =aglasas, @y = agagag
Note that the relation (11) (and (11°)) obtained as the monodromy around a;; = oo

is not needed (see also Remark 4.3).
By using the relations (0), (1), (6) and (6’), we have

(XS N H) = <0617042,0l3,044

We put

(4.3) B1=a1, Bo=as, P[3=a3= a21a3a4, By =y = a3a4a3_1.
By the relation (3), ;s are written as

(4.4) a1 =01, oy =P az=p;"Bsbs, u= P3P

Thus, B1, f2, B3 and 4 form a generator of my (X®) N H):

_ (2), 3), (4), (5), (0), (27), (4), (5)
771(X(3) OH) - <61a/82763a/84 (7)’ (8)7 (9)7 (10)’ (77)7 (8’), (97)7 (10a) >
Lemma 4.1. The relations (2), (3), (4), (5), (0°), (2°), (4°), (5°) are equivalent
to

(A) Bi,8;]=1 (1<i<j<3);
(B) [BiBaB; . BiBaB; 1 =1 (1<i<j<3);
( <

(C) (BaBr)® = (BrPa)? (1 <k <3).

Proof. Since

(81, B2] = [a1, 2], [Br, B3] = [a1, af "azau], [B2, Bs] = [aa, ) "azau],
[/81/84B1_1762B462_1] = [a1053044013_10£1_17 01203(1404:3_1@2_1] = [047’ O‘G]

1 —1 —1 —1
B1Bs = anazagag, Bafr = azagay ay, B2 = anazauas -, Bafls = azasay oo,

the relations (A), [818187 ", BeBaBy '] = 1, (B181)? = (BsB1)? and (B2B1)? =
(B132)? are equivalent to (4), (5), (0°), (4"), (5°), by the definition.
We show

[B1BaBr ", BsBaBs ] = 1,
(*) (2), (3), (2) <= < [B2BuB5 ", BsB4B5 "] = 1,
(B3B4)* = (BaBs)*.
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First, we assume (2), (3), (2’). Then we obtain the right-hand side of (%), as follows:

[51545{17 5354551] =[o - 0436Y404§1 'Oéf1704210é30¢4 : a3a4a§1 . (allagaz;)_l],

=
[az a3a4a3 o1 agl, a;1a3a4 . a3a4a§1 . (a;lagoq)_l],
= [ag, o] =

oy tazay - azagazt)? = (azay)?,

ag, ay] =

(828485 ", B3BaBy ] =

= (
( ) (a3a4a3 a4 1a3a4)2

—1 —1 -1 2

= azaq0y 0y a3a4a3a4a3 oy azoy = (azoq)”.
Next, we assume the right-hand side of (). We should show three relations
-1 -1 -1 -1 2 2
[ag, cragagas o | =1, [ag, asaszagos oy ] =1, (agaq)” = (cuag)”.

By symmetry between (4.3) and (4.4), the third relation follows from (£3834)% =
(B433)? as above. We show the first relation;

log, arasasag oyt = (838485, B1(By " BsBa) (BsBaBs ) (81 Bspa) B 1]
= [BsBaBs ", BrBaBr ] = 1.

The second one can be shown in a similar way. O

By this lemma we obtain

WI(X(3) N H) = <517ﬂ2763764

Note that by (8364)? = (8483)?, we have

azo = (By ' B3B1)(BsBaBs ) = Bspa.

By the proof of Lemma 4.1, we have

a1 =B, ax=Pa, az=P01"Bsbs, 4=a5=[365",
ag = PofafBy s ar=B1BaB ",

and

ag ' = ajasazauasagar = BiP2 - B3Ba - B3BaBy - BaBaBy - B1BaB
B1B2B4B3BaB2B4B5 B BB

Lemma 4.2. The relations (7)-(10) and (7’)-(10°) follow from (A)-(C).

Proof. We show the lemma only for (7)-(10), because the others are shown in a
similar way. We assume (A)—(C). First, we rewrite the relations (7), (8), (9), by



4 Y. GOTO AND J. KANEKO

using G;’s:

(1) artaglarlag! = aglartagtas!
318 ' 82848384 B241 8438424 By ' BrBafy !

= B15328183B43281B1 8183 B4 B2 8185 *
&0 B2B4B3B1B2B4B18aB3B4Br1BaBy = B2B4B3B4P2B41 84534
©B4P3P4P2P1P181B3BaB1BaBL = By ' BaBaBaBsBaBa2Bab1BaBsba
B4 B4B2B41 818351  BaB1Ba = BBy B3BaPaBa1BsBsPs

& B3B4B28451BaB3By * BaBr = BaBaPy ' BaBaB2BaB1 BaPa,

(8) & ((azou) 'az(asay) - a5)? = (a5 - (asas) as(azay))?
(81 By B2B3PaBsBabs )P = (BaPaBs By By B2l3Ba)’
B By B2BaBaBuBsBa = By By BaB2BuB2Bsba
< 0B2840284 = BafB2BsP2  (this is a relation in (C)),

(9) ©B2B3B8185 "By " = B1B2B4B3B1B2B4By  B1BaBy  (B1B2B4BsBaB2BaBy )
©B2B3P4B5 By = BrBaBaBsBaBrBaBy By By By By B!
©P3B4B5" = B1BaBsBab BaBy By B By BT
B4 = B3 B1BaBaBaBrBaBy By By By B Bs.

Next, we show (7) and (9), since (8) is already proved. Note that [5;,5;] = 1 and
[BiB4; ", BiBaB; '] = 1 imply [B; ' BafBi, B; ' BafBj] = 1. The left-hand side of (7) is
B3BaB2B4B1 (B3B3 ) BaBs By BaBr = B3BaB2BaB1 BBy BaP1Bs ' Babs

= B3B45284B3B181 B3 " BaBs = B3B1B2B43B1B5 143,

and the right-hand side is

BaBaBy  BaBa(By ' B3) B2BaBrBaBs = B3BaBs  B2BaBs  B3B2Bab1Babs
= B3B483 ' B2B1B3B1B181Bs = B3B1B2B5 * BaBsBaSB1B1Bs.

Thus, (7) is equivalent to £4838485 ' = B3 *BaB384 which is nothing but a relation
in (C). The right-hand side of (9) is

3185 ' BaBsBaPrBaBy By By By BB

= B1B1P3B485 ' BrBaBr By B3 By BaBr

= B1BaB1BaBr  BsBaBs By By By BB

= BaP1BaB1 By BsBaBy By By By BafBy = B,

and hence (9) is proved. Finally, we show (10). By using (7), we have

d76¢86¢7_1 = ag1a7a8a7a8a7_1a8_1047_1a8 = Qg.
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Thus, the relation (10) is rewritten by 3;’s as follows:
(10) a9, dragar | =1 & [ag,ag'] =1
&[(BsBa - BsBaBs - BoPafy ') Ba(B3Bs - BaPBafs - B2BaBsy ),
3182843842 BaBy  BrBafBy T = 1
[(8183BaB2BaBy 1)~ B2BaBaBaBaBaBy ', BrB2BaBaBaBaBaBy  B1BaBy ] =
(B2, BaB3BaB2BaBy " $18284838482818 ' B1BaBy (BaBsBaBBaBy )] =
(B2, BaB3BB2BaB1BaBsBaBaBy By B B = 1.
Since
B483B42841 8433 BaPr BBy ' By ' By ' Byt
= B4P3B4PB2B1B1 BBy  BaBrBaBy B By = BaBsBaBaBaPrBaBy BsPabs  BrBy
= BaB3BaBaB1B3BaBsy B1BaBy BByt = BaB3BaBaBaB3BaBs B
and [Ba, B3 '81] = 1, (10) is equivalent to

B2 - BaB3BaP2PaBsBs = BaB3Baf2BaB3B4 - Ba-

1
1

This is shown as

Ba - BaBsBaB2BaBsBs - By " = B2Ba(By " B2)B3B4B2B4B3Pa By "
= B2B4B5 ' B3B2BaB2BBsBaBy " = B2BuBy B3Ba(Bs ' Bs)B2B1B2B3B1By
= B3B4B5 ' B2y B3B2B4B283P4B ' = B3BaBs " BaPaBsBaBsBaBuBy !
= BsBafBs ' B2BsBaBsBaB2BaBy | = BsBaB2B3Ps  BaBaBy ' Babafa
= BB4B2B3B5 ' BaB2Bs ' BaBsBs = B3BaB3B4B2P5  BaBsfa
= B4PBs3B4B3B285  BaB3Bs = BaB3B42B4B3PBs.
Therefore, the proof is completed. O

Remark 4.3. Note that the relations (11) and (11°) follow from others. Indeed, by
(10), we have

(11) &lag tagar,a3) = 1 & [a; 'ag o, a3 = 1 & [a] ' - arag tag ' - ag,a3) = 1
S[B7" - BLBaB2B1BsBaBB1By - Br, Bs] = 1 < [BafB2B4BsBaB2BaBy  Bu, Bs] = 1
& [B4B284B3 845284, B3] = 1,

and it is shown by (A)—(C) as follows:

BaBa2BaB3BaB2Ba - Bz = (B2B5 ") BaB2BaBsBaB(Bs ' Bs)BaBs

= BaB1B2BaBy ' B3BaB3  B2B3BaBs = B281B3B4B5 ' B2B185 BB Ba s
= B234B3BaB2B5 ' BaBsBaBs = B2B1PBsBaB285 " B3B4Bs 4

= B281B3B1B2B4(B3 ' B2) B3 Ba = B2BafB3B5  BafB281B3 524

= BaBuB5 ' B3Ba(Bs ' B3)B2B1B3B281 = BsBafBs ' B2BuBy B3B38 B4

= B3B4B5 ' B2 B3BuB3B2Ba = B3BuB5 ' BaBsBaB3L4P2Pa
= B3 - B424838432B4.
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5. THE COVERING SPACE —THE COMPLEMENT OF HYPERPLANE ARRANGEMENT

5.3. The case of n = 3. We give the proofs of Lemma 5.3, Theorem 5.5, and the
derivations of the 72 relations by the Reidemeister-Schreier method.

Lemma 5.3. The following 25 elements form a generator of the free group K;:

(5.2) Yo Vis Var Vas MVOVL s V202 s Y305 s
%Yy Y vy vt v (i) T
Ts72(7273) s Y237 (v2v8) T,

My2Y37 (1273) 71 Mr2vs2(ny3) T M2 (nv2) T
1727370 (V17273)
where 1 <1 < j < 3.

Proof. We put B = {~0,71,72,73} which is a generator of K. A generator of K is
given by

(D)) [t e T.be B, (th)() " #1).
It is sufficient to compute all (tb)(tb) .
(i) In the case t = 1, since (tb)(tb)~!’s are
W0 = 1=90, M =1, T =1 =1

we obtain a generator p. -
(i) In the case t =~; (1 <i < 3), (tb)(th)~1’s are

V2L v (W) T e (ve) T

where j # i. Since 71-2,%-7(;17;1 € K, we havevjz =land ;v = ’yi'yalwfl VYo =
v;. Thus we obtain

VA =7, @)t =y
We compute v;v;(¥iy;) L. If i < j, then 7777 = viy;. If i > j, then 7777 =
Vj%")’fl’ﬁl “Yiv; = ;7. We thus have

- 1 (i <)
A v 1 = _ _ . .
Vi (ViY5) { Yot (> ).
Therefore, we obtain generators 72, y;707; ' (1 < i < 3) and %%%_1%_1

1<j<i<3d).
(iii) In the case t = y172, tb’s are

727 = 117270 (172) 7 Y2 = 1172,
TV = N1V e =2, VRV =MV3V: =,
M17V2Y3 = V1172735
and hence we obtain generators
1727 7270) " = 120 (nre) T
Ny (n) = nemre @) T = e
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(iv) In the case t = 173, tb’s are

Y370 = Y137 (71v3) L Y13 = 173,

TV = NVNY; V3 =73, BB =NV =M,

VIVET2 = MY3Y2Y5 V2 9 Y3 = 117273
so we obtain generators
-1 -1 -1 _ -1
7173’70(’717370) = 717370(7173) s ’71’73’71(71’)’3’)’1) = Y1737173
Ny @@BR) 7 =nr2ners) T mvsEEE) T =nsn !
(v) In the case t = 273, th's are

Y2730 = 727370(7273)71 CY273 = V273,

TV = VN5 Yz MY = Y1023
VoVEVz = V2VsV2Ys 3 =3, V23V =V2V3Va 2 =2,
and hence we obtain generators
72737 (727370) ! = 129370 (1273) T Y2vsm () T = e s (mneys) T
Y2vsy2 (V¥ 2) T = o3 v2vs s 123 vs (Vs ie) T =23
(vi) In the case t = y17273, tb’s are

Y1Y27Y3Y0 = V17273, V172731 = 7273,
Y17Y27Y3V2 = Y173, V1727373 = V172,

so we obtain generators

172737 (F27370) - = 11727370 (Y17273)
Y1231 (T2 T37) = Mvevsvi (revs) T
M2y (V2 72) = 11v2 vz (mys) T
1727373 (Vi727373) t= ’71’7273%(7172)_1-
Therefore, we obtain the 25 generators. O
We put
) %%1%_17‘_1 o (I<i<j<3),
R=4q %% V07, vlwo‘lv,»‘lvﬂla v (1<i<j<3),
YiYoYiVoY; Yo Vi Yo (1<i<3)

which generates the relations of G, that is, G = (y9,71,72,73 | R). By the
Reidemeister-Schreier method, G; is presented by the 25 generators (5.2) with
relations of the form

trt™l, teT, reR.

Note that to obtain relations among the generators (5.2), we need to rewrite these
relations by them.

We write down the 72(= 8-9) relations.
(©) r=myyity (1<i<j<3).
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(a) t = 1. We obtain a relation
(5.3) 1=yw; it
(b) t =~ If k=1, then we obtain a relation
(5.4) L=y vy v =R ey DT
If k = j, then we obtain a relation
(5.5) L= % oy =y ey
If (4,5,k) = (1,2,3), (1,3,2) or (2,3,1), then we obtain relations

(5.6) 1= myy e s

=17 s (eys) T (737273_172_1 cvevs(yevs) )

_ _ _ _ _ _ —1
(5.7) L=y 1 st et =renvs r s (ersn(aves) ™),

(5.8) L=y v vt = (nsre(nveys) ™)
(¢) t =~y If (i,5) = (k,1), then we obtain relations
(5.9) L= vy e (i) ™!
= vy s e DT

If (4,7) = (1,2) and (k,1) = (1,3) or (2, 3), then we obtain relations

(5.10) 1=m7s 12y Y2 - (1ys) ™!
_ _ _ _ _1y—1
=35 sy e (s (rvers) T s (eys) )

(5.11) 1=y 7727 5 - (r23)
= v2v371(117273) " 2 Ysv2 () T s s e (eyseys ) T
If (4,5) = (1,3) and (k,1) = (1,2) or (2,3), then we obtain relations

_ _ _ _ _1y—1
(5.12) 1=y 1901 s (1) =memnre - (e () 7Y

(5.13)  1=1273 7Y V5 (e3)
_ _ _ _ _ —1
= Yov371 (117273) " - MV (ne) T (273 e e )

If (4,5) = (2,3) and (k,1) = (1,2) or (1,3), then we obtain relations

_ _ _ _ _ —1
(5.14)  I=m7-7217% 5 - (nre) " =nrnn - (rresretnre) ),

(5.15) 1= 7372937 75 - (173) ™!
— sy (nr21) e (i) ()
(d) t =y1v2y3- If (4,5) = (1,2), (1,3) or (2,3), then we obtain relations
(5.16) 1 =717278 7271 2 ' (r27s) !

_ _ _ 1y -1
= 71727371 (7273) ! T 2737273 L. (71727372(’}’173) ! *Y1Y37173 1) )



(5.17)

(5.18)
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1=yv7 117371 s ' () !

_ _ _ 1y -1
= Y17273M (7273) ! '727:?72 L. (’71’727:3(71’72) ! CY17Y27179 1) »

1=y 12737 5 (1727s) ™

_ _ _ _ —1
= 71721372 (173) " 3t (e () T e )

(i) r =770 1707 e s e Tyt (1< i < <3).
(a) t =1. We obtain a relation

(5.19)

=907 " w0yt e e by

(b) t =~ If k =14, then we obtain a relation

(5.20)

(5.21) 1 =1y - w0 "0 6 ve v e vy vy
= v (e T (e T

(5.22)

(5.23)

(5.24)

1= 7707 57075 0 s e

-1

_ _ _ _ _ —1
=92 v 7 wvt) Tt (e ()Y T

If k = j, then we obtain a relation

1 -1 11— _
vyt (e (e T (e e D T e
If (4,4,k) = (1,2,3), (1,3,2) or (2,3,1), then we obtain relations

1=193- M7 207 1% 1 e e s

1

b0y

1

7.

=775 (i) T (s T D T e et
2370 (23) T (v2vs e D T s T

1\ -1 11— 1 -
: (7173’70(’71%) 1) (737173 171 1) ' T Y37273 1’72 !

: (V27370(7273)71)_1 :

1= 1771 %% 1Y% v e s s

(va7273 e )7

—1

= 72m17: ' e (ne) Tt (e ) T

_ _ _ _ —1
2370 (273) T e vs e (e () )

-1

(et (’72’7370(7273)71) )

L= 9% 137075 270 Vs e g

-1

= 1727 (7172) " 11370 (11vs) !

: (717270(7172)_1)

-1

(717370(7173)_1)71-
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(¢) t =~y If (i,5) = (k,1), then we obtain a relation

(5.25) 1 =95 - %v0%; 0y e e it ()
T (PR 7 e PRl 10T 1 P Nl T o Pl
vy (e DT s (e DT
v DT T (e DT (e DT
If (i,7) = (1,2) and (k,1) = (1,3) or (2, 3), then we obtain relations

(5.26) 1= 9173 - 71707 27072 M v 2ve et (rvs) !
=111 3% (s D) T s () Tt

_ _1\—1 _

‘e (nr2ys) Tt (nsre(nreys) T T s

(137075 )7 (s D T e (veys) T

: (717273’70(717273)_1)71 C(mrsv2(rv2vs) )

(5.27) 1=y 71177 12707 v i e et (reys) T
= 727371 (117273) " - 121370 (17273) T (s (veys) )
Y323 3075 (s ey ) T e (res) T
—1 —1 1\ —
() ™) - (e (neys) )

Syayseys (v )T (evsveys )T

If (4,7) = (1,3) and (k,I) = (1,2) or (2, 3), then we obtain relations

(5.28) 1=y 11771 137075 e v eve ts e () !
=YY 0% (e ) T e vsvo (riveys) T
mvens (e DT (e )Y

_1y—1
(s (nvevs) )

(5.29)  1=1273 17071 37073 10 e s s e (es) T
= Y231 (117273) " 12970 (117273) - (Y2 (v2ys) )
v revov: (3 )T vevs v (meys) T
: (’71727370(7172’73)_1)71 : (727371(71’72'73)_1)7
Y2vv: (20 )T (e )T

If (i,7) = (2,3) and (k,1) = (1,2) or (1,3), then we obtain relations

(5.30) 1= 727 37075 2% e e s ()
=171 v (e DT s () !

3y (e DT (e DT (s (ners) )

)
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(5.31)  1=y173- 712707 137075 2% e e s e (rys) T
-1 -1 —1\—1
=mny372(117273) " 230 (12y3) T (s (ares) )

o (e DT msre(revs) !
_1y—1 1y —1

(20 (r2vs) ) (sre(nreys) )

3 (v DT (avdr )T

(d) t=y1v2ys. I (4,5) = (1,2), (1,3) or (2,3), then we obtain relations

(5.32) 1 =172y 17071 27072 e T 2ve e e (nvevs) T
= 11727371 (1273) ' - 127370 (278) - (71727371(7273)_1)71
'7172’7372(7173)_1 '717370(7173)_1 : (71’72’7372(71’73)_1)_1
'71727371(7273)71 : (72’73’70(’7273)71)_1 . (71’727371(7273)71)_1
'71727372(’7173)71 : (71’73’70(7173)71)_1 : (71’72’7372(7173)71)_1

(5.33)  1=17273 11707 13707 10 e s e (ravevs) T
_ _ _1\—1
= 727371 (273) " 2130 (273) T (e vs v (vevs) )

"7172%%(71’72) ! '7172’70(71’}’2) '(717273?(’7172)_1)

_ _1\—1 _1\—1
v v3 (2vs) Tt (e (23) ) (e vsm (vevs) )

_ _1\—1 _1\—1

2y (e) T (er(tne) ™) (e (i)Y,

(5.34) 1 =r17273 71277 137075 2% T s ve s (rav2ys) T
_ _ _ —1
= 71727372(1173) 7 3v0(nys) T (r2ysr2(nys) )

17273 (1172) T 2v0(ne) T (273 () )

_ _ —1 _ —

232 (vs) T (s ()T T (s e (ivs) )
_ _1y—1 _1y—1
) ()T (e (ire) T

(il) 7 =vv0%707 o et (1< i < 3).
(a) t = 1. We obtain a relation
(5.35) 1= vy v v o
=707 0 (v DT

(b) t = . If k < i, then we obtain a relation

(5.36) 1= Yk - rylryofyz,-yo,-yl_l,yo—l,yl—l,yo—l . ,}/k_l

= Wy () " e o
_ _ _1y—1 .
(o () T e )T (R <),

)

11
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If £ =4, then we obtain a relation

(5.37) 1= 0707 % S e !

=7 v 0% e (e DT

If k£ > i, then we obtain a relation

(5.38) 1= %70%%0% 0 % Yo Ve
= ey vt e (k) T e evove
_ 1 _ _ _1\—1 .
(e e st e (reve) T s ) (k> ).

(¢) t =~y If i = k, then we obtain a relation

(5.39) 1= viv0v0v o v e () !
= vy ot vt eve () T
_ _ _ _ _1y—1 .
(o) T et o ety ) T G < ).

If ¢ = [, then we obtain a relation

(5.40) 1= % - YvoYivoYs o v et (vew) T
= W2yt oy veivo (evs) Tt

(o) T e o ) (k<)

If (i,k,1) = (1,2,3), (2,1,3) or (3,1,2), then we obtain relations

(5.41) 1 =727 17071771 Y 1 Yo - (12) 7!
= 727371 (117273) " - M727370(117278)
723 (Y273) - 127370 (273) T
: (727370(7273)_1 “y2v3m1 (1y2vs) T

12737 (17273) T e s (es) )

(5.42) 1= 717371277277 Yo V2 o - ()
= 717372(’717273)_1 ) ’71727370(717273)_1
Y2372 (1173) " 130 (rays) T
) (717370(7173)_1 '717372(717273)_1

“mv2v3%0 (2 vs) Tt e (nvs) )

(543) 1= 13707707 0 5 et () !
= 71727370(717273)_1 '7172%%(7172)_1 '717270(7172)_1
_ _ _ —1
(M2 (2) Tt e (res) T e (i) )
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(d) t = vy1v273. We take k, [ such that {i,k,i} = {1,2,3} and k <. Then we
obtain a relation

(5.44) 1=y %70770% 0 % et () !
= Y17273% () " o (vev)
e (27) Tt 270 (y2s)
(27370 (Mv278) T 123 (k) T

_ 1y —1
“YeYivo (k) 1")%’)’1%(71’7273) 1)

By using the generators (5.1), the relations (5.3)—(5.44) are reduced to the fol-
lowing ones:

AizAjl =1 (1§i<j§3)7

[
M API =1 (1<i<j<3),

(5.51) ST AM0AT =1 W AN =1 (1<i<j<3),
[)\812 7 13)] [)\(12),)\623)] _ 17 [)\813)7)\823)] — 1,

5.52) AAYIA! )\)\())\ }_1 (1<i<j<3),

(5.53) PSP AAIAT =1 (1<i#£)<3),

5.5 ? AEIATT A )\(13)>\2 |=1,

AAZIATT AN =1, oAl AsAPAg ) =1,

AP A0 = A0A A = Aol (1< <3),

MAYAGD = APATIN = AN (1 <i<j<3),

AAPAGD = APAFIN = AN (1 <i<j<3),

AAGINGE = ATINGEIN = AN ({0, k) = {1,2,3), 4 < k).

Theorem 5.5. The fundamental group 7r1()~((3)) = Gy has a presentation by 11
generators

)\17 >\2a >\37 )\Oa Aél)v )‘(()2)7 >‘(()3)7 >‘(()12)7 >‘(()13)7 )‘823)a /\8123),
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and 27 defining relations

(5.55) DAl =1 (1<i<j<3),
(5.56) A A ']—1 (1<i<j<3),
(557) [ (12) )\(13 ] 7 [)\812)7)\823)] _ 1’ [}\(()13)’>\(()23)] _ 17
(5.58) A AT =1 (1<i<j<3),
(5.59) A AP =1,
A2 AP A =1, A asaUAg) =

(5.60) AN A0 = AN = MdoA) (1<i< 3),
)\ )\(J))\(U) )\(]))\(U))\ )\é”))\z)\(()]) (1 <i< ] < 3)7
)\ )\( ))\(1]) )\(0)\(”))\ )\é”))\j)\él) (1 <i< _7 < 3)7

)\i)\éjk))\élx’)) _ )\é ))\6123))\1‘ _ )\((Jus))\i)\éjk)
({i, 5, k} ={1,2,3}, j <k).

Proof. We need to show that the relations

e the second relation of (5.51),

o (5.52),

e (5.53) for (4,4) = (3,2),(1,3),(2,1), and
o (5.54)

follow from (5.55)—(5.60). First, we consider the second relation of (5.51).

(5.60), we have
A NA0 = AoA A, MATAST = AT
Then (5.58) implies
[)\éij), )\j)\())\;l} _ )‘j . [)\fl)\(ij)Aja)‘O] . )\fl
i)\ () (1)L ij i)~1 i i) —
=% AN 20l AT = A TS M0A - uAg)) !
A AT ()T = A1 ) = 1
Second, we consider (5.52). By (5.55) and (5.60), we have
Ad = AAn AN = AideAl!
Then (5.56) implies
AT AL AT = Aoy - TIAT AL AT AL ()
= Ay - oA Ag L AAG AT - (ag) !
= A0 A DT 0 A0) T = Aidido 1 (AdAe) Tt = 1
Third, we consider (5.53) for (i,5) = (3,2). By (5.60), we have

)\(()2) )\(()12)>\1 _ )\(()12))\1/\82), )\ )\(12))\(123) )\(123)/\ )\(12)

By
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Then the first relation of (5.59) implies

PO AN = Aa - DA e AT 05

“ s [)\812)/\8123)/\812)*17)\(()2)] St

A AN (2 )

= A0 S AP AT A T = a1 AP = 1

In similar ways, the case of (,7) = (1,3) and (4, j) = (2,1) follow from the second
and third relations of (5.59), respectively. Finally, we consider the first relation of
(5.54). By (5.60), we have

)\((J23))\é123))\1 _ )\((3123))\1)\(()23)7 )‘((313))‘(()123))‘2 _ )\((Jug)b)\éw).

Then the third relation of (5.57) implies

. -1 -1
A1 )\(()23))\fl, )\2)\813) A;l] = [)\(()123) )\823))\8123), )\(()123) )\(()13) )\8123)]
-1 -1
)‘6123) . P\(()23)’ )\(()13)] . )\[()123) /\6123) 1. )\(()123) 1

Similarly, the second and third relations of (5.54) follow from the second and first
ones of (5.57), respectively. O

APPENDIX A. INDUCTION STEP OF THE PROOF OF THEOREM 1.2 FOR SMALL n

Since the proof of Theorem 1.2 in Section 3 is complicated, we give the proof for
the case n = 6, p = 3, ¢ = 2 as an example. (In fact, the proof for p = 2, ¢ = 3 is
easier than that for this case. Since this example uses all claims in our proof, we
explain it.) We show

[(r17275)70 (117275) s (v374) Y0 (1372) 1] = 1,

by using the induction hypothesis:
[%70’7;17%'707;1] =
[(vivi)vo (i) ™, ’Yk’Yo’Yk_l]
[(vivive)vo (v ve) ™ vevo ] =
[(vivi)vo(viv) ™, (i) vo () ™ = 1

L,
L,
L,

(the cardinality of {i,j,k,1} C {1,...,6} is 4), and relations obtained from them
by conjugation.
Since the loop ¢11000 changes into

(€00000£10000%01000€11000%00100¢10100€01100¢11100€00010¢10010¢01010¢11010€00110¢10110€01110411110)

101 - ()7

by moving of L(¢) for k =5 (see Figures 23 and 24). This implies the relation
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EUUOOU ElUUOU 611110 ZUOOUI elUOUl éllUOl

FIGURE 23. Loops in P(0)

l11000 is changed into this.

FIGURE 24. Loops in P(1)

(1172)70(1172)
=500 - 117071 12072 L () ve(nye) 7!
37073 (173)70(1178) T - (12798)70 (273) T - (Mr298) 70 (117278) T
a707: " ()0 () T ()0 (r27a) T (2 7a)v0 (172 7e) T
- (y37a)70 (v374) Tt - (vsva) 0 (1 737a) T - (2 37a) Y0 (h2y874) T (M2 737a) Y0 (M2 Y3 Ya) T
c(my2ys)v0(nyeys) ] T e
It is equivalent to
Yo ' H(m2) 70 (mr2) M0 12707 () ve ()
= ot 207 ()0 (ny2) T
37073 (173)30(1178) T - (1298)70 (273) T - (Mr298) 70 (117278) T
yv0vs e () v (rva) Tt (eva)vo(r2va) T (e a) Yo (rveva) T
- (y37a)70(v374) T - (Msva) 0 (s va) T (e vsa) 0 (avsva) T (v2vsva) 0 (e ysa) T
- (717275) 70 (r17275)
Since
(7075 Y (1372) 70 (v3va) T =1, ()70 (1vs) T, (137a)v0(1374) M = 1,
[(v295)70 (275) s (v374)70(7374) 1] = 1



APPENDIX 17

imply that (v172795)70(717275) ! commutes with the last three factors in [-- -], we
obtain

(A1)
Yo 5 (mr2)r0(mr2) s
ot 1207 () (1ve)
37073 (13)0 (1) T (e73)70(h273) - (e )0 (M) !
07 () (1) T (2va) 0 () T - (e va) v (raveya) T - (s va)v0 (3 va) T
= o7t () (nre) T

37073 ()0 (nvs) T () v (r2s) T - (e v3) 0 (e ys)

yavovs (v vo(nva) T (eva) v (r2va) T - (e va)vo (e va)

- (1374)70 (1374) 7' - (17275) 70 (117275) !
(cf. Claim 3.6). On the other hand,

-1

Y% 5 () v0(12) s
=% (1n72) -5 075 - (1172) M) - (172)
=% "(n72) - (172) " (172) - Y5 05 - (72)
= (m72) 75 0 - (1172)

—1

—1

commutes with

M7 = (112)7: 0r2(n72) 7 2072t = () e (ray2) T
(cf. Claim 3.7). Thus, (A.1) is
(A.2)
(7172) - %5 075 - (172) - (y2)v0(1a2) T
37073 (173)70(1178) T - (1298) 70 (273) T - (Mr298) 0 (117278)
a07: " ()0 (va) T ()10 (r2va) T (y2va)v0 (1 v2va) T (vsva)v0(vsya) T
= (my2)70(M172)
37075 L (n3) 70 (1y3) T (230 (273) T (2 s) Yo (v ys) T
yav0vs - () (1va) T (2va) 0 (v2e) T - (e va) v (rveya) T
(v372)70 (1372) T (125) 0 (1 v2vs) T
Further, by

(m72) %5 075 - (r72) ™!

= (7172) 75 01570 0 T (ny2) 7!
= (m72) - 1077%% 0 ()7t

= (m12)70(172) " (1275)%0 (1729s) T () ve () T

the first line of (A.2) equals to

(my2)70(172) 7t (n2s)v0 (1r2ys) T
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Since (Y17275)70(71727Y5) "t commutes with

(cf

’73’}’0751 () (rrs) T (2v3) 10 (1273) T - (Yres) Y0 (Yyes)

Y075 () () T ()0 (27a) T (e () T
. Claim 3.6), the left-hand side of (A.2) is equal to

(My2)70(n72) 7!

37075 - (s) () T (298) 70 (r273) T - (17273) Y0 (My2ys)

yav0vs e (v (nye) T () v (r27a) T - (2 va) Yo (meys)

- (my275) 70 (M7275) - (r370)70 (3 74) T

(
(

Therefore, the equality (A.2) implies

(717275)70 (V17275) "+ (3va) Y0 (v374) T = (v374)v0 (v3v4) T (V125 )0 (V1v2y5)

1

REFERENCES

[1] W. Arvola, The fundamental group of the complement of an arrangement of complex hyper-

planes, Topology, 31 (1992), 757-765.

[2] O. Bogopolski, “Introduction to Group Theory”, EMS Textbooks in Mathematics, 2008.
[3] A. Dimca, “Singularities and Topology of Hypersurfaces”, Universitext, Springer-Verlag, New

York, 1992.

[4] Y. Goto, The monodromy representation of Lauricella’s hypergeometric function Fg, Ann.

Sc. Norm. Super. Pisa Cl. Sci. (5), XVI (2016), 1409-1445.

[5] H. Hilton, “Plane algebraic curves”, Oxford university press, 1920.

[6] J. Kaneko, Monodromy group of Appell’s system (Fy), Tokyo J. Math., 4 (1981), 35-54.

[7] S. Mukai, Igusa gquartic and Steiner surfaces, Contemp. Math., 564 (2012), 205-210.

[8] I. Naruki, The fundamental group of the complement for Klein’s arrangement of twenty-one

[10]

lines, Topology Appl., 34 (1990), 167-181.

P. Orlik, H. Terao, “Arrangements of Hyperplanes”, Springer-Verlag, Berlin, 1992.

R. Randell, The fundamental group of the complement of a union of complex hyperplanes,
Invent. Math., 69 (1982), 103-108.

[11] M. Salvetti, Topology of the complement of real hyperplanes in CV | Invent. Math., 88 (1987),
603-618.
[12] T. Terasoma, Fundamental group of non-singular locus of Lauricella’s Fc, preprint,
arXiv:1803.06609.
(Goto) GENERAL EDUCATION, OTARU UNIVERSITY OF COMMERCE, OTARU, HOKKAIDO, 047-
8501, JAPAN

Email address: goto@res.otaru-uc.ac.jp

(Kaneko) DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF THE RYUKYUS, NISHI-

HARA, OKINAWA, 903-0213, JAPAN

Email address: kaneko@math.u-ryukyu.ac.jp



