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u-CONSTANT DEFORMATIONS OF FUNCTIONS ON AN ICIS

R. S. CARVALHO, B. OREFICE-OKAMOTO, AND J. N. TOMAZELLA

ABSTRACT. We study deformations of holomorphic function germs f: (X,0) — C, where
(X, 0) is an ICIS. We present conditions, in terms of the integral closure of the ideal defining the
singular set of f|x, for these deformations to have constant Milnor number, Euler obstruction,
and Bruce-Roberts number.

1. INTRODUCTION

Let f: (C™,0) — (C,0) be a holomorphic function germ with an isolated singularity and
F: (CxC"0)— (C,0) a deformation of f. For each ¢t € C, we denote by f;: (C™,0) — (C,0)
the germ defined by f;(z) = F(¢,x); hence F defines a family of function germs f;. Many authors
have studied the properties of such a family and a very important result is to know when the
family has constant topological type. In this direction, we have the Milnor number ([18]), which
is a well-known number related to a function germ. We know that, if n # 3, a family f; has
constant topological type if and only if it has constant Milnor number ([15], [27]). The n = 3
case is still an open problem.

However, the problem of determining whether a family has constant Milnor number is not
easy. Greuel [12] presents methods to solve it. More specifically, he shows that the constancy of
the Milnor number in F' is equivalent to all the following assertions

(1) %—f € J, where J is the integral closure of the Jacobian ideal J = <g—£, e gf >;

(2) 2€ € \/J, where v/J denotes the radical of J;
(3) v(J) ={(t,z) e C x C™ | g—fi(t,x) =0,i=1,...,n} =C x {0} near (0,0).

Let (X,0) be a germ of an analytic variety (possibly singular) and f: (C",0) — (C,0) a
function germ. In [3], Bruce and Roberts generalize the Milnor number taking into account the
variety (X,0). Many authors call this new invariant the Bruce-Roberts number and denote it
by upr(X, f). The Bruce-Roberts number generalizes the Milnor number in the sense that the
germ is R x-finitely determined if and only if the Bruce-Roberts number is finite, where Rx is
the group of the diffeomorphisms which preserves (X,0). In [1], Ahmed, Ruas, and Tomazella
study how the results in [12] work for the Bruce-Roberts number.

In [13], Hamm introduces the Milnor number of an isolated complete intersection singularity
(ICIS). The constancy of the Milnor number in a family of ICIS implies the constancy of the
topological type if each member in the family has dimension d # 2 (see [23]). If (X,0) C (C",0)
is an ICIS and f: (X,0) — (C,0) is a holomorphic function germ with isolated singularity, we
can study the Milnor number of f, u(f|x,0). By the Lé-Greuel formula (see [16]),

u(flx,0) = p(X,0) + u(X N f71(0),0),
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where £(X,0) and (X N f71(0),0) denote the Milnor number of the ICIS defined by Hamm
([13]).

The main goal of this work is to study how Greuel’s result adapts to this singular case, that
is, to deformations of function germs f: (X,0) — (C,0), where (X,0) C (C",0) is an ICIS. We
characterize p-constant deformations of f in terms of the integral closure of the ideal defining
the singular set of f]|x.

We present conditions for the constancy of the local Euler obstruction and of the Bruce-
Roberts number. Also, we present a sufficient condition for a family f; to be C9-R x-trivial.

Finally, we analyze the constancy of the Milnor number in a family f;: (X, 0) — (C,0), where
(Xt,0) is a deformation of an ICIS (X,0). In order to do this, we use the strict integral closure
of the module defined by the Jacobian matrix of the map defining the deformation.

2. PRELIMINARY CONCEPTS

Let (X,0) C (C™,0) be the isolated complete intersection singularity (ICIS) defined by a
holomorphic map germ ¢: (C*,0) — (CP,0) and f: (X,0) — (C,0) a holomorphic function
germ with isolated singularity. That is, in a sufficiently small neighborhood of 0, the zero set of
the coordinate functions of ¢ intersected by the zero set of the maximal minors of the Jacobian
matrix of (f, ) is just 0.

Let ®: (C x C™,0) — (CP,0) be a holomorphic deformation of ¢ such that ¢g = ¢, where
ds(x) = ®(s,z) and x = (x1,...,2,). We write X = &71(0), (X,0) := (¢51(0),0) and assume
that (X, 0) is smooth for s # 0 sufficiently small. We say that (X,0) is a smoothing of (X, 0).

Let

F+(X,0) = (C,0)
be a holomorphic function germ such that for all s # 0 sufficiently small, the germ
fs: (X500 — (C,0)
x —  f(s,z)
is a Morse function germ.

Inspired by [18], in order to define the Milnor number of f, we take a representative of (X, 0),

X = ®71(0), where ®: B — CP is defined in a small enough ball B = B, centered at the origin

in C x C™, and the representative of f, f: X — C. We define
1(fx,0) = 45(fs),

where S(fs) is the set of critical points of the representative of f, defined by the representative
of f above.

We remark that this definition of the Milnor number is not original, but we did not find a
good reference for it. One can show that

1(flx,0) = pu(X,0) + p(X N f_1(0>70)7
where the numbers on the right side are the Milnor numbers of the ICIS’s as defined in [13]. In

fact, if D = {(s,z) € X | z is a singular point of fs} and 7: D — C is the restriction of the
projection on the first coordinate then

p(flx,0) = deg(m).

1,0 = e (1, 77755 ).

where Oy ¢ is the local ring of (X,0), J(fs,¢s) is the ideal generated by the maximal order
minors of the Jacobian matrix of (fs, ¢s) (partial derivatives with respect to = only) and e(f, R)
denotes the Hilbert-Samuel multiplicity of the ideal I with respect to the ring R (see [19]).

Therefore
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Since J(OfX 3 j is a determinantal ring, it is Cohen-Macaulay. Hence (see [17])

e (<s>7 OXO) ~ aime 1 O

T 63) ITTARE
Thus
@)
w1 0) = dime o
Oni1
- dime — 2
= e S (e o)
— dime Y90
- T T I 9)

= u(X,0)+pu(X N f7(0),0),

where O,,, denotes the ring of holomorphic function germs from (C™,0) to C and the last equality
follows from the well-known Lé-Greuel formula.

We consider now a family of function germs on the ICIS (X,0). That is, let

F: (CxX,00 — (C,0)
(t,z) —  fi(x)
be a (flat) deformation of f such that f;(0) = 0 for ¢ sufficiently small. We say that F' is
p-constant if p(fi|x,0) = u(f|x,0) for ¢ sufficiently small.

In the case where (X, 0) is regular, the constancy of the Milnor number of f; is proved to be
related to the integral closure of the Jacobian ideal of F', not considering the derivative with
relation to the parameter ¢, see [12, Theorem 1.1]. In fact, Greuel shows that this family is
p-constant if and only if

oF _JOF  OF

ot Oxy’ 0z, /)’

where the bar denotes the integral closure of the ideal in O¢xx (the local ring of C x X). We

remember that the integral closure of an ideal I in a ring R is equal to
T:={heR|Ja;c'withh* +a;h* "+ ... +ap_1h+ap =0}.

One of the main goals of this work is to generalize Greuel’s result to the case where (X, 0) is
a general ICIS. In order to do this, the next theorem of Teissier, which gives different character-
izations for the integral closure of an ideal, will be very useful.

Theorem 2.1. [26, Proposition 0.4] Let (Y,0) C (C™,0) be a germ of an analytic variety and
Oy the local ring of (Y,0). If I is an ideal in Oy, the following conditions are equivalent

(i) hel;
(ii) For each system of generators hi, ..., h, of I, there is a neighborhood U of 0 in'Y and a
constant ¢ > 0 such that |h(x)| < csup{|h1(x)], ..., |h-(2)|}, V2 € U;

(iii) For each analytic curve v: (C,0) — (Y,0), ho~vy € (v*(I))O1, where (v*(I))O; is the
ideal generated by hjo~y,i=1,...,r;

(iv) v(h o) > inf{v(hy 0 7),...,v(h,. o)}, for v being the usual valuation of the complex
curve.

The item (iii) of the previous theorem is usually called the valuation criterion for integral
dependence.

Throughout this paper, we also need to work with integral closure of modules over a ring, as
defined by Gaffney:
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Definition 2.2. [5, Definition 1.3] Suppose (Y,0) is a complex analytic germ, M a submodule
of OF ;. Then h € O is in the integral closure of M, denoted by Mo{; ,» if and only if for all

~v: (C,0) = (Y,0), hoy € (v*(M))O;.

Replacing O; by its maximal ideal M, we get the definition of strict integral closure of M,
which is denoted by Mé?o (see [4, Definition 1.1]). In this case h € Mé?o is said to be strictly
dependent on M.

3. MAIN RESULTS

In [12], Greuel presents the following result.

Theorem 3.1. [12, Theorem 1.1] Let f: (C™,0) — (C,0) be a holomorphic function germ with
isolated singularity. For any deformation F': (C x C") — (C,0) of f the following statements
are equivalent

(1) F is p-constant;

(2) For every holomorphic curve v: (C,0) — (C x C™,0)

oF S inf oF li=1
— O [©] =
v o 0% inf < v oz, A RK: RN

where v denotes the usual valuation of a complex curve;
(3) Same statement as in (2) with “ >7 replaced by “ >";

(4) %—f € J, where J is the integral closure of the Jacobian ideal J = <g—£7 R gTF> as an

ideal in Opy1;
(5) %—f e\ J, where \/J denotes the radical of J;
(6) v(J) ={(t,x) e Cx C" | g—g(t,x) =0,i=1,...,n} = C x {0} near (0,0).

Let (X,0) C (C™,0) be the ICIS defined by a holomorphic map germ ¢: (C",0) — (CP,0)
and f: (X,0) — (C,0) a holomorphic function germ with isolated singularity. We consider
F: (CxX,00 — (C,0)
(t,x) —  fi(x)
a (flat) deformation of f, as defined in the previous section.

We want to study how Greuel’s theorem would work for this case. The ideal J which appears
in Theorem 3.1 is the ideal defining the singular set of each germ f; if we consider ¢ as a constant.
It is therefore natural to look for the ideal defining the singular set of each germ f;: (X,0) — C,
that is, the ideal Jx generated by the maximal minors of the Jacobian matrix of (F,¢) (with
respect to  only) as an ideal in O¢x x.

Here, given a matrix A of size k x [, for each pair of vectors v = (i1,...,%,) € {1,...,k}",
v=(J1,.--,4r) € {L1,...,1}7, with 44 < --- < 4, and j; < --- < j,, we denote by A, , the
determinant of the submatrix obtained by taking the lines iq,...,4, and the columns ji,...,j,
of A.

Hence, if M is the Jacobian matrix of (F,¢) (with respect to x only) then Jx is the ideal
generated by M, ,, with u = (1,...,p+ 1) and
(1) V= (j1,-- -, Jpt+1), Withj1 < -+ < jpyrandji,...,Jp+1 € {1,...,n}.

The assertions of the Theorem 3.1 in this context would be

(1x) F is p-constant;

(2x) For every holomorphic curve v: (C,0) — (C x X,0)

g (%{ © 7) > inf{v(My. o), for allvin (1)},
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where v denotes the usual valuation of a complex curve;
(3x) Same statement as in (2x) with “ > 7 replaced by “ > 7;
(4x) %—f € Jx as an ideal in Ocy x;
(5x) %—f € +/Jx as an ideal in Ocyx x;
(6x)v(Jx) ={(t,z) € CxC" | My ,(t,z) =0, for allvin (1)} = Cx {0} near (0,0) in Ocxx.
Unfortunately, these assertions are not equivalent in this singular context. But in this section
we show that

(2x) = Bx) & (4x) = (5x),
(4x) = (1x)& (6x)= (5x),
and present a counterexample for each of the other implications.
By the Lé-Greuel formula,

p(felx, 0) = u(X, 0) + (X N f71(0),0);

hence in order to decide whether F' is a p-constant family, we only need to check whether or not
(X N £71(0),0) is constant, as we see in the following theorem.

Theorem 3.2. Let (X,0) C (C™,0) be an ICIS defined by ¢: (C™,0) — (CP,0) (not smooth at
0) and f: (X,0) — (C,0) a holomorphic function germ with isolated singularity. Let
F: (Cx X,0) = (C,0) be a (flat) deformatz'on of f and G: C x C* — (C x CP,0) the map
deﬁned by G(t,z) = (F(t,z),¢(x)). If 2 € Jx as an ideal in Ocxx then

(1) &¢ ¢ {xlaG |i,5=1,. }O , where {xla |i,7=1,. }O denotes the inte-

CxX CxX

gral closure of the Ocx x -module generated by xiaTG.)
J

(2) X N f;71(0) is an ICIS and u(X N f;(0),0) is constant.

Proof. Again, denoting the Jacobian matrix of (F, ¢) (with relation to  only) by M and calcu-
lating each minor in Jx by the first line, we get, for u = (1,...,p+1) and v = (j1, ..., Jp+1)s

oF oF oF

My, = My, v — 75— My, v, +-- + *1p+27Muv s
5 8xj1 1,01 (91:]-2 1,02 ( ) 3%‘”1 1,Vp+1
where u; = (2,...,p+1) and v, = (jl,...7j}€,...,jp+1).
Then
p+1 p+1 p+1
oF d¢ 0¢
(Mu,vvov e 70) = Z(_1)1+187.M“1’U“Z(_1)1+187.1M“1’1’1’ Tt Z( 1)1+la £ Muhvl :
=1 L =1 L =1 L
Hence

oG
(Mu’v,O,...,O)E{xi|i,j:1,...7n} )
axj Ocx x

In fact, this is shown in the proof of [6, Lemma 2.8] but we include it here for the sake of
completeness.

By the hypothesis, %—IZ € Jx as an ideal in Ocyyx then, by Theorem 2.1, for all curve
v: (C,0) = (C x X,0), & 9 oy € (My,, 07) and therefore

OF oG
ww©Y,0,.. ., i g =1,..., .
(5 <o )e{( o0y fagonlii=t )

Thus BG € {CL’ZBG 4,7 =1,. }O , which concludes (1).

CxX
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We prove now (2). By (1),

0G oG
76{5627‘17.]:177”}
ot (9117j Ocx x
H ince X N f71(0) CC x X that 9% 9S8 =1
ence, since X N f; " (0) C C x X, we can assume that %; G{xlamj | 4,5 = ,...,n}o

Xﬁft_l(ﬂ)'
Then {X N f71(0)} is a Whitney regular family (see [5, Theorem 2.5]). In particular,

(X N f71(0),0) is constant (see [7, Theorem 6.1]).

O

Remark 3.3. The first item of Theorem 3.2 means that the family satisfies the W} condition,
[9, Proposition 2.1], and therefore the family has a rugose trivialization [28, Proposition 4.6].

We are now ready to see how Greuel’s result works in this singular context. In the following
theorem, (1x), (2x), (3x), (4x),(5x) and (6x) are the adaptations of Greuel’s assertions for the
singular context as we described before Theorem 3.2.

Theorem 3.4. Let (X,0) C (C",0) be an ICIS defined by ¢: (C™,0) — (CP,0) and let
f:(X,0) = (C,0) be a germ with isolated singularity. Let F: (C x X,0) — (C,0) be a (flat)
deformation of f. Then

(2x) = (3x) & (4x) = (5x),

(4x) = (Ix)& (6x)= (5x).

Proof. (2x) = (3x) is trivial. The equivalence (3x) < (4x) is the valuation criterion (Theorem
2.1). Moreover, since Jx C /Jx, (5x) follows directly from (4x). We work now on the other
implications.

We take a representative of (X,0), X = ¢~1(0), where ¢: B — CP is defined in a small enough
ball B = B, centered at the origin in C", and one representative of F, F: D x X — C, where
D is a small disc around the origin in C. We denote by f; the representative of f;: (X,0) — C
determined by F. We write f instead of f;.

(1)() = (6)()2

By the principle of conservation of number, since ﬁfjx is Cohen-Macaulay,

w(flx,0) = > p(filx, @),

(t,z)ev(Ix)N({t}xCn)

for t sufficiently small.

From the hypothesis, pu(fi|x,0) = u(f|x,0), therefore u(fi|x,z) = 0 for all x # 0, that is,
v(Jx) = C x {0} near (0,0).

(6)() = (lx):

Again, it follows from the principle of conservation of number.

(6)()@ (5)():

By the hypothesis, f; € M,,, where M,, is the maximal ideal in O,,. Hence

oF OF B
E\U(JX) = §|Cx{0} =0,
that is v(Jx) C v (%—f). Thus %—f € v/Jx as an ideal in Ocyxx by Hilbert’s Nullstellensatz
Theorem.

(4x) = (1x):

By the Lé-Greuel formula, u(fix,0) = w(X,0) 4+ w(X N f71(0),0). Moreover, since
(X N f71(0),0) is constant by Theorem 3.2, u(fi|x,0) is also constant.
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O

From here to the end of this section, our goal is to present counterexamples for the other
implications.

A good idea is to look for known examples of families with constant Milnor number. For this,
we recall the results of [21] on deformations of weighted homogeneous germs.

We say that a map germ f = (f1,..., fp): (C",0) — (CP,0) is weighted homogeneous of type
(Wi, ..., wp;dy,...,dp) with w;,d; € Q7 if for all A € C — {0},

FOWzy, N2, = (AB fi(x), . A fy(2).

We call d; the weighted degree of f;, which is denoted by wt(f;) and we call w; the weight of
the variable z;. Moreover, if (X,0) C (C",0) is the germ of an analytic variety defined by the
zero set of a weighted homogeneous germ ¢: (C™,0) — (CP,0) of type (w1, ..., wn;d1,...,dp),
we say that (X, 0) is weighted homogeneous of type (w1, ..., wy;d1,...,dp).

If f: (C*,0) — (C,0) is a weighted homogeneous function germ and

k
fulw) = fla) + ) oi(t)ai(z),
i=1

with «;: (C™,0) — (C,0), we say that the deformation f; is non-negative, if the monomials
which appear in each a; have weighted degrees higher than or equal to the one of f.

Theorem 3.5. [21, Theorem 4.4] Let (X,0) C (C™,0) be a weighted homogeneous ICIS and
f:(C™,0) — C a weighted homogeneous germ with an isolated singularity with the same weights
of (X,0). Let f; be a deformation of f. If f is a non-negative deformation, then p(fi|x,0) is
constant.

We use this result in the following example to show that (1x) implies neither (2x) nor (3x).
Moreover, this example shows that (5x) implies neither (1x) nor (3x).

Example 3.6. Let (X,0) C (C%0) be defined by ¢(z,y) = aP — y9, with ¢ > 3, and let
f: (X,0) — (C,0) be defined by f(z,y) = . We consider the deformation of f defined by
F(t,(z,y)) = = + ty. In this case Jx = (—qy?~! — ptaP~1).

Let v: (C,0) — (C x X,0) be the curve defined by v(s) = (0, s%, s?). It is easy to see that

v <02§ ° 7) =pand v((—qy?"! —pta? ") o) = (¢ - p.
Therefore (2x) and (3x) are not true.
On the other hand
(a) If p > ¢, then ¢ and f are weighted homogeneous of type (¢, p; pq) and (g, p; q), respectively,
and f; is a non-negative deformation of f. Therefore u(fi|x,0) is constant by Theorem 3.5. That
is, (1x) is true.
(b) If p < ¢, then it is not hard to see that u(f|x,0) = pg —p and p(fi|x,0) = pg — q.

Therefore (1x) is not true. Moreover, %—? € v Jx as an ideal in Ocxx, that is, (5x) is true.

We show in the next example that (3x) and (5x) do not imply (2x).

Example 3.7. Let (X,0) C (C2,0) be defined by the zero set of ¢(x,y) = 224 — y? with ¢ > 2
and f: (X,0) — (C,0) defined by f(x,y) = 227 + y4. Let F be the deformation of f defined by
F(t,(z,y)) = 27 + y? + t2*9=3. In this case

Jx = (—4¢*2*T 1yi™ — q(4q — 3)tat Ty ).
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2q . q
Y2 =73
Since %—f(x, y) = 21973 it follows that v (%—I; 0v) = (4q — 3)v(72). Furthermore,
v((—4g%e® 7y —q(dg = 3ty o) = w(—4d®R T —a(dg = 3T

(2¢ — Dr(y2) +2(¢ — Dr(r2)
(4q = 3)v(72)-

Thus (3x) is true. Consequently, (4x) and (5x) are also true.

On the other hand, let v: (C,0) — (C x X,0) be the curve defined by v(s) = (0,s,s?). In
this case, v (% o) = 4¢ — 3 and v((—4¢?x?~1y9~1 — ¢(4q — 3)ta*a~*y? 1) 0 y) = 4¢ — 3. That
is, (2x) is not true.

4. THE NEWTON POLYHEDRON AND THE INVARIANTS

We now apply our results to produce examples of families of functions on an ICIS which have
constant Milnor number, although they do not satisfy the hypotheses of Theorem 3.5. For this,
we refer to the results about Newton polyhedron (see [25]).

Let
g(z) = Z aqr® € Op,
aEn
where if & = (aq,...,q,) we write z® = " ... 2%, We define the support of g by

supp ¢ :={a € Z" | an # 0}

and for I an ideal in O,,, we define supp I := |J{supp g | g € I}.

The convex hull in R} of the set (J{a+v | o € supp I,v € R } is called Newton polyhedron
of I and is denoted by I'; (I). We denote by I'(I) the union of all compact faces of I'\ (1) .

Let A C T, (I) be a finite set and f(z) = Y aqx®; we define fao = A aaz®.

If A is a face of T'y (1), we denote by C'(A) the cone of half-rays emanating from 0 and passing
through A. We define C[[A]], the ring of power series with non-zero monomials x® = z{"'z5? -

..+x% such that a = (ay,...,a,) € C(A). When the ideal generated by gia, g2a,---»3gsa has

finite codimension in C[[A]], we say that the compact face A C I'(I) is Newton non-degenerate.
Furthermore, if all compact faces of I'() are Newton non-degenerate, then the ideal I is said to
be Newton non-degenerate.

Equivalently, in [25, p.2]: I is Newton non-degenerate if for each compact face A C T'(I), the
equations g1 (z) = gaa(z) = ... = gsa(x) = 0 have no common solution in (C — {0})".
Theorem 4.1. [25, Theorem 3.4] Let I = {g1,92,...,9s) be an ideal of finite codimension in

On. Then I is Newton non-degenerate if and only if I'y (I) = C(I), where C(I) is the convex
hull in R of the set | J{m | 2™ € I}.

Let (X,0) C (C",0) be the ICIS defined by a map germ ¢: (C",0) — (C?,0) and let
f:(X,0) = (C,0) be a holomorphic function germ with isolated singularity.

Let F': (Cx X,0) — (C,0) be a deformation of f defined by F(t,z) = f(z)+tg(z), where g is
a holomorphic function germ such that g(0) = 0. Throughout this section, we use this notation.

Let u=(1,...,p+ 1) and for each

(2) v =(j1,--,Jp+1), Withji <+ <jpp1 and ji, ..., Jpr1 €{1,...,n},
we denote by M{;v and M7, the minors of the Jacobian matrix of the map (f,¢) and of the

map (g, ¢), respectively, obtained by taking the columns ji,...,jp+1. By the multilinearity of
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the determinant, M, , = MJ,U +tMg,,

(derivatives with respect to z only).
Since (4x) implies that the family has constant Milnor number, we are interested in more

practical ways to decide when (4x) is true. With the deformation above, it means that g € Jx

as an ideal in Oc¢yx x.

where M, , is the minor of the Jacobian matrix of (F, ¢)

Lemma 4.2. If g, M¢ , € (¢) + J(f, ) as an ideal in Opy1, for all v defined in (2), then g € Jx
as an ideal in O¢y x -

Proof. Since M7, € (¢) + J(f, ), we assume by Theorem 2.1 that there is a neighborhood U
of 0 and a constant ¢ > 0 such that

[t[MF | < [tlesup,, , {|@l, [M], 1}

Moreover,

sup{|¢[, [ Muy,v[} sup{|¢|, M, + M, [}

> sup{|g], M|} — [t sup{|o], [ M|}
u,v u,v

2 Sup{‘¢|7 |M1{,v|} - |t|CSup{|¢|, |M1{,v|}

> (1—a)sup{|o|,|M],[},

where 0 < o < 1 and [t| < &.
Therefore there is a constant K > 0 such that

sup{|@l, |Mu,o[} > K sup{|¢], M},

for ¢ sufficiently small. Hence, by Theorem 2.1, (¢) + J(f,®) C (¢) + Jx as an ideal in O,,41.
Then, by the hypothesis, g € (¢) + Jx as an ideal in O,11. Thus, by Theorem 2.1 for all
~v: (C,0) = (CxC™,0), goy € {(pory, My ,o7). Then, for all v: (C,0) - (CxX,0) C (CxC",0),
goy € (M,, o). Again, follows from Theorem 2.1 that g € Jx as an ideal in O¢y x.
O
With this, we can see how to know if (4x) is true by looking at Newton polyhedron.

Corollary 4.3. IfT'((g9), T+ (MZ,,) C C((¢) + J(f,¢)), for all v defined in (2), then g € Jx as
an ideal in O¢y x.

Proof. Since I'y (g), 'y (M{ ) C C({(¢) + J(f,¢)), we assume that g, M7, € (¢) + J(f,¢) as an
ideal in Oy, 41. o
Therefore, by Lemma 4.2, g € Jx as an ideal in O¢x x.
(|

Corollary 4.4. If T (g9), T (M) CT((¢) + J(f,9)), for all v as in (2) and (p) + J(f, $) is
Newton non-degenerate, then g € Jx as an ideal in Oc¢x x.

Proof. Since (¢) + J(f, ¢) is Newton non-degenerate then, by Theorem 4.1, we have

I ((¢) + J(f,¢)) = C((9) + I ([, 9))-
Therefore, by Corollary 4.3, g € Jx as an ideal in Ocyx.
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We apply the results of this section to the construction of families which have constant Milnor
number but do not satisfy the hypothesis of Theorem 3.5.

Example 4.5. Let (X,0) C (C3,0) be defined as the zero set of ¢(x,y, z) = (zy, 21> + y1° + 2°)
and f: (X,0) = (C,0) defined by f(z,y,2) =z + 2. Let F be the deformation of f defined by
F(t, (z,y,2)) =+ z + tg(x,y, 2), where g(z,y,2) = xy.

The ideal (¢) + J(f, ¢) = (zy, 2 + 90+ 25 622° +10y'° — 1521°) is Newton non-degenerate,
Ly(g) T (@) +JI(f,¢)), and 'y (M7 ) C T ({(#)+J(f,¢)) as ideals in O4. Thus, by Corollary

4.4, %—f € Jx as an ideal in Ocy x. Therefore, by Theorem 3.4, F is p-constant.

Example 4.6. Let (X,0) C (C?,0) be defined as the zero set of ¢(x,y,2) = 23 +y> + 2% + zyz
and f: (X,0) — (C,0) defined by f(z,y, 2) = 2y + 22. We consider the deformation of f defined
by F(t,(z,y,2)) = f(x,y,z) + tg(z,y, z), where g is a polynomial with degree higher than or
equal to 3 different from z3.

We have %—f = g and

(PY+T(f, d) = (3P + 2 Fayz, —2?y+6y° 242022 — 423, —ay? +62° 24222 — 4y 23, —323+3y°)
is Newton non-degenerate. In addition,

Iy(g) T ((d) +J(f, ) and Ty (M{,) CT1((¢) + (. 0)).

Thus, by Corollary 4.4, %—f € Jx as an ideal in O¢y x. Therefore F is p-constant. Moreover,

the deformation with g = 23 is also p-constant (we see this in Section 6).

5. OTHER INVARIANTS

Let (X,0) C (C™,0) be a germ of an analytic variety. We consider two important subgroups
of the R group of diffeomorphisms from (C™,0) to (C™,0): one is the group Rx of the diffeo-
morphisms which preserve (X, 0) and the other is R(X), the group of diffeomorphisms of X. We
know that if the germs f,g: (X,0) — (C,0) are R x-equivalent, then they are R(X)-equivalent,
but the converse is not true.

In the smooth case, we know that a germ f: (C",0) — (C,0) is finitely determined if and only
if u(f) is finite. There is a generalization of this result for the R x-group: f: (C™,0) — (C,0) is
R x-finitely determined if and only if upr(X, f) is finite. Here pupr(X, f) is the Bruce-Roberts
number defined in [3] by

O,
X, f) = dim ,
rer(X, f) © 7 (0x)
where O x is the O,-module of vector fields in (C",0) which are tangent to (X,0) and
Jp(Ox) = (df(§) | € € Ox).

Because of this, it is important to know when a family has constant Bruce-Roberts number.
In [1], Ahmed, Ruas, and Tomazella study the analogue of Theorem 3.1 for the Bruce-Roberts
number assuming that (X,0) C (C™,0) is a germ of an analytic variety and

F: (CxC"0) — (C,0), F(t,x):= fi(x)
is a family of function germs such that ppr(X, f;) is finite. In this case the assertions of Theorem
3.1 would be our (1x),...,(6x) changing Jx by Jy, (©x) and the minors in (2x) by dF(¢;) where
©x is generated by &1,...,&,. They denote the assertions by (1,),...,(6,)
In [1], it is proved that (2,) = (3,) < (4,) = (5,), (1) = (6,) and if the polar curve C is
a Cohen-Macaulay variety, then (6,) = (1,). Moreover, we can see in [1] that (4,) = (1,) if
(X,0) is an isolated hypersurface singularity whose logarithmic characteristic variety LC(X) is
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Cohen-Macaulay (see [3] for the definition of LC(X)). Recently, it was proved that, if (X,0) is
an isolated hypersurface singularity, then LC(X) is Cohen-Macaulay, see [20].

Another important number related to f: (X,0) — (C,0) is its local Euler obstruction Euy x (0).
This number is very studied, for instance in [2] and [11]. In [11], Grulha presents the following
theorem, which relates the constancy of the Euler obstruction in a family to the constancy of
the Milnor number (of ICIS) in a family.

Theorem 5.1. [11, Proposition 5.17] Assume that (X,0) C (C™,0) is an ICIS, and let
F: (Cx X,0) — C be a family of functions with isolated singularity. We write F(t,x) = fi(x).
Then the following statements are equivalent

(1) Euy, x(0) is constant for the family;

(2) w(X N £71(0),0) is constant for the family.

By using this result, we present in the next theorem several applications of our main theorem.

Theorem 5.2. Let (X,0) C (C™,0) be an ICIS and f: (X,0) — (C,0) a germ with isolated
singularity R x -finitely determined. Let F': (CxX,0) — (C,0) be a deformation of f. If% €Jx
as an ideal in Ocyxx, then

(i) F is CO-Rx-trivial (and hence F is C°-R(X)-trivial ), where F: (C x C™,0) — (C,0) is
such that F = F|Cxx;

(i) Eug, x(0) is constant, where fi: (C™,0) = (C,0) is such that fi = fi|x;

(iii) If (X,0) is a hypersurface with isolated singularity, then ppr(X, f;) is constant;

(iv) If (X, 0) is a weighted homogeneous hypersurface with isolated singularity, then ppr(X, ft)
is constant and m(f;) is constant, where m(f,) is the multiplicity of f..

Proof. (i) In [24, Theorem 4.3] it is shown that, if (X,0) is an ICIS and & € Jp(©x), then F
is CY-R x-trivial. Therefore, since Jx C J. r(© X) we have the desired result

(ii) Follows directly from Theorem 3.4 and Theorem 5.1.

(iii) Just uses Jx C Jp(Ox) and the (4,) = (1,) in [1].

(iv) In [22, Theorem 4.2], it is shown that, if (X,0) is a weighted homogeneous hypersurface
with isolated singularity, then LC(X) is Cohen-Macaulay. Therefore it follows by (iii) that
ppr(X, fi) is constant. Thus m(f;) is also constant (see [1, Theorem 4.3]).

O

As an application of (ii) of the Theorem 5.2, the families of Examples 4.5 and 4.6 have constant
Euler obstruction.

6. DEFORMATION OF THE ICIS

Our final goal in this paper is to study the constancy of the Milnor number if we de-
form both the analytic variety and the function germ. That is, let ¢: (C™,0) — (CP,0) be
a holomorphic map germ and (X,0) C (C™,0) the ICIS defined by the zero set of ¢. Let
®: (C x C",0) — (CP,0) be a (flat) deformation of ¢, defined by ®(t,z) = ¢:(z), such that
$o = ¢ and (X;,0) := (¢, (0),0) is an ICIS for t sufficiently small. We write X = ®~1(0).
Moreover, let f: (X,0) — ((C 0) be a holomorphic function germ with isolated singularity and

F: (x,00 — (C,0)
(t’x) = F(tvm) = ft(x)
a (flat) deformation of f. Here we study the constancy of the Milnor number u(f:|x,,0). For
this, let M, , be the minor of the Jacobian matrix of (F, ®) (with respect to = only) and Jx the
ideal generated by M, ,, with w = (1,...,p+ 1) and

(3) v = (jl,...,jp+1)7withj1 < - - <jp+1andj1,...,jp+1 S {1,...,71}.
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~ We consider G: C x C" — (C x CP,0) defined by G(t,z) = (F(t,z),®(t z)), where
F:CxCN — Cissuch that F|y = F.
If %—C: € {xz‘ng |i,j=1,...,n} , then {X, N f,7*(0)} is Whitney regular (see [5,

xnF—1(0)

. . t
Theorem 2.5]). Moreover, we know that if & € {gTCj- |j= 1,...,n}OX, then Ap (see [10])

holds for the pair (Xp,Y"), where Ay = X — C x {0} and Y = C x {0} (see [8, Lemma 5.1]).

T
Hence we can ask if %—? € {gTCj li=1,... ,n}oX is related to the constancy of the Milnor

number in the family F.

Theorem 6.1. The following statements are equivalent

(1x4) F is p-constant;

- T

(2xe) 57 {82 [G=1om}y s

(Bxy) v(Jx,) = {(t,x) € Cx C" | My,(t,z) =0, for allvin(3)} = C x {0} near (0,0) in
Ox.
P’FOOf. (1Xt) A (3Xt):

This is the proof of (1x) < (6x) in Theorem 3.4.

(1x,) = (2x,):

By the Lé-Greuel formula, u(fi|x,,0) = u(X:,0) + u(X: N £71(0),0). Thus u(X:,0) and
w(X; 0 f;75(0),0) are constant. Hence Ap holds for the pair (Xp,Y) (see [10, Theorem 5.8]).

T

Therefore % € {g—fj |j=1,... ,n}OX (see [8, Lemma 5.1]).

(2x,) = (1x,):

: 9G oG
Since 7 € {671_

i
j= 1,...7n}o , Ap holds for the pair (Xp,Y) (see [8, Lemma 5.1]).
X
Hence the Buchsbaum-Rim multiplicity of the module {ng lj=1,..., n}o is constant (see
X

[14, Theorem 3.2]). Thus F' is p-constant (see [14, Lemma 3.3]).
O

Remark 6.2. We remark that, with our hypothesis, %—? € {% li=1,... ,n}o if and only if
J x

+
%—Cj € {gTCi |j=1,.. .,n}ox; see [10, proof of Theorem 5.8] and [8, Lemma 5.1].

We return now to Example 4.6. In that case, if ¢ = 2, then g € Jx as an ideal in Ocyx
and therefore, by Theorem 3.2, %—Cj € {xigT(i | 4,5 = 1,...,n}o with G = (F,¢). Hence

CxX

fole] oG | - fole} oG | - .
S5 € {ach lj=1,...,n} ox’ Thus 57 € {ach |j= 1,...,n}orxx, by the previous remark.

Therefore, by Theorem 6.1, F' is pu-constant.
Example 6.3. Let (X,0) C (C3,0) be defined as the zero set of
$@,y,2) = (2 — ay,y* — 2°)
and f: (X,0) = (C,0) defined by f(z,y,2) = z. Let ® be the deformation of ¢ defined by
O(t, (z,y,2)) = (z — zy + ta?,y* — 23)

and F the deformation of f defined by F(t, (z,y,2)) = x +tz. Let X = ®~1(0).
We consider G(t, (z,y,2)) = (F(t, (z,y,2)), 2(t, (2,9, 2))).

It is easy to see that 13((%—?, g—f, %—fj, %—S)) C 13((88%, %7 (?T(z;))’ where 13((%?7 ?9(;7 ?Tga %f)) de-
8G 8G G 8G

notes the minors of order 3 of the matrix whose columns are formed by the vectors %, 3=, Y TRR R
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090G 090G 090G

Hence % e{52,52,5%2 . (see [5, Proposition 1.7]). Therefore, by Remark 6.2 and Theorem

Dz 0y’ 9z

6.1, F' is p-constant.
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