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FRONTS OF CONTROL-AFFINE SYSTEMS IN R?
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To Goo Ishikawa on the occasion of his siztieth birthday

ABSTRACT. We consider a control-affine system in three-dimensional space with control pa-
rameters belonging to a two-dimensional disk and study its fronts evolving from a point for
small times. We prove that generically the Legendrian lifts of such fronts have standard sin-
gularities and there are only two principally different typical cases — hyperbolic and elliptic.

INTRODUCTION

The ends of local time-optimal trajectories of a control system that start at a given point form
its front depending on time. We consider control-affine systems in three-dimensional space with
control parameters belonging to a two-dimensional disk and study singularities of their fronts
for small times.

If our system is linear-control then it defines a sub-Riemannian structure and its fronts are
described in [1] in the case that the sub-Riemannian structure is contact. For such a typical
system the fronts have infinite number of swallowtails at any neighborhood of the initial point.
Therefore their structure is complicated but it becomes much more simpler from the viewpoint
of contact geometry. Namely, let us consider the Legendrian surface consisting of all contact
elements being tangent to a considered front and cooriented outside. According to our result
this submanifold is smooth except two points lying over the initial point. Moreover, these
singularities are standard for all contact sub-Riemannian structures — not only for typical ones.
It means that all of them have the same normal form with respect to contact diffeomorphisms
of the ambient space.

A considered control-affine system can have hyperbolic and elliptic points introduced in [6].
The sets formed by them are open always and its union is dense for a typical system. In
particular, a linear-control system cannot have hyperbolic points at all and is elliptic exactly at
the points where the corresponding sub-Riemannian structure is contact.

According to the present paper the Legendrian surface consisting of all contact elements being
tangent to a front and cooriented outside is homeomorphic to the two-dimensional sphere and
has the following singularities.

If the initial point is elliptic then the considered Legendrian surface is smooth outside two
points where it has singularities Es. If the initial point is hyperbolic then the considered Leg-
endrian surface is smooth outside two disjoint segments, where it has singularities H; at their
inner points and Hy at their four ends. All singularities with the same name (Eo, Hy, or Hy)
are equivalent to each other with respect to contact diffeomorphisms of the ambient space. In
particular, their normal forms do not contain continuous invariants.

Non-typical examples of instant fronts of elliptic (left) and hyperbolic (right) points are shown
in Fig. 1. (These figures are published in [7] and [6] respectively.)
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http://dx.doi.org/10.5427/jsing.2020.21b

16 ILYA BOGAEVSKY

%7
ey
i llgs
Jrises
IR,

%
LR
i

FIGURE 1. Non-typical examples of instant fronts of elliptic (left) and hyper-
bolic (right) points

1. DEFINITIONS

1.1. Instant fronts of control-affine systems in R?. We consider a control-affine system in
R? with control parameters u = (uq, uz):

(1) X = Eo(x) +uré(x) +uba(x), ui+ui <1

as a family of vector fields in R® depending on u. Here x € R3, (x,%) € T*R?, and &, &1,
¢» are bounded smooth! vector fields on R3 such that the vectors & (x) and &(x) are linearly
independent at any point x € R3.

DEFINITION. A Lipschitzian mapping ¢ : [0,7] — R3, T > 0 is called a trajectory of the
control-affine system (1) if there exist measurable functions @y, s : [0,7] — R such that the
equations

sz—f = &) + i (1) &1 (p(1)) + a(t) E2(p(t), @) +a3(t) <1
hold for almost all ¢ € [0,T].

DEFINITION. The ends (7)) of all trajectories ¢ : [0, T] — R? of the system (1) starting at a
given point p(0) = x¢ form the attainable set of the point xg € R? for the time 7'

Ao (T) = {x € R® [T o s.t. p(0) =x0, o(T) =x}.
Its boundary is denoted by d.Ax, (T).

DEFINITION. If a trajectory ¢ : [0,T] — R3 of the system (1) satisfies the condition
@ (T) € 0A,0)(T)
then it is called geometrically optimal.
REMARK. According to Filippov’s theorem (Theorem 10.1 in [2]) the attainable set Ax,(T)
is compact. Therefore its boundary 0Ax,(T) C Ax,(T') consists of the ends ¢(T") of all geomet-
rically optimal trajectories ¢ : [0, 7] — R? starting at the point ¢(0) = xo.

l«gmooth” means “infinitely smooth” everywhere.
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DEFINITION. A trajectory ¢ : [0,T] — R? of the system (1) is called locally geometrically
optimal if there exists § > 0 such that

@(t) € OALto)(t —to) Vio,t €[0,T]:tg <t <tg+0.
REMARK. It is well known that any geometrically optimal trajectory ¢ : [0,7] — R? of the
system (1) satisfies the condition
© (t) € 8A¢(t0)(t — to) Y tg,t € [O,T] 1t < .
In particular, ¢ : [0,T] — R3 is locally geometrically optimal.

DEFINITION. The closure of the set formed by the ends ¢(T') of all locally geometrically
optimal trajectories ¢ : [0, 7] — R? starting at a given point ¢(0) = xq is called its instant front
Fxo (T) for the time T.

REMARK. By definition, Fx,(T) 2 0Ax,(T).

1.2. Relativistic viewpoint: hyperbolic and elliptic points. Let us consider the space-
time R3*! and fix a point m = (x,0) € R3*!. The control-affine system (1) defines a hyperplane
H(m) = <EO (m), =4 (m), =9 (m))R C TmR3+1

where
E0 = (SOa 1)7 El = (5170)5 EQ = (6270)
are vector fields on R3*t!. This hyperplane contains the cone
C(m) = {voZo(m) + v1 E1(m) + v2 Ea(m) | v§ — v —v3 =0} C I(m)
formed by all directions belonging to the control-affine system (1) such that u? + u3 = 1.

Let II be locally defined as the field of O-spaces of some non-zero 1-form 6 on R3*!. The
restriction df|r(,) is an antisymmetric 2-form in the three-dimensional vector space II(m). Its
kernel

k(m) = ker df|ry(m) C II(m)
has dimension 1 or 3 and is defined by the field II, i.e. does not depend on the choice of a
non-zero 1-form 6.

DEFINITION. Let m = (x,0) and the kernel k(m) be one-dimensional. If the kernel k(m)
lies in the inner part of the complement of the cone C(m), then the point x is called elliptic. If
the kernel k(m) lies in the outer part of the complement of the cone C(m), then the point x is
called hyperbolic. If the kernel k(m) belongs to the cone C(m) itself, then the point x is called
parabolic. All these cases are shown in Fig. 2.

ARV V4
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Ficure 2. Elliptic, hyperbolic, and parabolic points

REMARK. In the present paper parabolic points are not studied.
ExamMpPLE H. All points of the control-affine system

. . . 2 2
T=u, Y=us, 2=y, ujtu;<l
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are hyperbolic. Here

50 = (0707y)a 51 = (17070)7 52 = (07 1a0)7

H - {'UO(Oa 07 Y, 1) + vl(]-v 07 07 O) + v2(07 ]-v 07 0)}7

0 =ydt—dz, df = dy A dt, dO|n = dva A doy;

k:{UOZUQZO}CH;

C= {v%—v%—v%zO}.

The instant fronts of these control-affine system are diffeomorphic to the shown in Fig. 1 on the
right.

ExaMPLE E. All points of the control-affine system
jj:ula y:u27 22“11/7 'U;%"‘U%Sl

are elliptic. Here

§o=0,& = (1,0,9), & = (0,1,0);

= {UO(Oa 0,0, 1) + vl(lv 0, Y, 0) + U2(07 1,0, 0)}7

0 =ydxr —dz, df = dy A dzx, df|n1 = dvs A doy;

k={v1 =vy =0} CII;

C= {v%—v%—v%zO}.

The instant fronts of these control-affine system are diffeomorphic to the shown in Fig. 1 on the
left.

1.3. Stratified Legendrian submanifolds.

DEFINITION. A stratified submanifold of a contact space is called Legendrian if it is the closure
of the smooth Legendrian submanifold being the union of its strata of maximal dimension.

Let R® be a contact space with coordinates (Py, Py, Q1,Q2,U), the origin

and the contact structure defined as the field of O-spaces of the contact form
1 1
0= §PdQ — iQdP— du.

The following stratified submanifolds are Legendrian:
o Hi = {2P11nP12+Q1 =@ = UJrPl2 :0} where P11nP12 =0if P, =0;
o Ho = {P1 =A% P,=AB, Q: = B2, Qy,=24ABInA? U = AZBQ/Q} where A, B € R
are parameters and Aln A2 =0 if A =0;
e & = {Pl +iQ = Uei(ﬂ’_%),Qg—i—in = Uei(’“'%),U > O} where 1 = /=1, 9 € R

mod 27Z is a parameter, and Uei(v£8) — 0 if U = 0.
The submanifold H; consists of three connected smooth strata: the two surfaces distinguished
by the inequalities P; = 0 and the line Hi = {P; = Q1 = Q2 = U = 0}.
The submanifold Hs appears in [4] (Chapter 8) and consists of three connected smooth strata:
the surface distinguished by the conditions A # 0, the open ray

Hy={PL=P,=Q:=U=0,Q1>0}
distinguished by the conditions A = 0, B # 0, and the origin O distinguished by the conditions
A=B=0.
The submanifold & consists of two connected smooth strata: the cylinder distinguished by
the conditions U > 0 and the origin O distinguished by the conditions U = 0.
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DEFINITION. We say that a two-dimensional stratified Legendrian submanifold A of a contact
space has a singularity Hy, Ho, or Es at a point A € A if its germ (A, A) is contact diffeomorphic
to the germ (H1,0), (Hz,0), or (£2,0) respectively.

For instance, it is clear that the stratified Legendrian submanifold #; has a singularity Hy
not only at the origin O but at any point of its stratum H} as well. Besides, the stratified
Legendrian submanifold H, has singularities H; at all points of its stratum H3 — it is shown in
[5] -

2. MAIN RESULT

Let ST*R™ be the space of cooriented contact elements in R™ with the standard contact
structure and 7 : ST*R™ — R"™ be the natural projection. (A cooriented contact element in
R™ is a pair ([p];x) consisting of a point x € R™ and a ray [p] = {sp | & > 0} generated by a
non-zero covector p € TAR"™ = R"™).

DEFINITION. The image m(A) is called the front of a stratified Legendrian submanifold A.

THEOREM 1.  Let xq be any hyperbolic or elliptic point of the control-affine system (1).
Then there exists 6 > 0 such that for any T € (0,6) the instant front Fx,(T') is the front of
some stratified Legendrian submanifold of ST*R? denoted by Lx,(T) and satisfying the following
conditions:

o Ly, (T') is homeomorphic to the two-dimensional sphere;

e in the hyperbolic case Lx,(T) is smooth outside two disjoint segments and has singular-
ities Hy at inner their points and Ha at their four ends;

e in the elliptic case Lx,(T) is smooth outside two points where it has singularities Eq.

REMARK. Theorem 1 claims the existence of stratified Legendrian submanifolds Ly, (T') sat-
isfying the indicated conditions. The submanifolds Ly, (T") themselves are explicitly constructed
in Subsection 3.1.

3. PROOFS

3.1. Construction of Ly (T). Let ST*R3™! be the space of cooriented contact elements
([p, 8]; x,t) in the space-time R3*! with the standard contact structure and 7 : ST*R3+1 — R3+!
be the natural projection where [p, s] = {k(p, s) | & > 0} is the open ray generated by a non-zero
covector (p,s) € Ty ,R3T1 = R3+17,
Following Section 12.1 in [2] let us construct the Hamiltonian
h(p;x) = nax (P, &o(x) + w11 (x) + u2b2(x))

ui+uz<1

= (p,& (X)) + V (P, &1(x))2 + (p, &2(x))?

associated with the control-affine system (1). The Hamiltonian h defines the singular hypersur-
face

S = {([p, sl x,t) € ST'R*" | h(p; x) + 5 = 0}

—{((P &) + ) = (p. &1 + (P &2(x))%, (P &) +5 <0

its singularities form the smooth 4-dimensional submanifold:

= {([p, s];x, t) € ST*R**! | (p, &(x)) + 5 = (p,&1(x)) = (P, &2(x)) =0} .
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The smooth stratum ¥\ ©* (as a hypersurface in a contact space) consists of its characteristics.
Such a characteristic satisfies the equations

dp dx

— = —0xh(p; — =

o x<h(Pix),
and its projection to the space-time is the graph of a locally geometrically optimal trajectory

according to Proposition 12.1 and Section 17.1 in [2].

Oph(p;x), h(p;x)+s=0

DEFINITION. The world stratified Legendrian submanifold of a point xo € R? is the closure
of the union of all characteristics I' of ¥\ X# passing through 7~ *(xg, 0):

A= |J TcSTR,
7(I')3(x0,0)
Let 7 : ST*R3T! — R be the time function sending ([p, s];x,t) — t and ¢ : ¥ — ST*R? be the
projection sending ([p, s];x,t) — ([p];x) which is correctly defined because ¥ does not contain
contact elements with p = 0 and s # 0. The instant stratified Legendrian submanifold of the
point xg at a time T’
Ly (T) = 0 (Ax, N7~ HT)) C ST*R?

is the projection of the section of the world stratified Legendrian submanifold with the isochrone
T=T.

3.2. Arnold’s singularities of ¥. For any point (xg,to) € R3*! the fiber 7~1(x0, %) contains
exactly two singularities of ¥: the contact elements ([p, s]; X0, to) distinguished by the conditions

(P, &0(%0)) + 5 = (P, &1(%0)) = (P, &2(x0)) = 0.

In other words, they are exactly the hyperplane II(xq, tg) introduced in Subsection 1.2 with two
possible coorientations and denoted as IIT (xg, to) and I~ (xg, o).

Let O = II"(xg,ty9) or O = II"(xg,%p). Then in a neighborhood of O there exist local
coordinates (P, Py, P3,Q1,Q2,Q3,U) such that the contact structure is given as the field of
0-spaces of the contact form

(2) @:%PdQ—%QdP—dU

and:
e Y = {P1Q1 —-P?=0, PL+Q; > 0} if x¢ is a hyperbolic point of the control-affine
system (1);
o X ={P?+Q}—-P§=0, P, >0} if xq is an elliptic point of the control-affine system
(1).
This fact follows directly from [3] where the equations PiQ; — Pf = 0 and P + Q% — P =0
appear as normal forms of degeneracy hypersurfaces for symbols of systems of partial differential
equations.

ExaMpPLE H. For the hyperbolic control-affine system
T=uy, Y=uU2, 2z=21, u%—&—uggl
from Example H of Subsection 1.2 we get
(p,&1(x)) =p, (P.&2(x)=¢ (pP,&(x))+s=ry+s.
Hence in the affine chart r = —1

S={P’+d*=(~y+s)’ —y+s<0}
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and
pdx +qdy —dz+ sdt =0
is the contact structure. Let
U=2z—qy—pxr—st

and

P = q-s+y, P = p P3 = —q—s+1,

Qi = —q—s+y, Q2 = 2z, @3 = qg—s—1L
In these coordinates

Y ={PiQ:1—P; =0, P+Q >0},
7 0)={r=y=2=t=0} ={Q1=P5,Q2=10,Qs = P,U =0},
and the contact structure is given by the equation © = 0.
EXAMPLE E. For the elliptic control-affine system
j::ula y:u27 73:“13/7 U;?‘i‘uggl

from Example E of Subsection 1.2 we get

P.&1(x) =p+ry, (P,&x)=q¢ (P ) +s=s.

Hence in the affine chart » = —1
S={p-y)’+¢ =5 s<0}
and
pdr +qdy —dz+sdt =0
is the contact structure. Let
U=2z—qy—pr—st

and

Pl = P—Y, P2 = -5, P3 = 4q—,

Q1 = g Q2 = —t, Q3 = 2
In these coordinates

S={PP+Q}—-P;=0, P»>0},
0 ={r=y=2=t=0}={Q=P3,Q2=0,Q3 = P,U =0},

and the contact structure is given by the equation © = 0.

3.3. Contact vector fields. A vector field K in a contact space is called contact if it preserves
the contact structure. If the contact structure is given as the field of 0-spaces of a contact form
O then K = @(I? ) is called the generating function of K. We will use the following well known
facts:

e K is uniquely defined by its generating function K = @(I? );

o K is tangent to the hypersurface {K = 0} and its characteristics;

o K is tangent to a smooth Legendrian submanifold L if and only if K|, = 0.

In our case (2)

) P = —0gK — PoK/2
(3) K=¢ Q = 0pK ~ QOuK/2
U = -K + PIpK/2 + QigK/2

In particular,

(4) K0)=0 < K(0)=0 and doK|g—n =0
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where dp K is the differential of the generating function at O and {dU = 0} is the contact
hyperplane at O.

3.4. Topology of Ay,. If K = P1Q1 — P} the formulas (3) give:
Pi=-P, Q1=Q1, P,=0, Q2=-2P,, P3s=Q3=U=0.

According to Subsections 3.2 and 3.3 in the hyperbolic case a characteristic of the smooth
stratum ¥\ X* is tangent to this contact vector field.

In particular, P, = const along the characteristics. A characteristic with P, # 0 lies in the
smooth stratum ¥ \ X% In the limit case P, = 0 we get P1Q; = 0, Q2 = const, P3 = const,
Q3 = const, U = const, P; + @ > 0. This curve intersects the stratum ¥4 as P, = Q; = 0 and
is not smooth at the intersection point. Such curves and characteristics of ¥\ ¥* with P, # 0
are called characteristics of X.

If K = P?/2+ Q3%/2 — P3/2 the formulas (3) give:

Pi=-Qi, Q1 =P, Po=0, Qo=-P,, P=Q3=U=0,

According to Subsections 3.2 and 3.3 in the elliptic case a characteristic of the smooth stratum
¥\ ¥* is tangent to this contact vector field.

In particular, P, = const. The characteristics with P, > 0 lie in the smooth stratum ¥\ %%
In the limit case P, = 0 we get a line P, = @1 = 0, P3 = const, Q)3 = const, U = const which lies
in the stratum Y*. Such lines and characteristics of 3\ ©* with P, # 0 are called characteristics
of X.

Characteristics of X satisfy the existence—uniqueness—continuity property: any point of X
belongs a locally unique characteristic which depends continuously on the point.

LEMMA 1. The Legendrian submanifold Ax, in some neighborhood of (xg,0) is homeomorphic
to the cylinder over the two-dimensional sphere if Xg is hyperbolic or elliptic point of the control-

affine system (1).

Proof. The Legendrian submanifold is the union of all characteristics of ¥ intersecting the set

Z m 7T—1(X07 0) = {[p’ 8] e ST*Q,OR3+1 ‘ h(p’ X) + s = O} ,

X,

which is homeomorphic to the two-dimensional sphere. But in some neighborhood of (x¢,0)
characteristics of ¥ satisfy the existence—uniqueness—continuity property. O

3.5. Basic Lemmas. Let R” be a contact space with coordinates (Py, P2, P3, Q1,Q2,Q3,U), its
contact structure be defined as the field of 0-spaces of the contact form (2), and ¥ be one of the
two hypersurfaces:
EZ{P1Q1—Pg2=0} or Ez{Pf—ka—PZQ:()},
The hypersurface consists of the two smooth strata:
YW={P=Q =P,=0}

and ¥\ X% Let O € %% be the origin P = Q = U = 0 and £ be the space of the germs (L, O)
at the origin of all smooth Legendrian submanifolds L that pass through the origin and are
transversal to ¥*. In particular,

(Lo,0) € £, Lo={Q1=P5,Q2=0,Q3 =P,,U =0}.

LEMMA 2. The space £ is arcwise connected and Py, P3, Q3 are coordinates on any
(L,0) € £.
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Proof. A germ (L, O) of a Legendrian submanifold at the origin is transversal to X* if and only
if the restrictions of the differentials dP;, d@Q1, and dPs to the tangent plane TpL are linearly
independent. Hence:

dQ2 = a11dPy+ai2d@Q + a3dPs

ToL — dP; = ag1dPy + axn d@Qq + a3 dPs
dQs = a3z1dPi+a3dQi +aszzdPs
AU = 0

But the tangent plane T L is a Lagrangian subspace of the contact hyperplane dU = 0 endowed
with a linear symplectic form d©|g—g = dP A dQ; and the condition

dP NdQ|, , =0, dPAdQl, ;= (1+azaz — axaz)dPr AdQy

+ (—a11 + ag1a33 — az3az1) dPy A dPy + (—ai2 + azeass — aszazz) dQ1 A dPs
gives
ag1a32 — a2a31 = —1, @11 = a21a33 — A23G31, Q12 = (22033 — (23032

These three equalities show that the space formed by all tangent planes T L such that (L,0) € £
is homotopically equivalent to a circle and, in particular, arcwise connected. But two germs
of Legendrian submanifolds at the origin with the same tangent plane can be connected by a
continuous path consisting of germs having the same tangent plane. Hence the space £ is arcwise
connected.

The equality asjass — aseaz; = —1 implies that the restrictions of the differentials dPs, dPs,
and dQ@s to the tangent plane TpL are linearly independent. So P», P53, (3 are coordinates on
(L,0) € £. O

LEMMA 3. For any (L1,0) € £ there exists a local contact diffeomorphism hy such that
(Ll,O) = hl(Lo,O) and hl(E) = 2.

Proof. According to Lemma 2 we can include the Legendrian germs (Lo, O) and (L1, O) into
a family (L.,0) € £ where ¢ € [0,1], L. = ko(Lo), and k. is a smooth family of contact
diffeomorphisms such that k.(O) = O for all € € [0, 1]. Let

. d .
Ke(kse):%kse, ecR?, K.(0)=0

be a contact vector field which depends smoothly on €.

Let K. = 9(1?8). According to Lemma 2 in some neighborhood Uy of the origin P, Ps,
and Q3 are coordinates on L. for any ¢ € [0,1]. Therefore there exists a unique function
H, :[0,1] x Uo — R depending only on &, Ps, P53, Q3 such that

(5) HE‘LE :KE}LE.

Let H. be the contact vector field defined by the formulas (3) where K = H..

First of all, let us show that H.(O) = 0. Indeed, according to (4) K.(O) = 0 and
doK:|{au=0; = 0 because I?E(O) = 0. Hence H.(O) = 0 and dpH. = 0 because L. is tan-
gent to the hyperplane {dU = 0}. So according to (4) H. (O)=0.

Now we can define a family of local contact diffeomorphisms h. depending on e € [0,1] such
that

- d
He(hse) = e hee Vee€Vo,

where Vo is a neighborhood of the origin. Indeed, it is possible because HE(O) = 0. Besides,
the equality H.(O) = 0 implies that h.(O) = O.
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The formulas (3) imply that the coordinate functions Py, P;, and () are first integrals of the
contact vector field H. because its generating function H. does not depend on Pj, @1, @2, and
U. Hence the contact vector field H, is tangent to £* and ¥\ 4. Therefore h.(X) = X for all
e €[0,1].

The equality (5) implies that for any ¢ € [0,1] the vector field H. — K. is tangent to
L. = ka(LO) So hE(Lo) = kE(Lo) for all € € [O, 1]

Therefore (L., 0) = h.(Lg,0) and h.(X) = X for all € € [0,1]. In particular, it holds for
e=1. O

3.6. Local normal forms of Ay ,. Lemma 3 implies the following
LEMMA 4. Let O =117 (xg,0) or O = 11~ (xq,0). Then in a neighborhood of O there exist

local coordinates (Py, Py, P3,Q1,Q2,Q3,U) such that:
e the contact structure is given as the field of 0-spaces of the contact form

0= %PdQ— %QdP—dU;

o 77 1(x0,0) ={Q1=P3,Q2=0,Qs = P,U =0};
e if xg is a hyperbolic point then
L={PQi—P;=0,P+Q >0} and Ax,=AYUA"
where
Py :a2b2, Ql :CQa
Af =< Py=abe, Qs=2abclna?®, U=0,
P3:a2cz7 Q3:b27
P1:627 Q1:a2027
A = Py=abe, Qy=—2abclna®, U =0,
P3:C27 Q3:a2b27
a € [0,1], b,c € R are parameters, and alna® =0 if a = 0;
e if xq is an elliptic point then

S={PP+Q}—P;=0,P,>0} and Ay, =A"

where
P2 Z 07
X Q
AE = P1 + ZQl = Pgez(w_%), U= 0,
Qs +iPy = Py (V7).

; Qo
i=+v—1,v% €R mod 27Z is a parameter, and Pgez(wi""t’z?) =01if P, =0.
REMARK. Examples H and E of coordinates from Lemma 4 are given in Subsection 3.2.

Proof. According to Subsection 3.2 and Lemma 3 in a neighborhood of O there exist local
coordinates (Py, Py, P3,Q1,Q2,Qs,U) such that:

the contact structure is given by the equation © = 0;

71 (%0,0) = {Q1 = P5,Q2 = 0,Q3 = P,,U = 0};

if x¢ is a hyperbolic point then ¥ = {P1Q1 —P2=0,PL+Q > O};

if xo is an elliptic point then ¥ = {P? + Q} — P =0, P, > 0}.

Let us consider the following parameterizations of X N7~ (xg, 0):
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e P =00, =c P,=bc, Qs =0, P3 = c? Q3 = b*, U = 0 (where b,c € R are
parameters and xg is hyperbolic);

e P, >0, P +iQ=Poe”, Qs =0, Q3 +iP3 =Py, U=0 (where ¥ € R mod 277 is
a parameter and xg is elliptic).

According to Subsection 3.4 the characteristics of ¥ have parameterizations (with a real param-
eter o) satisfying the differential equations:
o 4P _ —P, dQ =Q1, % — (. 9Q2 _ —2P, dP; _ dQs _ dU =0,

do ; do ) ' do ' do T do ~ do
if xq is hyperbolic;
dpPy -dQ1 __ . dPy __ dQz dP3 __ dQ3 __ dU __
* do +1 do il(.Pl +ZQ1)’ do O’ do P2’ do = do = do 70’
if xq is elliptic.

Therefore the characteristics passing through ¥ N 7~1(xg,0) are given by the equations:
o PL=0b%"7, Q1 =c%, Py=bc, Qs = —2bco, P3 =c?, Q3 =b%, U =0,
if xq is hyperbolic;
L] P2 20, P1 +ZQ1 :Pgei(erU), QQ = —PQJ, Q3+ZP3 :P26i¢, UZO,
if xq is elliptic.
Here o € R is a parameter along the characteristics.
In the hyperbolic case for ¢ > 0 we get the formulas for Af from Lemma 4 changing
¢+ ce~/? and setting a = e /2.
In the hyperbolic case for 0 < 0 we get the above formulas for A¥ from Lemma 4 changing
b+ be?/? and setting a = e?/2.
In the elliptic case we get the formulas for AF changing ¢ +— 1 — ¢/2 and setting
g = —QQ/PQ. O

3.7. Singularities of Ay,.

DEFINITION. We say that a three-dimensional stratified Legendrian submanifold A of a con-
tact space has a singularity Hy, Ha, or E5 at a point A € A if its germ (A, \) is contact diffeo-
morphic to the germ (H; X R, 0), (Ha x R,0), or (&2 x R, O) respectively.

LEMMA 5. The Legendrian submanifold Af UAf

(1) has singularities Hy if
PP=P=P=Q:=U=0, Q1>0, @3>0,
or
Po=Q1=Q2=Q3=U=0, P>0, P3>0
(2) has singularities Hy if
Pi=P,=P;=Q2=U=0, @Q1=0, Q3>0,

or
P=P=P=Q:=U=0, Q1>0, Q3=0,
or
Po=Q1=0Q:2=Q3=U=0, P =0, P3>0,
or

P2:Q1:Q2:Q3:U:O, P1>0, P3:0,
(3) has more complicated singularity if
Pr=P=P3=0Q1=Q2=Q3=U = 0;
(4) 14s smooth at the other points.
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Proof. The Legendrian submanifold Af UAFH has singularities if and only if @ = 0 in the formulas
of Lemma 4. It gives the set of singularities of Af :

Pr=P=P=Q:=U=0, @20, @3>0
and the set of singularities of AZ:
Po=Q1=Q2=Q3=U=0, >0, P>0
proving the item 4 from Lemma 5. Let us consider the following transformations:

e a—a, b— kb c—c, k>0,

(P, P2, P5,Q1,Q2,Q3,U) — (K*Py, kP, P3,Q1,6Q2, °Q3, k*U);
e ar—a,b—b c— ke, k>0,

(P17P25P37Q1aQ27Q37 U) = (P17 "{P27"€2P37H2Q17KQ2)Q37 HZU);
e ara,b—c c—b,

(1—_)17P2;})-3’621762276237[])*_> (P37P27P17Q37Q27Q15U);
e a—a,b—b c—c,

(P, P2, P3,Q1,Q2,Q3,U) = (Q3, P2, Q1, P3, —Q2, P, —U).
All of them preserve the contact structure and the Legendrian submanifold A¥ U A, Besides,
these transformations divide the set of singularities of Af U A into the three orbits mentioned
in the items 1-3 of Lemma 5. In particular, we prove its item 3.
The point Py = P, = P3 = Q1 = Q2 = U =0, Q3 = 1 belongs to Af. Let us consider its
section with Q3 = 1. Then b = 1 or b = —1 but these conditions define the same submanifold:
P = 112, Ql = 623
P, = ac, Q2 =2aclna?, U =0.
P3:a2c27 Q3:1a
The form © defines the contact structure

1 P.
g(PldQ1+P2dQ2—Q1dP1—deP2)_d?3:0

in the plane @3 = 1, U = 0 and our section is Legendrian. Denoting A =a, B = ¢, U = P5/2

we get the Legendrian submanifold Hs from Subsection 1.3 and prove the item 2 of Lemma 5.
But the stratified Legendrian submanifold Hs has singularities H; if A = 0 and B # 0 that is

shown in [5]. It proves the item 1 of Lemma 5. O

LEMMA 6. The Legendrian submanifold AF
(1) has singularities Eo if
PoP=P=P=0Q1=Q3=U=0, Q2#0;
(2) has more complicated singularity if
Pi=P=P=0Q1=Q2=Q3=U =0;
(3) 4s smooth at the other points.

Proof. The Legendrian submanifold A® has singularities if and only if P, = 0 in the formulas of
Lemma 4. It gives the set of singularities of AF:

P1:P2:P3:Q1:Q3:U:O;
and proves the item 3 from Lemma 6. Let us consider the following transformations:

o (P, P, P3,Q1,Q2,Q3,U) = (kP1, Py, kP3, kQ1, KQ2, £Q3, K2U), k > 0;
L4 (P17P27P37Q17Q27Q37U) — (Q37P27Q17P37 _Q27P17_U)'
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All of them preserve the contact structure and the Legendrian submanifold A®. Besides, these
transformations divide the set of singularities of A¥ into the two orbits mentioned in the items 1,
2 of Lemma 6. In particular, we prove its item 2.

Let us consider the section of AP with Qg = 2:

P2 = 07
A= P +iQ, = Pgei@_}’%), U =0,
Q3 +1iP; = P2€i(w+%2)7

The form O defines the contact structure
1
i(PldQl + P3dQz — Q1 dPy — Q3dP3) —dP, =0

in the plane Q3 = 1, U = 0 and our section is Legendrian. After obvious renaming P, — U,
P;— Py, Q3 — Q2 we get the Legendrian submanifold & from Subsection 1.3 and prove the
item 1 of Lemma 6. O

3.8. Time function 7. Here we prove some conditions which have to be satisfied by the time
function 7 in the coordinates from Lemma 4.

LEMMA 7. Let O = 1" (x0,0) or O = II" (x0,0) and doT be the differential of the time
function T at O. Then in the coordinates from Lemma /

dotT = 1 (dQ1 — dP3) + 72 dQ2 + v3(dQ3 — dPy) + vo dU
where

® Y1v3 > V3 if xo is hyperbolic;
o 73 > 2+ 3 if xq is elliptic.

Proof. The equality
doT = 71(dQ1 — dP3) + 72 dQ2 + v3(dQ3 — dP1) + 0 dU

follows from the conditions
7 (%0,0) = {@Q1 = P3,Q2=0,Q3 = P,,U =0} C 7 1(0).

Let us prove the inequalities v1v3 > 72 and 73 > 72 + ~2.

The Legendrian submanifold 771(xg,0) C ST*R3*! is situated in the isochrone 771(0) and
consists of its characteristics: the lines ([p, -|; X0, 0) with p # 0 and the two points ([0, £1]; X0, 0).
In an affine neighborhood of O the hypersurface N7~ (xg, 0) is a half-cone. It turns out that one
of the two half-characteristics of the isochrone 7=1(0) starting at O lies inside of this half-cone.

Indeed, let us choose local coordinates (z,y,z) in a neighborhood of xo € R?® such that
&1(x0) = (1,0,0), &2(x0) = (0,1,0), and &»(x0) = (ao, bo, co). Then according to Subsection 3.1
we get that in the coordinates (p, g, r, s) that are dual to (z,y, z,t):

YN (x0,0) = {[p,q,r,s] ’ aop + boq + cor + s + V/p? + ¢2 :0}

and O = [0,0,1,—cp] or O = [0,0,—1,¢p]. So, we can take the affine neighborhood r = 1 or
r = —1 respectively. It is clear that in each case the ray

p=q=0, Z£cg+s<0
is situated inside of the half-cone {aop +bogtcg+s+/p2+qg:= 0} )
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But according to Subsection 3.3 the characteristics of 7=1(0) are tangent to the contact vector
field 7 defined by the formulas (3) for K = 7. Hence one of the two vectors £7(0) where

7(0) = {Pl =y, Pr=12, Ps=3, Q1 =13, Q2=0, Q3 =1, U:O}
must lie inside of the half-cone
YN71 1 Hx0,0) =N {Q1 = P5,Q2=0,Q3 = P,,U = 0}.
It means that
o PQ; — P22 = v173 — 75 > 0 if x¢ is hyperbolic and
o« P4 — P = V2 + 93 — 43 < 0 if xg is elliptic.
O

3.9. Proof of Theorem 1. According to Lemma 1 in some neighborhood of (x¢,0) the Leg-
endrian submanifold Ay, is homeomorphic to the cylinder over the two-dimensional sphere, the
elements of the cylinder are characteristics of ¥. But an isochrone 77 !(T) is transversal to
these characteristics because their projections are the graphs of trajectories of the control-affine
system (1). It proves that Ly, (T) is homeomorphic to the two-dimensional sphere.

In neighborhoods of two contact elements TIT (xg, 0) or II™ (xg, 0) the Legendrian submanifold
Ay, has singularities described in Lemmas 4, 5, and 6.

In the hyperbolic case Theorem 1 follows from Lemma 5. Namely, singularities H; form two
quadrants described in Lemma 5. But one and only one of them lies in the domain 7 > 0
according to Lemma 7.

In the elliptic case Theorem 1 follows from Lemma 6. Namely, singularities Eo form two rays
described in Lemma 6. But one and only one of them lies in the domain 7 > 0 according to
Lemma 7.

4. APPENDIX

Theorem 1 implies that for enough small T' > 0 the stratified Legendrian submanifolds Lx, (T')
are reduced to a normal form £ in the hyperbolic case and to a normal form £¥ in the elliptic
case. Here we give explicit formulas for £ based on [6] and for £ based on [7]. The fronts of
the stratified Legendrian submanifolds £F and £ are shown in Fig. 1 on the left and the right
respectively.

NORMAL FORM LH:

4ap 1-— 32
£ = cqirx,y,2) eSTR |[p= —— | _ ’
{(p e v:2) P=avaya+rpy 1T 112
1—a? 28 1-—p? 232
where a, 8 € RU {oo} are parameters,
alna? 1—a*+2a?lna?
(b = —_—— =
(o) 1—a2’ () (1—a?)? ’

D(0) =P(c0) =0(1) =T(—-1)=0, P(1)=-P(-1)=7(0) =—-T(c0) = 1.
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NORMAL FORM LF:
LE=LFU{PT,P7}, PE=(0:0:+1;0,0,0) € ST*R?,

LE:{(p:q:r;av,y,z)EST*IR3 P =COST COS¢, ¢ = cosr sing,

r ’ r ’ 2r2

2 sinr cos ¢ 2 sinr sin ¢ 2r — sinQT}
r= ——-" y=——— 1=

where ¢ € R mod 27Z is a parameter.

(1]
2]
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