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ABSTRACT. Any ruled surface in R? is described as a curve of unit dual vectors in the algebra
of dual quaternions (=the even Clifford algebra C¢*(0,3,1)). Combining this classical frame-
work and A-classification theory of C°° map-germs (R?,0) — (R3,0), we characterize local
diffeomorphic types of singular ruled surfaces in terms of geometric invariants. In particular,
using a theorem of G. Ishikawa, we show that local topological type of singular developable
surfaces is completely determined by vanishing order of the dual torsion 7, that generalizes an
old result of D. Mond for tangent developables of non-singular space curves. This work sug-
gests that Geometric Algebra would be useful for studying singularities of geometric objects
in classical Klein geometries.

1. INTRODUCTION

A ruled surface in Euclidean space R? is a surface formed by a 1-parameter family of straight
lines, called rulings; at least partly, it admits a parametrization of the form F(s,t) = r(s)+te(s)
with |e(s)| =1, s € I, t € R, where I is an open interval. A developable surface is a ruled surface
which is locally planar (i.e. the Gaussian curvature is constantly zero). The parametrization
map F : I x R — R? may be singular at some point (sg,to), that is, the differential dF(sq,to)
may have rank one, and then the surface (= the image of F') has a particularly singular shape
around that point. In this paper, we study local diffeomorphic types of the singular surface and
its bifurcations (see Fig.1). All maps and manifolds are assumed to be of class C*® throughout.

The main feature of this paper is to combine classical line geometry using dual quaternions
2, 3, 17, 21] and A-classification theory of singularities of (frontal) maps R? — R? [15, 5, 9, §].
Here A denotes a natural equivalence relation in singularity theory of C* maps; two map-germs
f,9: (R%20) — (R3,0) are A-equivalent if there exist diffeomorphism-germs o : (R?,0) — (R2,0)
and ¢ : (R3,0) — (R3,0) such that g = ¢ o foo~1. We simply say the A-type of a map-germ to
mean its A-equivalence class. As a weaker notion, topological A-equivalence is defined by taking
o and ¢ to be homeomorphism-germs. We also use the .A-equivalence with the target changes
being rotations ¢ € SO(3), which is called rigid equivalence throughout the present paper. Our
aim is to classify germs of parametrization maps F of ruled surfaces in R? up to A-equivalence
and rigid equivalence.

1.1. Ruled surfaces. Geometric Algebra is a neat tool for studying motions in classical geom-
etry; in case of Euclidean 3-space, it is the algebra of dual quaternions (e.g. Selig [21]). As an
application, any ruled surface in R? is described as a curve of unit dual vectors

0: T —-UcCD? @(s)=wvo(s) +cvi(s).
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FIGURE 1. Deforming Mond’s Hs-singularity via a family of ruled surfaces: the sur-
face has two crosscaps and one triple point.

Here D = R @ ¢R with €2 = 0 is the R-algebra of dual numbers, and D3 = R3 @ eR? is the space
of dual vectors, and especially, the space of unit dual vectors is given by

]U::{’DZ’U()-FE’Ul €D3, |’Uo|:1, Uo~’l)1:0},

which is a 4-dimensional submanifold in the 6-dimensional space D3. Obviously, U is diffeomor-
phic to the total space of the (co)tangent bundle 7'S?. It is naturally identified with the space of
oriented lines in R?, by assigning to a unit dual vector ¥ an oriented line vy x v1 + tvg (t € R),
see §2.1 for the detail. In our context, as the space of ruled surfaces in R?, we consider the space
C*(I,1) of all smooth curves in U endowed with the Whintey C'*-topology.

Assume that our ruled surface is non-cylindrical, i.e., v{(s) # 0 for any s € I, then the curve
© admits the Frenet formula in D3 with complete differential invariants, the dual curvature and
the dual torsion

i(s) = ko(s) +eri(s), 7(s)=70(s) +em(s) €D.
Here we may take s to be the arclength of the spherical curve wvg(s), that is equivalent to
ko(s) = 1, thus three real functions k1, 79,71 are essential. In particular, x1(sp) = 0 if and only
if F is singular at (so, o) for some #o; such ¢g is unique (Lemma 2.3).

We determine which A-types of singular germs (R?,0) — (R3,0) appear in generic families
of ruled surfaces. Assume that F is singular at (sg,tp) = (0,0) and F(0,0) = 0, after taking
parallel translations if needed. From the dual Bouquet formula of ¥ at s = 0 in D3, we derive
a canonical Taylor expansion of parameterization map F' (§3.2), where o(n) denotes Landau’s
notation of function-germs of order greater than n:

r = t—its*+ %@33 + 0(3),

ts— 10 g2 _ 20O OFriO) g3 4 o(3),

502y 02 | HO200n0) 8 o)

z == 9

Then we apply to the jet of F' the criteria for detecting A-types of map-germs in Mond [14, 15].

Theorem 1.1. The A-classification of singularities of F' arising in generic at most 3-parameter
families of non-cylindrical ruled surfaces is given as in Table 1; in particular, for each A-type in
that table, the canonical expansion with the described condition is regarded as a normal form of
the jet of ruled surface-germ under rigid equivalence.
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‘ normal form ‘ 12 ‘ cond. at s = sg (with k1(sg) =0)
SO ($7y279€y) 2 5'1 7é 0
St |yl y*+a%y) 3|k =0, 1 #0, (] —27m) 20
Sy | @2 +ady) [ 4] s =] =0 57 rom #0
B2i (z,92, 2%y £ 9°) Ky =0, kK =21911 #£0, by 20
Hy | (z,2y+9°,9°) =71=0, K{ #0, hg #0
53[ (z,92, 9% £ 2ty) 5|k =k = /153) =0, /@§4)7'07'1 20
CF | (2o £a%y) | | wy=r{=m=0, 7 #0, s (6" —216m) 2 0
By | (z, 92,22y £y") Ky =0, k) =211 #0, bp =0, b3 20
H3 ($,$y+y7,y3) HIIZTIZOa Klll#oa hQ:Oa h37é0

z, vy +y°,

P3 ( Zy21p4y4) "@/1 :Kllllezov TOT]/_#O7 p47é071a%a%'

TABLE 1. A-types of singularities of ruled surfaces. Assume that k1(sg) = 0,
then F' is singular at a unique point lying on the ruling corresponding to sq.
This table characterizes the A-type of the germ of F' at that point. Here,
Ky, kY, -+ denote derivatives at s = sg for short, e.g. k) means %m(so), and
ba, bs, ha, hs, ps are some polynomials of those derivatives (see §3.2). The letters
<, 2, £ are in the same order. In the second column, ¢ means .A-codimension
of the map-germ.

Precisely saying, via a variant of Thom’s transversality theorem (§3.3), we show that there
exists a dense subset O in the mapping space Ry consisting of families of non-cylindrical
© : I x W — U with parameter space W of dimension < 3 so that for any family belonging to O
and for any A € W, the germ of the corresponding paramatrization map F(—,\) : I x R — R3
at every point (8o, to) is A-equivalent to either an immersion-germ or one of the singular germs
in Table 1.

Obviously, normal forms under rigid equivalence have functional moduli: those are nothing
but %1(s), 7o(s) and 71 (s) satisfying the prescribed condition on derivatives at s = sg.

Remark 1.2. (Realization) Izumiya-Takeuchi [10] firstly proved in a rigorous way that a
generic singularity of ruled surfaces is only of type crosscap Sp, and Martins and Nufio-Ballesteros
[13] showed that any A-simple map-germ (R?,0) — (R3,0) is A-equivalent to a germ of ruled sur-
face. By our theorem, A-types which are not realized by ruled surfaces must have A-codimension
> 6. This is sharp: for example, the 3-jet (z,y>, 2%y), over which there are A-orbits of codi-
mension 6, is never A3-equivalent to 3-jets of any non-cylindrical nor cylindrical ruled surfaces
(Remark 3.3). The realizability of versal families of A-types via families of ruled surfaces can
also be verified: for each germ in Table 1, an A.-versal deformation is obtained via deforming
three invariants k1, 79, 71 appropriately (Remark 3.4).

Remark 1.3. (Conformal GA) Our approach would be applicable to other Clifford alge-
bras and corresponding geometries. For instance, Izumiya-Saji-Takahashi [9] classified local
singularities of horospherical flat surfaces in Lorentzian space (conformal spherical geometry); a
horospherical surface is described by a curve in the Lie algebra s0(3,1). Conformal Geometric
Algebra may fit with this setting as well and our approach should work.

Remark 1.4. (Framed curves) Take the space of dual vectors D? instead of U. A curve I — D?
corresponds to a framed curve, which describes a 1-parameter family of Euclidean motions of R3;
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‘normal form ‘f ‘ cond. at s = sg
cE (;(;y y) 1 T()?éo, 71 #0
cSo | (z,9?, ) 21 #0, =0, 7)#0
St | @@ ) 3| m A0 = =0 7 #0
cCy | (z, 7 (@’ + ay?)) 4 n#0, n=m=7=0, 70" #0
Sw (x,wy+2y3,my2+3y4) 2[00 #0, =0, T{%O
cAy (x,a:y+2y :cy +4y) 3| 170#0, m=7=0, 77/ #0
cAs | (x, J:y+3y zy? +5y5)1 |4 | 10 #0, m=1{=1/=0, 7" #0
T (z, 2y + y>,0) + o(3) 3l1o=m1=0, 1#0
T (z,2y,0) + o(3) 4|l79g=m1=7=0

TABLE 2. A-types of singularities of developable surfaces. An exception is the
type cAs; the condition implies that the germ is topologically A-equivalent to the
normal form f (in this case, the striction curve o is topologically determinative
in the sense of Ishikawa [5]).

various geometric aspects of framed curves have recently been studied by e.g. Honda-Takahashi
[4]. Since the dual Frenet formula is available for regular framed curves, we may rebuild the
theory by using dual quaternions. That would be useful for singularity analysis in several topics
of applied mathematics such as 3D-interpolation via ruled/developable surfaces, 1-parameter
motions of axes in robotics, and so on (cf. [17, 21]).

1.2. Developable surfaces. For a non-cylindrical ruled surface, it is developable (the Gaussian
curvature is constantly zero) if and only if k1 = 0 identically, see §2. Thus two real functions
To, 71 are complete invariants of such developables. Izumiya-Takeuchi [10] classified generic
singularities of developable surfaces rigorously, and Kurokawa [12] treated a similar task for 1-
parameter families of developables. We generalize their results systematically using the complete
invariants.

Theorem 1.5. The A-classification of singularities of F' arising in generic at most 2-parameter
families of non-cylindrical developable surfaces is given as in Table 2; in particular, for each A-
type in that table, the canonical expansion with the described condition is regarded as a normal
form of the jet of developable-germ under rigid equivalence.

Remark 1.6. (Realization) In our classification process §4.1, we see that non-cylindrical de-
velopables do not admit A-types

eSy (w42, 3 (2 — ¢?)) nor cCy : (z,92, v (2% — 2y?))
(for the former, it was shown in [12]), while ¢S;" and c¢Cj appear. Furthermore, 7, # 0 and

0 = 74 = 7§ = 0 if and only if the 5-jet of F' is equivalent to (z,y?,0), and thus, for instance,
we see that frontal singularities of cuspidal S and B-types

Sy (z, % v (W7 + h(z,y%))), By (z,y% y*(a® + h(z,y?)))

(h(x,5?) = 0(2)) never appear in our developable surfaces. Similarly, since 7; = 0 if and only if
the 2-jet is reduced to (x,zy,0), wavefronts of cuspidal beaks/lips type AT and purse/pyramid
types Dy never appear. Indeed, their 2-jets are equivalent to (z,0,0) and (22 & y2,xy,0) re-
spectively (it is obvious to see no appearance of Dy, for the corank of our maps F' is at most
one).
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A non-cylindrical developable surface, which is not a cone, is re-parametrized as the tangent
developable of the striction curve o(s) (Lemma 2.4). Here o(s) may be singular; recall that for
a possibly singular space curve, its tangent developable is defined by the closure of the union of
tangent lines at smooth points; indeed, it is a frontal surface, see §2.4 (cf. Ishikawa [6]). A space
curve-germ is said to be of type (m,m + £,m + £ + r) if it is A-equivalent to the germ

r=s"4o0(m), y=s"+om+10), z=s""Lom+Ll+7)

(the curve is said to be of finite type if m,n,¢ < o). A type of curve-germ is called smoothly
determinative (resp. topologically determinative) if it determines the A-type (resp. topological
A-type) of the tangent developable. Ishikawa [5, 6] gave the following complete characterization
(Mond [16] for the case of m = 1, i.e. smooth curves):
(i) smoothly determinative types are only (1,2,247), (2,3,4), (1, 3,4), (3,4,5) and (1, 3,5);
(ii) (m,m+ ¢, m+ £+ r) is topologically determinative if and only if £ or r is odd, or m =1
and /£, r are both even.
Using this result, we obtain a complete topological A-classification of singularities of non-
cylindrical developable surfaces:

Theorem 1.7. (Topological classification) For a non-cylindrical developable surface, the
germ of its striction curve o(s) at s = sg has the type

(mym+1,m+1+r),

where m — 1 and r — 1 are orders of 71 and 1y at s = sq, respectively, i.e.,

o _(m=2) _ s _ _ (r=2) _
TI=T|=:"=T, =Tg=Tp='""=T, =0,

Tl(mfl)Térfl) #0.

In particular, topological A-types of the germ of F at singular points are completely determined
by orders of the dual torsion T = 19 + €71.

Remark 1.8. Theorem 1.7 is regarded as the dual version of a result of Mond [16] and Ishikawa
[5]: A-type of the tangent developable of a non-singular space curve o with non-zero curvature
is determined by the vanishing order of its torsion function. This is the case that o is of type
(1,2,2 + r), and then the torsion of ¢ has the same order of 7y (Lemma 2.4). Note that in
our theorem above, o(s) can be singular (i.e., m > 2) and the non-zero curvature condition is
replaced by the non-cylindrical condition.

Remark 1.9. Table 2 is separated into three parts. One is the case of 71 (sg) # 0; they are the
tangent developables of non-singular curves of type (1,2,2 + r), which are frontal singularities
as mentioned in Remark 1.8. The second is the case of 79(sg) # 0; they are the tangent
developables of singular curves of types (2, 3,4), (3,4,5) and (4,5, 6), which are wavefronts — the
former two types are smoothly determinative, while the third one is topologically determinative,
by Ishikawa’s characterization. In the remaining part, types Ty and T; are tangent developable
of curves of type (2,3,4+ r) (r > 1). Tangent developables of curves of other types (e.g.,
(1,3,3+71),(2,4,4+r)) are cylindrical at s = s.

Remark 1.10. Not only striction curves but also several other kind of characteristic curves
on a ruled surface can be discussed. For instance, flecnodal curves are important in projective
differential geometry of surfaces [11, 20].

The rest of this paper is organized as follows. In §2, we briefly review two main ingredients for
non-experts in each subject — the first is the algebra of dual quaternions, which is the most basic
Geometric Algebra, and the second is about useful criteria for detecting A-types in singularity
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theory of maps. In §3, we apply the A-criteria to the canonical Taylor expansion of F' at singular
points and prove Theorem 1.1. In §4, we proceed to the case of developable surfaces and prove
Theorems 1.5 and 1.7.

This paper is based on the first author’s master thesis [22]. This work was supported by JSPS
KAKENHI Grant Numbers JP15K13452, JP17H0612818 and JP18K18714.

2. PRELIMINARIES

Geometric Algebra is a new look at Clifford algebras, which is nowadays recognized as a very
neat tool for describing motions in Klein geometries in the context of a variety of applications
to physics, mechanics and computer vision. In §§2.1 and 2.2, we give a very quick summary on
the geometric algebra for 3-dimensional Euclidean motions and its application to the geometry
of ruled surfaces. A good compact reference is the nineth chapter of Selig’s textbook [21] (also
see [2, 10, 7, 17]).

In §52.3 and 2.4, we briefly describe some basic notions in Singularity Theory, which will be
used in §§3 and 4. We deal with two classes of C*™ maps from a surface into R?; ordinary smooth
maps of corank at most one, i.e. dimkerdf < 1 (Mond [15]) and frontal maps (Ishikawa [5],
Izumiya-Saji [8]).

2.1. Dual quaternions. Let H denote the field of quaternions: ¢ = a + bi + ¢j + dk. The
conjugate of ¢ is § = a — bi — ¢j — dk and the norm is given by |¢| = 1/q¢. Decompose H into
the real and the imaginary parts, H = R & Im H, where one identifies bi + cj + dk € Im H with
v = (b,c,d)T € R? equipped with the standard inner and exterior products. We write ¢ = a + v,
then the multiplication of H is written as

(a+v)b+u)=(ab—v-u)+ (au+bv+v X u).
The quaternionic unitary group
Hy = Sp(1) = {q € H, |¢| = 1}
is naturally isomorphic to SU(2), that doubly covers SO(3); indeed, ¢ € H; defines the rotation
x — gxq. The Lie algebra of Hj is just Im H = R3.
Put D = R[e]/(e?), and call it the algebra of dual numbers. A dual number a+ ¢b is invertible
if a # 0, and it has a square root if a > 0. The R-algebra of dual quaternions is defined by
H:=D'=HerD={d=q+ecq |qp acH}

That is identified with the even Clifford algebra C¢7(0,3,1) [21, §9.3]. The conjugate of ¢ is
defined by ¢* := go+¢q1, and then §¢* = |qo|?>+eRe[q1d0]. The Lie group of unit dual quaternions
is defined by

Hyi:={¢eH|¢q =1}
This group is isomorphic to the semi-direct product Hy x ImH = Sp(1) x R? via the correspon-
dance ¢ < (qo,q1do). Then, H; doubly covers SE(3) = SO(3) x R3, the group of Euclidean
motions of R3; the action © of H; on = € R? is given by

1+e0(§)x = G(1 +ex)q* =1+ e(qoxqo + 291 G0)-
That is, go and 2¢1go express a rotation and a parallel translation, respectively. The Lie algebra
of H is canonically identified with the space of dual vectors
D =ImH®D, ©=wvy+ecv; (vo,v; € ImH=R3),

which is a D-submodule of Fl = D*. The standard inner and exterior products of R? are extended
to D-bilinear operations on D?;

X 0= 5(ud —vu) € D3

[~
S«
|
|
|
¢
S«
+
S«
&
m
=
N
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A unit dual vector means a dual vector ¥ € D? with -9 = 1, i.e., |vg| = 1 and v - vy = 0 (it is
also called a 2-blade in the Clifford algebra C¢(0,3,1) [21, §10.1]). Denote the set of unit dual
vectors by U, which is identified with the space of oriented lines in R? in the following way:

. . 1:1 . g
oriented lines : vg X v1 + tvg <— unit dual vectors : ¥ = vg + cv;.

This expression is very useful [21, §9.3]: for instance,

(i) a point a € R? lies on the line corresponding to a unit dual vector vg + gv; if and only
if @ X vg = vy;

(ii) two lines intersect perpendicularly if and only if the corresponding unit dual vectors @
and © satisfy that @ - v = 0.

2.2. Ruled and developable surfaces. Using the identification just mentioned above, a ruled
surface is exactly described as a curve of unit dual vectors:
0: 1 -TUcCD? o(s) =vg(s) 4 evi(s)
(I an open interval) with |vg(s)| = 1 and vo(s) - v1(s) = 0 (s € I). Interpreting it as an object
in R3, we have a parametrization
F(s,t) =7(s) +te(s) (r=wvgxwviy, e=muvgp).
Note that |e(s)] =1 and r - e = 0. Let R, denote the ruling defined by #(s) and put
R=R(v):=|JR, CR®
sel
Formally, ©(s) looks like a D-version of the velocity vector of a space curve. That leads us to

define the curvature i(s) of © by
v - V]
i(s) = ko(s) +er1(s) := 1/ (s) - ' (s) = |vy| + 5% e D,
Yo
provided ¥ is non-cylindrical, i.e., vj(s) # 0 (s € I). Here ()’ means -£. From now on, we
assume that
[vo(s)

1
by taking s to be the arc-length of vg. Then, & = 1 + v}, - v} and thus £~ =1 — ev}, - v|. Put

n(s) = ng(s) +eny(s) := & 19'(s),
and

t(s) = to(s) + eti(s) := 0(s) x n(s).
Then for every s € I, three dual vectors ©(s), n(s) and #(s) form a basis of the D-module
ImH = D? satisfying

=1
From these relations and the property (ii) of unit dual vectors mentioned before, we see that three
lines corresponding to unit dual vectors ¥, 12, t meet at one point and are mutually perpendicular;

in particular, vg, ng, o forms an orthonormal basis of R3.
We define the torsion 7(s) of © by

7(s) = 10(s) +em(s) :=n/(s) - t(s) €D.
The following theorem is classical:

Theorem 2.1. (cf. Guggenheimmer [2, §8.2], Selig [21, §9.4]) Assume that s is the arc-length
of vo, i.e. ko(s) =|vy(s)] =1.
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(1) (Frenet formula) It holds that

FREI0 0 E(s) 0 (s)
Ts [ 'r:L(s) ] = [ —E&(s) 0 7(s) ] [ (s) ] .
t(s) 0 —7(s) 0 (s)

(2) The dual curvature k(s) and the dual torsion 7(s) are complete invariants of the ruled
surface R up to Euclidean motions. That is, for two curves v, and 2, they have the same
invariants & and ¥ if and only if ruled surfaces R(91) and R(92) in R® are transformed
to each other by some Euclidean motion.

(3) R(v) is a developable surface (including a cone) if and only if k1 = 0 identically. In
particular, 19,7 are complete invariants of the developable surface.

S0 Q¢

The striction curve of a ruled surface R is the curve having minimal length which meets all
the rulings of R. Let F(s,t) = r(s) + te(s) be a canonical parametrization

(T~€=0, |€| = |€/| = 1)7
/

then the striction curve o(s) is characterized by the equation o’ - e’ = 0 (cf. [21, p.218],
[10, Lemma 2.1], [17, §5.3]). We then have the following:

Lemma 2.2. For a non-cylindrical ruled surface, it holds that
(1) o(s) =7(s) = (v'(s) - €'(s))e(s),
(2) 0 X Vg =71, 0 XNy =Ny andaxtoztl,
(3) 0'(s) = ma(s)vo(s) + r1(s)to(s),
(4) k1 = det(e, €', r"), 1o = det(e,e’,e"), 71 =0’ - e.

From (2) and the property (i) of unit dual vectors in §2.1, it follows that o(s) lies on each
of three lines corresponding to unit dual vectors ¥(s),7(s),£(s), that is, o(s) is the locus of
the center of moving orthogonal frames. For completeness we prove the lemma, although it is
elementary.

Proof : It is easy to see (1) by differentiating o(s) = r(s) + t(s)e(s). We show (2). First, by
n-v = 0, we see that nq -vg = —v1 - g, and similarly n, -tg = —t; - ng. By the Frenet formula,
v = ny, ty = —ToMg, V| = K1y +ny and ] = —Ton; — TNo. Since 7 = vy X v; and e = vy,
it follows from (1) that

ag = —(tl . ’I’lo)’vo — (’Ul . to)’no — (n1 . ’Uo)to.

Thus o x Vo = 7(’01 ~t0)n0 X Vo — (TLl "Uo)to X Vg = (’Ul 'to)to + (’Ul ”I’Lo)no = v, for V1-Yg = 0.
That yields (2). Differentiating the first one of (2),

0= (0 xvg) —v] = (0 xvg+0xmng) — (k11 +n1) =0 xvy—KiNg

and similarly ¢’ X ty + 7119 = 0. Substitute ¢’ = avy + bng + ctg for those equalities, we obtain
a=m,b=0,c= k1, thatis (3). Finally, (4) is easy, e.g., k1 = v(-v] = €’-(r' xe) = det(e, €', 17).
O

Lemma 2.3. (cf. Izumiya et al [10, Lemma 2.2], [7, §1]) For a non-cylindrical ruled surface,
F is singular at (so,to) if and only if k1(so) = 0 and to = —7'(so) - €'(s0). The singular value
F(so,to) is the point o(so) where the curve o(s) is tangent to the ruling Rs, or o'(sg) = 0.

Proof : %—Z(so) X %—f(so) = (r"(s0) +to€'(50)) X e(sp) =0 < 7'(s0) = ae(sp) —toe’(sg) for some
a # 0 < det(e(so), € (s0),7'(s0)) = 0 and tg = —r'(so) - € (sp). The second claim follows from
(3) in Lemma 2.2. O
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In case of k1 = 0 identically, Lemmas 2.2 and 2.3 imply that singular points of F' form a
non-singular curve s — (s, —7'(s)-€’(s)) € I x R and the image of this curve is just the striction
curve o(s). Note that o(s) is a non-singular space curve, if 71 # 0; especially, F' is written by
o(s) +1to'(s) with t = (t +7/(s) - €'(s))/71.

Lemma 2.4. (Izumiya et al [7, §1]) A non-cylindrical developable surface, which is not a cone,
is re-parametrized as the tangent developable of the striction curve o(s). The curve o is non-
singular whenever T, # 0, and then the curvature K, and the torsion 7, of o are given respectively
by

o' x| 1 _det(o’,0",0") 10

Ko = /|3 = 7-71’ To = |0/ % O.//|2

|o o

2.3. A-classification of map-germs. A singularpoint of f : M — N between manifolds means
a point p € M where df,, is neither injective nor surjective (then f(p) € N is called a singular
value of f); we denote by S(f) C M the set of singular points of f. Two maps f: U — N and
g : V. — N on neighborhoods U and V of p € M define the same map-germ at p if there is a
neighborbood W C U NV of p so that f|W = glw; a map-germ at p is an equivalence class of
maps under this relation, denoted by f : (M, p) — (N, f(p)). Two map-germs at p have the same
k-jet if they have the same Taylor polynomials at p of order k in some local coordinates; a k-jet is
such an equivalence class of map-germs, denoted by j* f(p). Two germs f : (M, p) — (N, q) and
g: (M',p') = (N',q') are A-equivalent if they commute each other via diffeomorphism-germs o
and 7:

(M',p") ——= (N',¢)

For simplicity, we consider map-germs (R™, 0) — (R™,0) and the A-equivalence by the action
of diffeomorphisms o and 7 preserving the origins. At the k-jet level, A*-equivalence is defined.
A germ f : (R™,0) — (R™,0) is said to be k-A-determined if any germs ¢ : (R™,0) — (R",0)
with j%g(0) = j*f(0) is A-equivalent to f; such germs are collectively referred to as finitely
A-determined germs. For instance, the germ (z,y?, zy) is 2-determined. Let J*(m,n) be the
jet space consisting of all k jets of (R™,0) — (R™,0), which is identified with the affine space of
Taylor coefficients of order r (1 < r < k) in a fixed system of local coordinates. The codimension
of the A-orbit of a germ f in the space of all map-germs (R™,0) — (R"™,0) is called the A-
codimension of f; the A-codimension of f is finite if and only if f is finitely .A-determined (see
e.g. [1]).

Thanks to finite determinacy, the process of A-classification is reduced to a finite dimensional
problem: we stratify J*(m,n) invariantly under the A¥-equivalence step by step from low order
k and low codimension. For instance, using several determinacy criteria, A-classification of map-
germs (R%0) — (R3,0) up to certain codimension has been established in Mond [14, 15]. In §3,
we will follow Mond’s classification process.

Furthermore, in Mond [14, 16], a special class of map-germs (R?,0) — (R3,0) is considered.
A map germ f : (R2,0) — (R3,0) is of class CF (i.e. cuspidal edge), if rank df(0) = 1 and the
singular point set S(f) is non-singular. A germ f in CE is k-A-determined in CE if any germ g
in CE with the same k-jet as j* f(0) is A-equivalent to f. In §4, we will use the following criteria
of determinacy in CE [16, Lem.1.1, Prop.1.2].
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Proposition 2.5 (Mond [16]). It holds that
i) If f € CF and j*£(0) = (x,42,0), then f is A-equivalent to the germ

9(z,y) = (z,y*, v*p(z, y?))

for some smooth function p(u,v);

ii) f(z,y) = (x,9°%,9y3) is 3-determined in CE;

iii) f(z,y) = (z,9%, yp(z,y?)) and g(z,y) = (z,y? yq(z,y?)) are A-equivalent if and only if
f(w,y) = (2, v%, v3p(z,y?)) and g(z,y) = (2,92, v3q(x,y?)) are A-equivalent. In particular, f is
(k — 2)-determined if and only if f is k-determined in CE.

2.4. Singularities of frontal surfaces. There is a special class of surfaces, called frontal sur-
faces. Let ST*R? be the spherical cotangent bundle with respect to the standard metric of R3
equipped with the standard contact structure. Let U be an open set of R2. Amap ¢ : U — ST*R3
is called isotropic if it satisfies that the image di(T},U) is contained in the contact plane K, for
any p € U. A frontal map is the composed map f = wo¢ : U — R? of an isotropic map ¢ and the
projection 7 : ST*R3 — R3. The image (possibly singular) surface is called to be frontal. An
isotropic immersion ¢ is usually called a Lagrange immersion, and 7wo¢ and its image are called a
Lagrange map and a wavefront, respectively. Let f : U — R? be a frontal map with v : U — S?
so that « = (f,v) : U — ST*R?® = R3 x S? is an isotropic map. We identifies TR? ~ T*R? using
the standard metric, then the unit vector v is always orthogonal to the subspace df (T,U) at any

p € U. Let z,y be coordinates of U and put A(z,y) = det {Bi, gg,y} (x,y); then the singular

point set S(f) is defined by A(z,y) = 0. If dA\(p) # 0, then p is called a non-degenerate singular
point. In particular, if p is non-degenerate and rank df, = 1, the germ f at p is of class CE.
For a developable surface with e x €’ # 0, set f: U — R3 to be f(s,t) := r(s) + te(s). Then

f is a frontal map; in fact, it suffices to put v = e x €’/|e x €'| (then % -v=e-v=0and

gf v=(r"+te) v =det(r’ e e’) =0). Note that any singularities of f are non-degenerate
and have corank one (see the comment before Lemma 2.4). There are two cases:

If . = (f,v) is singular, then it is easy to see that the 2-jet of f is A%-equivalent to (z,y?,0),
and hence Mond’s criteria for map-germs of class CE (Proposition 2.5) can be applied.

If ¢ is non-singular, i.e. ¢ is a Legendre immersion, then the 2-jet is equivalent to (z,xy,0),
and thus Proposition 2.5 is useless. In this case, we employ the Legendre singularity theory.
There are known useful criteria of [8] (precisely saying, the topological type cAs is not dealt in
[8] but the same argument as in Appendix of [8] works as well):

Proposition 2.6. (Izumiya-Saji [8, Theorem 8.1]) Let f: U — R?® be a Legendre map, and p
a non-degenerate singular point with rankdf, = 1. Let n be an arbitrary vector field around p so
that n(q) spans kerdf, at any g € S(f). Then f is A-equivalent to cE, Sw, cAy or cAs if the
following condition holds:

cE | nA(p)
Sw | nA(p)
cAy | nA(p)
cAs )\(P)

II\H\

0 mmA(p) # 0,
7777>\( ) =0, mmA(p) # 0,
mA(p) = nmA(p) = 0, nmmuA(p) # 0.

Through the theory of frontal maps and generating functions, Ishikawa [5, 6] showed that the
tangent developable of a curve of type

(m,m+£L,m+L+7)
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has a parametrization F : (R2,0) — (R?,0) defined by
= t,
s s G(s) +t(sh + s p(s)),
: = (€+r)(m+€+r)/0 ur 20
= (L4+r)(m+Os™TT ot (Um A+ L4 7)sTT )
with some C* functions ¢(s) and ¢(s). These two function must be related to invariants 7
and 7. It is also shown [5, Thm 2.1] that the topological type of the tangent developable of a

space curve is determined by type (m,m + £,m + £ 4 r) of the curve, unless both ¢, r are even,
as mentioned in Introduction.

du

3. SINGULARITIES OF RULED SURFACES

In this section, we prove Theorem 1.1 (2); first we give a certain stratification of the jet space
of triples of functions (k1, 79, 71), and then discuss a variant of Thom’s transversality theorem.

3.1. Dual Bouquet formula. Consider a curve @ : I — D3, 9(s) = vo(s) + cv1(s), with
©-0 =1and |vj(s)] =1 as in §2.2. We are concerned with the germ of ¥ at the origin (sg = 0).
Throughout this section, let &, 7, k', 7/, - - denote their values at s = 0 for short, e.g. &’ = &'(0),
unless specifically mentioned.

By iterated uses of the Frenet formula (Theorem 2.1 (1)), we obtain the “Bouquet formula”
of the curve in D3 at s = 0;

o
(s) = Z '(0) s"+o(r) €D?

ne0 n:
with
v'(0) = &n(0),
0"(0) = —&*9(0)+ & n(0) + &7 E(0),
23(0) = —3&F 0(0) + (& — &* — k7% n(0) + (2&'F + &7') (0),
oW (0) = (B4 & - 48E")0(0) + (B® — 68%% — 3k'7* — 3877 )1 (0)
+(38"F + 387 — &7 + &7 — RT)E(0),
20) = (108%F + bii'#2 + 5277 — bei®)o(0) + (&Y — 6&%F — 67"
—128'7F — 3R(F)? — 4rFF 4 BF 4 &FYR(0) + (48D F 4 6877
~ ! 1 2./ 3./

4357 — R 7 — BB 4 &+ kS — 4k — 6k7%F)E(0),
and so on. A similar but more naive expansion written by Pliicker coordinates, instead of dual

quaternions, can be found in a classical book of Hlavaty [3].
Since dual vectors {©(0),7(0),#(0)} form a D-basis of Im H = D3, we may write

o(s) = [©(0),12(0),2(0) ] w(s),
and by the above derivatives 'I)(k)(O)7 one computes
w(s)=[1—1k%s 4+ ks+i&/s+ - Lkis®+..]T € D3
Recall that three oriented lines in R? determined by unit dual vectors ©(0),72(0), £(0) meet at
one point, which is nothing but the striction point ¢(0), as mentioned just after Lemma 2.2.

By an Euclidean motion, the triple of lines can be transformed to standard coordinate axises of
R3, i.e., v0(0),10(0),0(0) are sent to the standard basis 4, j, k of ImH = R3, respectively, and
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=t,(0) = 0 € R3. Namely, we may assume that the 3 x 3 matrix (with entries in
D) [9(0),7(0),%(0)] is the identity matrix, so 9(s) = w(s). Then

1 0
0(s) =wvo(s)+evi(s)=| s | +&| kis | +o(1).
0 0

At a point (0,t) € I xR, the Taylor expansion of F(s,t) = vg(s) X v1(s)+tvo(s) is immediately
obtained; in particular, F(0,ty) = [to,0,0]7 and

0 1
dF(0,t0)= | to 0
K1 0

This gives an alternative proof of Lemma 2.3: F' is singular at (0, %) if and only if 5, (0) = ¢, =0
(to = 0 means that the point is just the striction point ¢(0) lying on the ruling). Assume that
F is singular at the origin. Then we obtain a canonical Taylor expansion of F':

(1) F(s,t) =

1 21r0Kk" +7! K} r! —2710T
(t — gts? + s, b — Ds? — TGS Dlg? 4 Togg? 4 MT0TLG3 ) 4 o(3).

Remark 3.1. (Truncated polynomial maps) Let F(s,t) be as in (1), and set

F(s,t) = (vo(s) x 01(s)) + tvo(s)

to be a polynomial map of order k with j*F(0) = j*F(0). Denote by 5 the arc-length of the
curve 0g(s), then 5 := s+o0(k), and thus k-jets at 0 of the dual curvature and the dual torsion do
not change from those of F'. That gives examples of polynomial ruled surfaces with prescribed
k-jets of £ and T at a point.

3.2. Recognition of singularity types. Now our task is to find appropriate diffeomorphism-
germs of the source and the target for reducing jets of F(s,t) to normal forms in .A-classification
step by step; for such computations, we have used the software Mathematica.

Let (X,Y,Z) be the coordinates of the target R3. Below, k1, k), - denote their values at
s = 0 unless specifically mentioned. From now on, assume that x1(= #1(0)) = 0. Put y = s and
z=1t—1ts? + Zs® + ... which is the first component of F' in the form (1) above. With this
new coordinates (,y) of the source R?, we set

(2) f(2,y) = Fy, t(x,y)) = (z, fa(z,y), fs(2,y))

= (z, zy — tmy* — %leS, kY + droxy® + %(n’l’ —27om1)y%) + 0(3).
Note that f(z,y) is still of the form 7(y) + zé(y). Now, we apply to this germ f(z,y) the
recognition trees in Mond’s classification [15, Figs.1, 2]. Below, S,::, B,:ct, Cfct, Hj, and Fy denote
Mond’s notations of A-simple germs [15].

e 2-jet: Crosscap Sy is 2-determined, thus it follows from (2) that

fNASO:(x7xy,y2) — k1 =0, K] #0.
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Let x} = 0. Then the 2-jet is equivalent to either of (x,zy,0) or (z,y?,0), according to whether
71 = 0 or not. We compute the second and third component of f as

fo = wy-— %7’192 - %T{ys
+2%1((8 —418)zy® + (=511 + 3131 — 37K — yt)
+ 150( 1570mh2y* + (127074 — 97 + 6787, — 6747 47'0/<ag3) — 7'1(3))y5)
—|—0(5)
f3 = (3T0£L'y -+ ( — 27'07'1)y3)
ﬂ(47'0$y + (=3m7h — 3107 + n(ls)) 4)
120((257'0 575 + 578wyt + (—167971 + 47T — 674tau) — 673KY
~4yPrirf — Ayiror! + 51 )y%) + 0(5).

e 3-jet: Let k1 =k} =0 and 71 # 0. First, let us remove the term xy from fa; take T = x and

y=y— T%x, then we see that

(3) F2F0) ~ (2,97 + lx Y+ 5 Ly, wiaety + L2 (] — 2mom)yP).

The first two components can be transformed to (z,y?) by a coordinate change of (z,y) with
identical linear part and by a target coordinate change of (X,Y), since the plane-to-plane germ
(x,9?) is 2-determined (stable germ). Hence j2f(0) is equivalent to one of the following:

(2,92, 9% £ 22y) k(K] —270m) =0, 1 #0 ---ST,

(4) (:E7y27y3) K/Il/ = 07 ToT1 7é 0 T Sv
(xayzaxzy) K‘/ll :27-07-1 750 B7
(z,92,0) Kl =1=0, 1 #0 - Cl

Note that ST is 3-determined, thus this case is clarified.
Let 71 = 0. Then from (2), we have

J3f0) ~ (z, zy — g71y3, 3T0y® + §K1Y%) .

In the same way as above, j2f(0) is reduced to one of the following:

(mxyy) kY #0, 71=0 < H,
(l‘ xy—i—y 'Ty) H/ll:T1207 7-07-]/.7é0 P7
5 T, 1Y, T K{=m=7=0, 19 #0,
(5) Exachry)O ,1/717170 97’40
Yy ya) Ry =To=T1 = 77—17é )
(z,2y,0) Kl=m=m=1=0.
Each of last three types has codimension > 6, so we omit them here. Below, for types S, B,--- , P

in (4) and (5), we detect A-types with codimension < 5 by checking higher jets and the deter-
minacy.

e S-type: Let k1 = k] =0 and 1971 # 0. Then a computation shows that

(3)
=0 = 0~ (x99 - 52=2%y ),

27'07'

(3) 5 Kt
Kjl_’%l _0 = Jf(O)N Z‘y y_gTO.,.Sxy )

3 X (5)
k=P =k =0 = 5F0)~ (2,295 - 45T0T69c y>
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Note that S is (k + 2)-determined (its codimension is k + 2), thus f is of type S,:f (k=2,3,4)

_ x® (k+1)

if and only if k1 = k] = =0and & To71 S 0 (seemingly, it is so for any k).
y 1 1 =

e B-type: Let k1 = k] = k] — 2797 = 0 and &} # 0. Then it would be A-equivalent to Bj-type
[15, 4.1:17, Table 3]. For instance,

3°f(0) ~ (2,9, 2%y + bay”)
with
bo = 48737 (18 — 2) — 20(73(19)% + 7E(74)?) — 56701 T T,
=249 (107 + T17Y) + 20&53)(%7{ +7n7) — 5(/<a(13))2 + 6/{54)707'1.
Since Bsg is 5-determined,
fraBy:(zy Py +£9°) = 520

Let b3 be the coefficient of y” in the last component of j7 f(0 ) which is written as a polynomial
in derivatives of invariants at s = 0, then Bi (x,9y% 2%y £9y7) is detected by the condition that
bo = 0 and b3 # 0. Here Bs is of codlmensmn 5.

o C-type: Let k1 = k) =k{ =79 =0, 11 #0. Through
P(X,Y, Z) = (%X, Y, 2(Z—aY? - bXQY))

(3)

with a = i(ngs) —3n1), b= Ky~ —T1T,), we see that

2‘r (
7410 ~ (2, 12, £Pady+ (6 - 2mm)ay?) .
Since Cj3 is 4-determined (of codimension 5),

3 3
FraCE: (e £y — PP -2n7) 20

e H-type: Let k1 = kf = 7 = 0 and kY # 0. Then it would be A-equivalent to Hy-type
[15, 4.2.1:2]. A lengthy computation shows that

jsf(o) ~ (l‘, Ty + h2y5a yB)
with
hy = —1578(7))3 — 2474 (m9)%kY — 367 (kY)? — 1578 7] (k])? — 247 (K))?
—tryr{nt + 20m(rl R — (el + SR 72
—4(k /1/)2 (3) + 47! )RS (4)
Since H, is 5-determined,
f~a H2i S(xyxy £9°,9%) = ho20.

Let h3 be the coefficient of y® in the middle component of j8£(0), then Hs : (z,zy + 9%, y3) is
detected by he = 0 and h3 # 0 (Hs is of codimension 5).

e P-type: Let k1 = k] = k{ =1 =0 and 797y # 0. Then we see that there is a polynomial p,
in derivatives of k1, 79, 71 so that

froa Py (z, ay+9y°, 2y + pay®)
for ps #0,%,1,3 [15, §4.2].
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Remark 3.2. (Characterization of Cj and F,) Among A-simple germs obtained in Mond
[15], we have just discussed germs of type Sfct, B,f and Hj. So there remain Cy (k > 4) and Fy,

which are the next to Cs-type above. Suppose that KEB)(,%&S) —2774) = 0. Then we have the
following condition for each of them.

o If mgg) =0 and 77 # 0, then j4£(0) ~ (z,y? xy3) and

(3) _ 5 2 3 &Y 4
kio =0 = JPHO)~ |2y 2y - oty )

8714 T

3 4 - P
) =kP =0 = jOF0) ~ (2,97t - 457}67f‘x5y> :

Since CF : (92, 2y® £ 2¥y) is (k + 1)-determined, we see that f is of type Ci (k = 4,5) if and
onlyif gp=k1 =k} == ﬁ%kil) =0 and ﬁgk)r(’)ﬁ < 0 (seemingly, it is so for any k).
o If /{53) =277 # 0, we have j*£(0) ~ (z,y?, z3y) and
fra Fy(x,92, 2%y +9°) — 3/154) — 8y — 1217 # 0.

Remark 3.3. (Non-realizable jets) Let us continue the argument in Remark 3.2. If

mgg) =74 =0, then f should be of codimension > 7 and a computation shows that
72 f(0) ~ (x, v, n§4)x4y + (KJ§4) — At + 2\/5(/$§4) - 27’17’6/)1'2:[/3) .
In particular, if two of three coefficients 5(14), 5(14) —An Ty, n(14) — 21 7)) are zero, then all are

zero. Thus, for instance, the following 5-jets are not equivalent to jets of any non-cylindrical
ruled surface:

(x, 9%, 2'y), (9% 2%%), (2,97 ¢°).
The 5-jet (z,y?,y°) is obviously realizable by a cylinder, while the 5-jets

(z,y%,2'y) and (z,y° 2%

are not equivalent to jets of any ruled surfaces, even if we drop the condition €’(0) # 0. In fact,
put F' = r(s)+te(s) with r(s)-e(s) = 0 and e(s) = (1,0, 0)4o(s). If F is singular at (s,t) = (0,0)
and 7(0) = 0, then r(s) = o(s). It is easy to see that F ~4 f = (z,y*h(x,y),y>g(x,y)) with
some functions h,g of the form p(y) + xzq(y), and thus the 5-jet of F is never equivalent to
those two jets mentioned above. By the same reason, the A3-orbit of the 3-jet (z,y3, z2y) is not
realized by jets of any ruled surfaces (the 2-jet (x,0,0) never appears in non-cylindrical ruled
surfaces as seen before, and the 3-jet is not realizable by ruled surfaces with e’(0) = 0, that is
shown in the same way as above).

3.3. Transversality. To precisely state gemericity of ruled surfaces, we need an appropriate
mapping space (moduli space) equipped with a certain topology. By the definition, a residual
subset of a mapping space is a union of countably many open dense subsets. When maps having
a prescribed condition form a residual subset, we often say that such a map is generic, abusing
words. Let I be an open interval containing 0 € R and let u denote the coordinate of I. As the
mapping space of non-cylindrical ruled surfaces, we take

R = {® =y +evy € C(I, ) |vj(u) £0(ue )}

equipped with Whitney C'* topology. As a remark, Izumiya and Takeuchi [10] and Martins and
Nufio-Ballesteros [13] took the space C* (I, R? x §?) instead of C°°(I,U), but the difference does
not affect the matter of genericity arguments — given a pair (r,e) of base and director curves,
we simply assign a curve @ : I — U with vg = e and v; =T X e.
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Also we put
M= COO(I, R>0 X RB)

of quadruples (kg, k1, 7o, 71) of real-valued functions with xo(u) > 0 equipped with Whitney C*°
topology. Any curve 9(u) in R defines D-valued functions, #(u) and 7(u) (parameterized by
a general parameter u € I), that produces a continuous map ® : R — M. Obviously, ® is
surjective. In fact, given a quadruple of functions (kg (u), k1 (w), 70(w), 1 (u)) € M, put a new
parameter s := s(u) = [ ko(u)du and define r1(s) := r1(u(s)), etc. Then, three functions
k1(s),70(8), T1(s) determines, up to Euclidean motions, the curve #(s) = vg(s) + evi(s) by
solving the ordinary differential equation determined by the Frenet formula. The ambiguity is
fixed by the initial values ©(0),7(0),%(0), which corresponds to the initial orthogonal axes in
R3 at u = 0. Put ¥(u) := 9(s(u)) € R; the set of such cruves is exactly the preimage via ® of
the given quadruple of functions. That implies that for a dense subset O C M, the preimage
®~1(0) is also dense in R.

The above construction is extended for a parametric version. Let W be an open subset
of R? (0 < p < 3), and consider the subspace Ry of C(I x W, U) which consists of maps
D(u, A) = vo(u, A) + vy (u, \) with parameter A € W satisfying dvg/0u # 0 at any (u, A). Put
My to be the mapping space of I x W — Ry x R3, and then a surjective continuous map
® : Ry — Myy is defined in entirely the same way as above. For a dense subset O C My, the
preimage ®~1(0) is also in Ry .

As seen in the previous section, we have obtained a semi-algebraic stratification of the jet
space J” := R? x J"(1,3) up to codimension 4 (r sufficiently large). In fact, any strata are
defined by the conditions in Table 1 of (in)equalities in Taylor coefficients {H(lk), Ték), Tl(k)}og k<rs
which form a system of coordinates of the affine space J". Notice that these Taylor coefficients
are with respect to the arclength parameter s. For each quadruple (kg, K1, 70,71) € M, we put

s=s(u,\) == /Ou ko(u, A)du, o(u, A) = (k1(u, A), To(u, A), 71 (u, A)).

By the assumption that 9s/0u = kg > 0, let @(s,\) := ¢(u(s, ), \). Then we define
U:IxWx My —J, U(u, A, (Ko, @) := jop(s(u, A), A),

where jI ¢ means the r-jet respect to the parameter s. By a version of Thom’s transversality
theorem (Lemma 4.6 in [1]), there is a dense subset O of My so that for any ¢ € O, the jet
extension W, , : I x W — J" is transverse to every stratum of our stratification of J". Hence,
®~1(0) is dense in Ry, and for any element of ®~1(0), only A-singularity types listed in Table
1 appears. This completes the proof of (2) in Theorem 1.1. (Il

Remark 3.4. (A.-versal deformations) For each type in Table 1, an A.-versal deformation
of the germ is realized by a generic family of non-cylindrical ruled surfaces. This is directly
checked by computations. For instance, as in Table 1, the Sf—singularity of ruled surface at
s = 0 is characterized by x1(0) = «1(0) = 0, Y(0) # 0,279(0)71(0) and 71(0) # 0. Suppose
that ¢ = (k1(s),70(s),71(s)) : I — R3 satisfies this condition. Define a l-parameter family
I xR — R by ¢(s,\) := ¢(s) + (A,0,0), then obviously, its 1-jet extension jly is transverse
at (0,0) to the stratum defined by k1 = &} = 0 in J! = R® x J(1,3). This family yields a
1-parameter family F'(s,t,\) = (¢t,ts — %82, As) + 0(2) of ruled surfaces. By using a coordinate
change of x = ¢t + --- (= first component of F(s,t,\)) and y = s and some target changes, we
see that the germ of F(s,t, \) is equivalent to (z,y?,y® + 2%y + \y), which is an A.-miniversal
deformation of Sli—singularity.
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4. SINGULARITIES OF DEVELOPABLE SURFACES

4.1. Recognition of singularity types. For non-cylindrical developable surfaces, x1(s) = 0

identically. Hence the Taylor expansion of f is (2) with ng) =0 for all &:

f(‘rvy) = F(y,t((ﬁ,y)) = (.’E, Y — %le2 - %T{ySa %Toxyz + %TOleS) + 0(3)
Using the A-criteria mentioned in §2, we classify singularities arising in generic families of de-
velopable surfaces. Notice that there are two different aspects; singularities of frontal surfaces

correspond to the case of 7 # 0, while singularities of wavefronts correspond to the case of
71 = 0. Below we prove Theorem 1.5.

e Caseof 11 #0: By s=y+ Tflx and some linear change of the target, we have

f=(z,9* +0(2), fs(x,y)) with f3 =710y + 0(3).
Note that (z,y?) is 2-determined and that each term 2*y?! in f3 can be removed by a coordi-
nate change of the target (X,Y,Z) — (X,Y,Z — X¥Y!). Use Proposition 2.5 in §2 ([16]) for
determinacy in CE.
(i) If 79 # 0, then f ~4 (x,9%,y?), since it is 3-determined in CE.
(ii) Let 790 = 0. Computing the 4-jet, we see

fs = 75(62%y* + 8may® + 3r7y") + o(4).
If 7 # 0, then f ~4 (z,y?, zy?), for the germ is 4-determined in CE. Hence f is of type

cuspidal crosscap.
(iii) Let 79 = 74 = 0. Computing the 5-jet, we see
fz = 7 (1023y? + 207 2%y® + 15772y + 477y°) + o(5).
If 7/ # 0, by target changes using X = z and Y = g2, terms z3y? and zy* can be
removed from Z = f3, thus we see that f ~4 (x,vy% y3(2® + y?)), for this germ is

5-determined in CE. That is cuspidal S; -type. Note that cuspidal S never appears.
iv) Let 19 = 7y = 7/ = 0. Computing the 6-jet, we see
0 0 g
f3 = 70 (152 + 40m 23y® + 4573 2%y* 4 24132y + 5719°%) + 0(6).

If 7" # 0, then f ~4 (z,y? y3(a® + xy?)), for the germ is 6-determined in CE. That is
cuspidal Cy-type, while cuspidal C; does not appear. Note that 7o = 7, = 7§/ = 0 if
and only if the 5-jet of f is equivalent to (z,y?,0), thus cuspidal S and B-types never
appear, as mentioned in Remark 1.6.

e Case of 7y = 0: Then f = (z,zy — +7{y%, 119zy?) + 0(3). Note that j2f(0) ~ (z,zy,0), thus
types Agi and Dy, never appear (Remark 1.6).

If 7o = 0, 72£(0) is equivalent to either (z,zy + y>,0) or (z,ry,0), that is of type T} or Tj
(codimension 3,4) in Table 2. Now assume that 79 # 0. Write

f = (I’7 fQ(I,y), f3(I7y)) = (I, Y — %T{ygvny) + 0(3)
The singular point set S(F) is defined by (f2)y, = (f3)y = 0, and through a computation, it is
simplified as A = 0 with
A= defy? = ey — ("~ Bri)yt + o)

We may take n = 9/0y as a vector field which generates ker dF along S(F'). Then, nA(0) = 0,
"

nmA(0) = —71, nqmA(0) = —7{ and nmmnA(0) = — (7" — 37]). Hence, by Izumiya-Saji’s criteria
in §2.5, we have the conditions for detecting Sw, cA4 and cAs.
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4.2. Topological classification. We prove Theorem 1.7. Let o(s) be the striction curve of
a non-cylindrical developable surface. Assume that o(0) = 0 € R3, and consider the germ
o: (R,0) — (R3,0). Since {vo(s),no(s),to(s)} form a basis of R? for each s, we denote the k-th
derivative by
o™ (s) = Ap(s)vo(s) + Bi(s)no(s) + Cr(s)te(s) (k>1)

where Ay (s), Bi(s), Cr(s) are some functions. Then, with respect to the basis {vo(0), 10(0),t0(0)},
the expansion of ¢ at s = 0 is given by

o(s) = (A1(0)s + 2 A5(0)s* + - -+, B1(0)s + 3B2(0)s* + - -+ ,C1(0)s + £C2(0)s* + - - -).

Now assume that o is of type (m,ny,ns), i.e.,

A1(0) == A,-1(0) =0, A,,(0) #0,

B1(0) =+ = Bn,-1(0) =0, By, (0) #0,

CI(O) == nz—l(o) =0, an(o) #0
Since ¢’(s) = 71(s)vg(s) for a developable surface (Lemma 2.2 (iii)), we see that A;(s) = 71(s)
and Bi(s) = 1( ) = 0. By the Frenet formula (Theorem 2.1 (1)),

0(k+1) = (O'(k))/ = {Akvo + Bk’no + th()}/
= (A;c - Bk)UO + (B,/C + Ay — CkTo)’I’LO + (O;’c + BkTo)to
= Ap41v0 + Brp1mno + Crpito.

Thus for & = 1, we have As(s) = 7{(s), Bz2(s) = 71(s), Ca(s) = 0, and for k = 2,
As(s) = 74 (s) — 11(s), Bs(s) = 27{(s) and C5(s) = 7o(s)71(s). For k > 3, there are some
smooth functions ay (), bk «(s), ¢k« +(s) and positive numbers B, vx,0, -, Vkk—3 > 0 such
that

Ak(s) = aro(8)7a(s) + -+ + aps—a(s)m" 2 (s) + 71V (s),

Bi(s) = bio(s)71(8) + - + byaa ()7L () + Bert¥ 2 (s),

Ci(s) = {ero.0(s)mo(s) + - mmo - <>}n<>
+{ern0(8)70(8) + -+ ars 7 (s) b () +
+{Crr-2,0(8)70(8) + W—arh(s) 7" <s>w,k_gTo(s)rf‘“‘?’)(s).

Hence, by the assumption on Ax(0), we have

and thus
Bi(0) =+ =By (0) =0, Bmny1(0) #0, C1(0) == Cpy2(0) =0.
In particular,
np=m+1, ngo=m+1+r (r>1).
By the above formula of Cy(s) with k =m + 1+ r, we see
n(0) = =720 =0, 7"V #0.

Conversely, if the order of 79 and 7, are r and m — 1, respectively, then the type of o is

(m,m+1,m+1+r).
This completes the proof. O
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