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ABSTRACT. In a joint work with Kazuya Kato and Chikara Nakayama, log higher Albanese
manifolds were constructed as an application of log mixed Hodge theory with group action. In
this framework, we describe a work of Deligne on some nilpotent quotients of the fundamental
group of the projective line minus three points, where polylogarithms appear. As a result,
we have g-expansions of higher Albanese maps at boundary points, i.e., log higher Albanese
maps over the boundary.

0. INTRODUCTION

We review the results of [11]: - General theory of log mixed Hodge structures with polarizable
graded quotients endowed with group actions. - Description of the functors represented by higher
Albanese manifolds in terms of tensor functors. - Toroidal partial compactifications of higher
Albanese manifolds to get log higher Albanese manifolds, and describe the functors represented
by them.

We describe a result of Deligne in [3] about polylogarithms, which were appeared in higher
Albanese maps, in terms of the log higher Albanese maps. The advantage of our formulation is
that log higher Albanese maps have ¢ expansions at the boundary points over which we observe
directly {(n) (n > 2) as values of polylogarithms.

For readers’ convenience, we add as Appendix a summary of the related result of Deligne
in [3].

Actually, for the present description in Section 3, it is enough to use the formulation of spaces
of nilpotent orbits in [10] Part III. The formulation of them in [11] is reviewed in Sections 1 and
2 for further study in the case of higher Albanese manifolds with non-trivial Hodge structures.

1. LoGg MIXED HODGE STRUCTURES WITH GROUP ACTION

We review general formulations and results of log mixed Hodge structures with group action
in [11] and [10] Parts III, IV, in a minimal size for the later use of this paper. The full version
will be appeared in [10] Part V.

1.1. A log structure on a ringed space (S,Og) consists of a sheaf of monoids M on S and a

homomorphism « : M — Og such that a1 (0%) = OF.

1.2. Example. Let S = C and {0} a divisor. The associated log structure is
M = {f € Og| f is invertible on S \ {0}}.
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S'°¢ is defined to be the set of all pairs (s,h) consisting of a point s € S and an argu-
ment function h which is a homomorphism M, — S! of monoids whose restriction to O;,s is
In this case, the ringed space (S'°8, Og*) is explained as follows. Let

Slos .— CU (R x i) = R x (R U o)

endowed with coordinate function z = z + iy (—oo < y < o0). Let S°8 := (CU (R x ic0))/Z,
and consider maps S'°& — S8 4 S : 2 = x4 iy > (e 2™, €2™%) s ¢ := €2™%. Note that
(e727Y_ ¢2™®) is a polar coordinate extended over —oco < y < 0o, and S°8 — S is a real oriented
blowing-up at {0}, which is proper. h : My — S' in ¢ := (0,h) € S'°8 sends ¢ to €>™*@. Since
z is considered as a branch of (27i)~!log(q), we have (’)};% = Og[#] which is isomorphic to a
polynomial algebra Og o[T] of one indeterminate T over Og o under z <+ T ([12] 2.2.5).

For more general and finer treatment, see [9], [12] 2.2.

1.3. Let G be a linear algebraic group over Q. Let GG, be the unipotent radical of G and let
Greda = G/G,. Let Rep(G) be the category of finite-dimensional linear representations of G over

Q.

1.4. Let kg : G,, — Gireq be a Q-rational and central homomorphism. Assume that, for one
(hence all) lifting G,,, r — Gr of ko, the adjoint action of G, r on Lie (G,)r = R®q Lie (Gy,)
is of weight < —1.

Then, for any V' € Rep(G), the action of G, on V via a lifting G,, — G of ko defines an
increasing filtration W on V over Q, called weight filtration, which is independent of the lifting.

1.5. Assume that we are given a homomorphism kg : G, — Gieq as in 1.4. A G-mized
Hodge structure (G-MHS, for short) of type ko is an exact ®@-functor ([4] 2.7) from Rep(G) to
the category of Q-mixed Hodge structures keeping the underlying vector spaces with weight
filtrations.

1.6. Asin [2], let Sc/r be the Weil restriction of scalars of G, from C to R. It represents the
functor A — (C®gr A)* for commutative rings A over R. In particular, S¢/r(R) = C*, which
is understood as C* regarded as an algebraic group over R.

Let w : G, — Sc/r be the homomorphism induced from the natural map A* — (C®gr A)*.

1.7. The following (1) and (2) are equivalent:
(1) A finite-dimensional linear representation of Sc/gr over R.
(2) A finite-dimensional R-vector space V' with a decomposition

Ve:i=CarV=p V&1

P,q€EZ

such that, for any p, ¢, V4" is complex conjugate of V&? (Hodge decomposition).
For a finite-dimensional linear representation V' of S¢/gr, the corresponding decomposition is
defined by

V&Y :={ve Vo |[z]v=2Pz% for z € C*}.

Here [z] denotes z € C* regarded as an element of S¢/gr(R).
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1.8. Let H be a G-MHS of type ko (1.5). By 1.7 and Tannaka duality (cf. [4] 1.12 Théoreme), the
Hodge decompositions of gr'" of H(V) for V € Rep(G) give a homomorphism Sc/r — (Gred)R

such that the composite G,, — Sc /R — (Gred)R coincides with kg. We call this

Sc/r = (Gred)rR

the associated homomorphism with H.

1.9. Let ko : Gy — Grea be as in 1.4, Fix a homomorphism hg : Sc/r — (Gred)r such that
ho ow = ko.

G-mized Hodge structure of type hg is a G-mixed Hodge structure of type ko (1.5) whose
associated homomorphism Sc/r — (Gred)Rr (1.8) is Grea(R)-conjugate to hy.

The period domain D = D(G, hg) associated to (G, hg) is defined to be the set of isomorphism
classes of G-mixed Hodge structures of type hg.

1.10. Usual period domains of Griffiths [5] and their generalization for mixed Hodge structures
[13] are special cases of the present period domains.

Let A = (Ho, W, ({ , )w)w, (h?"?),, o) be the Hodge data as usual as in [10] Part III. Let G
be the subgroup of Aut(Hyq, W) consisting of elements which induce similitudes for ( , )
for each w. That is, G := {g € Aut(Hyq,W) | for any w, there is a t,, € Gy, such that
(92, 9Y)w = tw (@, Y} for any z,y € gr!V }. Let Gy := Aut(Ho.q, W, ((, Yuw)w) C G.

Let D(A) be the period domain of [13]. Then D(A) is identified with an open and closed part
of D in this paper as follows.

Assume that D(A) is not empty and fix an r € D(A). Then the Hodge decomposition of
gr''r induces hg : Sc/r — (Grea)r- (We have ([z]z, [z]y)w = [2[**(z,y)w for z € C* (see
1.6 for [z]).) Consider the associated period domain D (1.9). Then D is a finite disjoint union
of G1(R)G,(C)-orbits which are open and closed in D. Let D be the G1(R)G,(C)-orbit in
D consisting of points whose associated homomorphisms Sc/r — (Dred)r are (G1/Gu)(R)-
conjugate to hg. Then the map H — H(Hp q) gives a G1(R)G,(C)-equivariant isomorphism
D ~ D(A).

1.11. Fix a homomorphism hg : Sc/r — (Grea)r as in 1.9.

Let C be the category of triples (V, W, F') consisting of a finite-dimensional Q-vector space V,
an increasing filtration W on V' (called the weight filtration), and a decreasing filtration F' on
Ve (called the Hodge filtration).

Let Y be the set of all isomorphism classes of exact ®-functors from Rep(G) to C preserving
the underlying vector spaces with weight filtrations.

Then G(C) acts on Y by changing the Hodge filtration F. We have D C Y and D is a
G(R)G,(C)-orbit in Y (cf. [11] Proposition 3.2.5). We define D := G(C)D in Y. Thus

DcD=G(C)DcCY.

Disa G(C)-homogeneous space and D is an open subspace. Hence D and D are complex
analytic manifolds.

1.12. Let ho : Sc/r — (Grea)r be as in 1.9. Let C be the image of i € C* = S¢/r(R) by ho
in (Grea)(R) (Weil operator). We say that hg is R-polarizable if {a € (Grea)'(R) | Ca = aC} is
a maximal compact subgroup of (Greq)’(R). Here (Greq)’ denotes the commutator subgroup of

Gred .

1.13. Let ho : Sc/r — (Grea)r be R-polarizable (1.12).
Let T" be a subgroup of G(Q) for which there is a faithful V' € Rep(G) and a Z-lattice L in V
such that L is stable under the action of T".
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Then the following holds ([11] Proposition 3.3.4):

(1) The action of T on D is proper, and the quotient space I'\ D is Hausdorff.
(2) If T is torsion-free and if yp = p with v € T" for some p € D, then v = 1.

(3) If T is torsion-free, then the projection D — I'\ D is a local homeomorphism.

1.14. Let (G, hg) be as above.

A nilpotent cone is a cone o over R in Lie (G)r generated by a finite number of mutually
commuting elements such that, for any V € Rep(G), the image of o under the induced map
Lie (G)r — Endgr (V') consists of nilpotent operators.

For F € D and a nilpotent cone o, (o, exp(cc)F) is a nilpotent orbit if it satisfies the following
conditions: Take a generators Ni,..., N, € Lie (G)gr of the cone o.

(1) (admissibility) There is a faithful V' € Rep(G) such that the relative monodromy weight
filtrations M(N;, W) on V exist for all 1 < j <n.

(2) (Griffiths transversality) N;FPCEFP~! for any 1 < j <n, p € Z.

(3) (limit mixed Hodge property) exp(Z?:1 iy; N;)F € D if y; € Ry are sufficiently large.

This is well-defined, i.e., independent of choices of generators Ny, ..., N,.
Note that, for admissibility, the above condition (1) is enough under the assumption of R-
polarizability (cf. [7], [10] III Proposition 1.3.4, Remark in 2.2.2, [8] Proposition 2.1.10).

1.15. A weak fan ¥ in Lie (G) is a nonempty set of sharp rational nilpotent cones satisfying
the conditions that it is closed under taking faces and that any o,¢’ € ¥ coincide if they have a
common interior point and if there is an F' € D such that both (o, exp(cc)F) and (0/, exp(oi) F)
are nilpotent orbits.

For a weak fan ¥ in Lie (G), let Dy be the set of all nilpotent orbits (o, exp(o¢)F) with o € &
and F € D.

1.16. Let T be a subgroup of G(Q) as in 1.13.
A weak fan ¥ in 1.15 is said to be strongly compatible with T" if ¥ is stable under the adjoint
action of I" and each cone o € ¥ is generated over R by log of exp(o) NT.

1.17. B denotes the category of locally ringed spaces with a covering by open sets each of which
has the strong topology in an analytic space. B(log) denotes the category of objects of B endowed
with an fs log structure. For precise definitions of these, see [12] 3.2.4, [10] Part IIT 1.1.

1.18. Let S € B(log). A Q-log mized Hodge structure (Q-LMH, for short) with R-polarizable
graded quotients on S is (Hq, W, Hp, F) consisting of locally constant sheaf Hg with an in-
creasing filtration W of Hg on (Slog,(’)lb?g), locally free sheaf Hp with a decreasing filtra-
tion F of Hp on (S,0g) such that grl. is locally free for all p, and a specified isomorphism
Og’g ®q Hq ~ (’)}S?g ®os Ho, whose pullbacks to each fs log point s € S satisfy the following
conditions (1)—(3).

(1) (admissibility) Let Nq,..., N, be a generator of the local monodromy cone

C(s) := Hom (M, /O, Rso) C m1(58).

The relative monodromy weight filtrations M (N;, W) exists for all 1 < j < n.

(2) (Griffiths transversality) VFPCw!'¢ @ FP~! for all p € Z.

(3) (R-polarizability on graded quotients) For each w € Z, there is a non-degenerate (—1)*-
symmetric bilinear form ( , ), : H(gr’)r x H(gr!¥)r — R over R such that the quadru-
ple (H(gr™),{ , )w, H(gr¥)o, F(gr!V)) is an R-polarized log Hodge structure of weight w on
s. The last part means as follows. Let ¢1,...,¢. € M, ~ OF whose classes generate the
monoid M,;/OF. For t € s'°¢ and a € sp(t) with exp(a(log(g;))) sufficiently small for all
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1<j<r, (HgW),{, Yuw H(g¥)o, F(grl¥)(a)) is an R-polarized Hodge structure. Here we

w w

use H(grl¥ ) := R®q H(grll), H(grl )o = O, ®q H(grtl), F(grl) := F(H (gt} )o).

Note that, in [12] Definition 2.4.7, [10] Part III 1.3.2, rational polarizations on graded quotients
were used. But, in the present paper, we use R-polarizability on graded quotients. Even under
this latter condition, the proof of [10] Part III Proposition 1.3.4 works.

1.19. Definition. Given (G, hg) and T as in 1.13. Let S € B(log).

A G-log mized Hodge structure with a I'-level structure on S is (H, ) consisting of an exact
®-functor H : Rep(G) — LMH(S); (V,W) — (V,W, F) and a global section p of the quotient
sheaf T'\Z.

Here Z is the following sheaf on S'°8. For an open set U of S'°¢ Z(U) is the set of all
isomorphisms Hq|y — id of ®@-functors from Rep(G) to the category of local systems of Q-
modules V' on U preserving the weight filtration W.

1.20. Let (G, hg) be as in 1.13 and let ' and ¥ be as in 1.16.

A G-LMH H on S with a I'-level structure p is said to be of type (ho, X) if the following (i)
and (ii) are satisfied for any s € S and any t € s'°8. Take a ®-isomorphism fi; : Hq: = id
which belongs to ;.

(i) There is a cone o € ¥ such that the logarithm of the action of the cone
Hom ((Ms/0%)s,N) C m1(s'°8) on Hq is contained, via fi;, in o C Lie (G)g.

(ii) Let o0 € ¥ be the smallest cone satisfying (i). Let a : (91;% — C be a ring homomorphism
which induces the evaluation Og s — C at s and consider the Hodge filtration F' of the functor
V = fiza(H(V)) in Y. Then this functor belongs to D and (o, F) generates a nilpotent orbit.

If (H,u) is of type (hg,X), we have a map S — T'\ Dy, called the period map associated to
(H, ), which sends s € S to the class of the nilpotent orbit (o, Z) € Dy which is obtained in

(ii).

1.21. Let (G, hg) be as in 1.13 and let T and ¥ be as in 1.16.

Introduce on T'\ Dy, the strong topology, that is the strongest topology for which the period
map S — '\ Dy is continuous for all (S, H, i), and introduce a sheaf of holomorphic functions
O and a log structure M.

Theorem 1.22. Let (G, ho,T,X) be as in 1.21. Assume that hy is R-polarizable (1.12). Then
(1) T'\ Dy, is Hausdorff.

From hereafter, assume that T' is neat.

(2) T'\ Dy, is a log manifold ([10] Part III 1.1.5). In particular, I'\ Dy, belongs to B(log).

(3) T'\ Dy, represents the contravariant functor from B(log) to (Set):

S+ {isomorphism class of G-LMH over S with a T-level structure of type (ho,X) }.

(4) Let S be a connected, log smooth, fs log analytic space, and let U be the open subspace of
S consisting of all points of S at which the log structure of S is trivial. Assume that S\ U is a
smooth divisor.

Let (H,p) be a G-MHS over U of type hy (1.9) endowed with a T'-level structure (1.19). Let
¢ : U —= T\ D be the associated period map. Assume that (H,p) extends to a G-LMH over S
with a T'-level structure of type (ho,X).
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Then, ¢ extends to a morphism @ in B(log) in the following commutative diagram:
S —% 5 '\ Dy

U U
U —*— T\D.

2. LOG HIGHER ALBANESE MANIFOLDS

We review here formulations and results of higher Albanese manifolds in [6] and of log higher
Albanese manifolds in [11].

2.1. Let X be a connected smooth algebraic variety over C. Fix b € X. Let I be a quotient
group of 7 (X, b) which is torsion-free and nilpotent.

Let G = Gr be the unipotent algebraic group over Q whose Lie algebra is defined as follows:
Let I be the augmentation ideal Ker(Q[I'] — Q) of Q[I']. Then Lie (G) is the Q-subspace of
QLN := lim Q[I'])/I™ generated by all log(vy) (y € T'). The Lie product of Lie (G) is defined by
[z,y] = xy — yz. We have T C G(Q).

2.2. Let m; = m(X,b). Let J be the augmentation ideal Ker(Q[m;] — Q) of Q[m;1]. For a
positive integer n, let T';, be the image of m — Q[m1]/J™. Then Lie (Gr, ) has a mixed Hodge
structure induced from de Rham theory on the path spaces over X by Chen’s iterated integral.

For a given I' as in 2.1, there exists n > 1 such that I' is a quotient of I',,. Hereafter we
assume that Lie (Gr) has a quotient mixed Hodge structure of the one on Lie (Gr,). Note that
this mixed Hodge structure on Lie (Gr) is independent of the choice of n.

We note that there is an insufficient statement on mixed Hodge structure on Lie (Gr) in [11]
6.1.2. The authors of [11] agreed to correct this part, so as to assume the existence of this mixed
Hodge structure on Lie (Gr) as above in the present paper.

Let G = Gr. Let F'Lie(G)c be the 0-th Hodge filter on Lie (G)c and let FOG(C) be the
corresponding subgroup of G(C). The higher Albanese manifold associated to (X,T") is defined
in [6] as

AX,F = F\Q(C)/FOQ(C)

2.3. Take a Q-MHS V; with polarizable gr'¥" having the Q-MHS on Lie (G)q with G = Gr in
2.2 as a direct summand.

Let @ C Aut(Vy,q) be the Mumford-Tate group associated to Vj, i.e., the Tannaka group of the
Tannaka category (Vo) generated by Vo: (Vo) = Rep(Q). Explicitly, it is the smallest Q-subgroup
Q of Aut(Vp,q) such that Qr contains the image of the homomorphism & : Sc/r — Aut(Vor)
and such that Lie (Q)r contains 6. Here h and § are determined by the canonical splitting of
the Q-MHS V, ([1], [10] Part II 1.2).

The action of @ on Lie (G) induces an action of  on G. By this, define a semi-direct product
G of Q and G:
1-G—->G—Q—1.
We have G C G,. We have hg : Sc/r — (Qred)R = (Gred)r by using the Hodge decomposition
of gt V.
2.4. Let D¢ (resp. Dg) be the period domain D for G (resp. ) and hg in 2.3. We have a
canonical map I'\ Dg — D¢ induced by G — Q.
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Let bg € Dg be the isomorphism class of the evident functor Rep(Q)) — Q-MHS by definition

in 2.3, and let bg € D¢ be the isomorphism class of Rep(G) — Rep(Q) bg Q-MHS via the section
Q— G.
Let D be the fiber of the map Dg — Dg over bg.

Theorem 2.5. The map G,(C) — D¢g ; g g-bg induces an isomorphism
Axr =T\G(C)/F°G(C) ~T\D
of analytic manifolds.

2.6. Let Cx r be the category of variations of Q-MHS H on X satisfying the following three
conditions:

(1) For any w € Z, gr!¥# is a constant polarizable Hodge structure.

(2) H is good at infinity in the sense of [6] (1.5), i.e., there exists a smooth compactification X
of X with normal crossing boundary divisor X \ X such that the Hodge filtration bundles extend
to sub-bundles of the canonical extension of O-module of H which induce the corresponding thing
for each gr'V¥#, and that, for the nilpotent logarithm Nj of a local monodromy transformation
about a component of X \. X, the relative monodromy weight filtration M (N;, W) exists.

(3) The monodromy action of 71 (X, b) factors through T

Hain and Zucker showed

Theorem 2.7. ([6] (1.6) Theorem). The category Cx r is equivalent to the category of Q-MHS
V' with polarizable g™V endowed with an action of Lie (G) such that Lie(G) @ V. — V is a
homomorphism of MHS.

2.8. Define a contravariant functor Fr : B(log) — Sets as follows: For S € B(log), Fr(S) is
the set of isomorphism classes of pairs (H, u) of an exact ®@-functor H : Cx r — MHS(S) and a
I'-level structure p satisfying the following condition (i). Here a I'-level structure means a global
section of the sheaf I'\ Z, where Z is the sheaf of functorial ®-isomorphisms H(H)q — H(b)q
of Q-local systems preserving weight filtrations.

(i) For any Q-MHS h, we have a functorial ®-isomorphism H (hx) = hg such that the induced
isomorphism of local systems H (hx)q = hq = hx(b)q belongs to u. Here hx (resp. hg) denotes
the constant variation (resp. family) of Q-MHS over X (resp. S) associated to h.

Theorem 2.9. Let the notation be as in 2.8. The functor Fr is represented by Ax r ~T'\D.

This follows from Theorem 2.5 and Theorem 2.7.
Let ¢ : X — Ax r be the higher Albanese map.

2.10. Let ¥ be a weak fan in Lie (G) such that o C Lie (G)gr for any o € ¥. Assume that ¥ and
I’ are strongly compatible. Let I'\ Dg 5 — Dg be a canonical morphism induced by G — Q.
Define

Ax ry:= (the fiber of I'\ D¢ 5; — D¢ over bg) € B(log)

Define a contravariant functor Fr x : B(log) — Sets as follows: For S € B(log), Fr =(S) is the
set of isomorphism classes of pairs (H, p1) consisting of an exact ®-functor H : Cx r — LMH(S)
and a I'-level structure u satisfying the condition (i) in 2.8 and also the following condition (ii).

(ii) The following (ii-1) and (ii-2) are satisfied for any s € S and any ¢ € s'°8. Let

fir : HH)q.e = H(b)q
be a functorial ®-isomorphism which belongs to .

(ii-1) There is a ¢ € ¥ such that the logarithm of the action of the local monodromy cone
Hom ((Mg/0%)s,N) C m1(s'°8) on Hq is contained, via fi;, in o C Lie (G)r.
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(ii-2) Let 0 € X be the smallest cone which satisfies (ii-1) and let a : (9?7% — C be a
ring homomorphism which induces the evaluation Og s — C at s. Then, for each H € Cx r,
(0, fit(a(H(H)))) generates a nilpotent orbit in the sense of [10] Part III, 2.2.2.

Theorem 2.11. Let the notation be as in 2.9 and 2.10.

(1) The functor Fpx is represented by Axr x.

(2) Let X be a smooth algebraic variety over C which contains X as a dense open subset such
that the complement X ~\ X is a smooth divisor. Endow X with the log structure associated to
this divisor. Assume that 3 is the fan consisting of all rational nilpotent cones in Lie (G)r of
rank < 1 (denoted by Z in [11] 6.2.5). Then, the higher Albanese map ¢ : X — Axr extends
uniquely to a morphism @ : X — Ax r.x of log manifolds.

Since an object of Cx r is good at infinity (2.6), it extends to an LMH over X. Hence (2)
follows from (1) and the general theorem 1.22 (4).

3. DESCRIPTION OF A RESULT OF DELIGNE BY LOG HIGHER ALBANESE MAP

For a group I'™ in 3.3 below, Deligne [3] showed that polylogarithms appear in the higher

Albanese map X — Ay r (cf. Section A below). Here we describe them in our framework in
[11] (Section 2 in the present paper).
3.1. Let X := P(C) \ {0,1,00} C X := P!(C) with affine coordinate z. Let b := (0,1)
the “tangential base point” over 0 € X with tangent vy € Tp(X) = Hom c(mg/m2, C) defined
by vo(z) = 1 in [3] Section 15. This is understood in log geometry in the following way. Let
y = (0,h) € X' be the point lying over 0 € X, where h : M%po = (9%0 x x4 — S! is the
argument function which is a group homomorphism sending f € O% o to f(0)/|£(0)] and = to
vo(x)/|vo(z)| =1 ([11] 6.3.7). Let ug € Olyogy be the branch of log(z) having real value on Rx.
(This ug is the branch denoted by f € Olyogy in [11] 6.3.7 (ii), and ug can be also regarded
as the function 27iz on S8 in 1.1.1.) Then the corresponding base point in the boundary in
our sense is b = (y,a), where a : Olyogy = C{z}ug] — C is the specialization which is a ring
homomorphism sending z to 0 and ug to a(ug) = log(vo(z)) = log(1) = 0 ([11] 6.3.7 (ii)).

See [11] 6.3.6, 6.3.7 for more general description of the above correspondence of boundary
points.

3.2. The inclusion X C G,,(C) = C* induces 71 (X,b) = m1(G,,(C),b) = Z(1). Let K be its
kernel, and let T := 71 (X, b)/[K, K] and 'y := K/[K, K|. Then

1-T1->T'—=Z(1) -1

3.3. Let Z"T be the descending central series of I' defined by Z"*!T" := [Z"T, T'] starting with
ZT =T.

Let T(™ := T/Z"*Y(T) and an) := Image (T} — T'™). Let 79,71 € T'™ be the classes of
small loops anticlockwise around 0 and clockwise around 1, respectively. Then, we have

rm = (Y0,71), (adv0)* 'y (1 < k < n) are commutative, an) =0 Z(ad )" 1.
3.4. Let A = (V,W,(( ,)w)wez, (A?"?)p.qcz) be as follows. V is a free Z-module with basis
e1,€e2,€es3,...,ent1. W is a weight filtration on Vg defined by

W_on1=0CW_g,=W_2,41=Qe1 CW_opyo=W_on13=W_2,41+ Qe

C"'CWOZW_1+Q€n+1:VQ.
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(,)w gt (Vq) x gt (Vq) — Q (w € Z) are the Q-bilinear forms characterized by

(ent1+k,Ent1tk)er =1
for k=0,-1,...,—n. h¥* =1for k=0,—1,...,—n, and h?? = 0 for the other (p, q).
Let D(A) be the period domain in [10] Part IIT with universal Hodge filtration F:

Fl =0cC FO :C(€n+1+ Z a]—,n+1ej) C F71 :F0+C(6n+ Z ajwnej)
n>j>1 n—1>j>1
C---CF"=F"11Ce =Vc.
3.5. Let G be the unipotent group G in 2.1 for (™). Define an action of Lie(G) on Vg by
No = log(0), N1 = log(m):
Noej :ej_l (] :2,...,n), Noej :0 (] = ].,77,+1),
Nlen-i-l = —€n, Nlej =0 (.7 =12... an)'
Then
(=No + N1)? = (=No)? + (—AdNo)™'Ny (1 <j<n+1).

3.6. Let X be as in 3.1 and '™ be as in 3.3. We consider the higher Albanese manifold Ax
of X by using the base point b in 3.1.
The Q-MHS on Lie (G) is as follows: Ny and Np are of Hodge type (—1,—1) and compatible
with bracket and hence F°G(C) = {1}. Thus the higher Albanese manifold is
Ax ren =T\ G(C).

Lemma 3.7. Let F' and N; (j =0,1) be as in 3.4 and in 3.5.
(i) We have the following.
(1) (No, F) satisfies the Griffiths transversality if and only if

a1 =0 2<k<n); a1p=a—g+1; (2<k<l<n).
(2) (N1, F) satisfies the Griffiths transversality if and only if
agn =0 (1<k<n-1).
(3) (—No + Ny, F) satisfies the Griffiths transversality if and only if
arp =ai—k+1; 2<k<i<n41).

(ii) The following three conditions are equivalent.

(1) The Lie action Lie (G) @ V. — V in 3.5 is a homomorphism of MHS with respect to the
MHS on Lie (G) in 3.6 and the MHS (V,W, F) in 3.4.

(2) For j =0 and 1, (N}, F) satisfies the Griffiths transversality.

(3) ajr =0 unless (j, k) = (1,n+1).

The assertions are easily verified by direct computation.

3.8. For any fixed a € C, denote by F(a) the Hodge filtration in 3.7 (ii) (3) with aq,n+1 = a.
By the action in 3.5, we define

D :=exp (CNO + i C(AdNO)k1N1> F(a) C D(A).
k=1

Then, this D coincides with D in 2.4. Hence G(C) ~ D and Ay pm) =~ '™\ D as complex
analytic manifolds.
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3.9. Let p: X — Ay pm) '™\ D be the composite of higher Albanese map and the isomor-
phism in 3.8. Let F(x) be the pullback by ¢ of the universal Hodge filtration on T'") \ D.
Since F'(x) is rigid by Theorem 2.7, we consider a connection equation:

dF(z) = wF(2), w:= (2m')‘1d;xNo + (m)‘lldfxm.

That is,
d
daj_1 x(z) = (m)—lg 2<k<n),

dx
1—2x

dan pt1(x) = —(2mi)~ !

)

d
daj(z) = 2mi) laj () (B3<k<n+1,1<j<k-2).
x
3.10. This system is solved by iterated integrals. The solutions are

4(a) = Gy {(2mi) M og(o) Y (2<k<m 1< < k=),

a1 (r) = —(2m) " (@) (1<) <n).
Here the [;(z) are polylogarithms, in particular /;(z) = —log(1 — ).

3.11. Table of solutions:

Lag ... a,n  ainp 1 (2mi)~tlog(z) ... % —(2mi) "1, ()

0 " Gnoim Gnoipy1 | = | ¢ 0 o 2mi)THog(z)  —(2mi) 2l (x)

1 Gn,nt+1 1 —(27T'L)_1l1($)
0 O PR O 1 O O .. O 1
Note that, for 1 < j < n,
1 .
exp((2mi) ! log(z)No)e; = ej + (2mi) "t log(x)ej_1 + - + G- ((2mi) " log(z))’ e,
for j =n+1,
exp | — Z (27ri)_klk(x)(AdNo)k_1N1 €nil = €pi1 — Z (27ri)_kl;€(x)en+1,k
n>k>1 n>k>1

3.12. For o, B, Aa,..., A\ € C, let F = F(a, 3, A, ..., \,) be a Hodge filtration:
Fl :OCFOZC(€n+1 +ﬂ€n+)\26n,1+"'+)\n61)

. o 012 anfl
CF " "=F'+Cley,+taep1+ repa+- -+ ——€ | C---
2! (n—1)!

CF ™ = "2 L Cleg+ae)) CF " =F " 4 Cey = V.
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3.13. Let ¢ : X — Ax e ~ '™\ D be the higher Albanese map in 3.9. We have a commu-
tative diagram
p(X)c D

&/ | |
X % p(X) cTMW\D
where ¢ : X — D is a multi-valued map corresponding to the Hodge filtration
x v F((2mi) " og(x), —(2m) "y (2), ..., —(2m8) "I, (x))

in the notation in 3.12. $(X) — X and $(X) — p(X) are T -torsors and ¢ : X 5 ¢(X) is an
isomorphism.

3.14. Let ¥ be the set of all cones of the form R>oN with N € Lie(G). We consider the
extended period domain D(A)y in [10] Part ITI. This is only a set. By using the strong topology
([12] Section 3.1), the quotient '™ \ D(A)s has a structure of a log manifold. Define '™ \ D,
to be the closure of '™ \ D in T\ D(A)sx. This inherits a structure of log manifold. We have
Ax pon x = T'™\ Dy in the category B(log).

Let N € Lie (G) and 0 := R>oN. Let T, be the group generated by the monoid I'™ Nexp(o).
If we use as X the fan consisting of the cone ¢ and 0, also denoted by ¢ by abuse of notation,
we have Axr, , ~ T, \ D, in the category B(log).

3.15. Let Ny be as in 3.5 and set 09 = R>oNg. Let F' = F(a, 3, Ag,...,\,) be as in 3.12. By
Lemma 3.7 (i) (1), (Np, F) satisfies the Griffiths transversality if and only if

B=X==X1=0.

If this is the case, (N, F') generates a og-nilpotent orbit, since admissibility and R-polarizability
on gr'V trivially hold. We describe the local structure of Ty, \ D,, near the image po of this
nilpotent orbit.

Let Y :={(¢,8,\2,...,A\n) €EC"L | B= Xy =--- = \,_1 = 0if ¢ = 0} be the log manifold
with the strong topology, with the structure sheaf of rings which is the inverse image of the sheaf
of holomorphic functions on C**!, and with the log structure generated by g. Then there is an
open neighborhood U of (0,0, ...,0,),) in C**! and an open immersion

YNU < T4 \Dy,

of log manifolds which sends

(¢,8,0,..., ) €Y NU
with ¢ # 0 to the class of F(a,3,)a,..., ), where a € C is such that ¢ = ¢2™*  and which
sends (0,0,...,0,A,) to po.

3.16. Near x = 0, a nilpotent orbit in naive sense is

(1) exp((27i) "  log(z)No) F (0,0, ...,0,A2) = F((27i) ' log(z),0,...,0,\9),
where A = —(2mi)~"1,,(0). The corresponding “higher Albanese map” (i.e., local version about
0 of ¢ in 3.13) is
(2) F((2mi) M log(x), —(2mi) "y (), ..., —(27i) "1, (z))

under the condition /;(0) = 0 (1 < j < n —1). These two are asymptotic when x goes to the
boundary point b = (y,a) with y = (0,h) € X' and a being the specialization at y in 3.1.
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3.17. As above, let ug be the branch of log(z) in 3.1 and 7' an indeterminate over Ox ;.
Then, by 1.1.1, we have an isomorphism Olyoij = Ox oluo] = Ox([T] of Ox j-algebras under

(2mi)"'ug «+ T. Consider an Ox j-algebra homomorphism Ox ([T] = Ox o, T — .
Under the initial condition in 3.16 given by the base point b in 3.1, we have

lj(l‘):Zy (1<j<n-1), ln(a:):c+zk—n
k=1 k=1

on a simply connected neighborhood X of 0 € X, where ¢ := —(274)" 0.
Let a = (27i)~'log(x). Then, as

x — 0, exp(—aNp)(F in 3.16 (2))
converges to F(0,0,...,0,A%) in D (3.8), and hence the class of (F in 3.16 (2)) converges to the
class po (3.15) of the nilpotent orbit (o, exp(co.c)F(0,0,...,0,A2)) in T, \ Dy,. We thus have
an extension of the higher Albanese map over X (Theorem 2.11 (2)):
@O : YO — Fgo \Doo~

This is a morphism in the category B(log). The log structure on the source (resp. the target)
is given by x (resp. ¢). The pullback of the universal log mixed Hodge structure on the target
coincides with the log mixed Hodge structure on the source.

3.18. By using log mixed Hodge theory, 3.16 is described as follows.
Taking the images of the nilpotent orbit in naive sense 3.16 (1) and the “higher Albanese
map” 3.16 (2), we have their real analytic extensions with boundary

_log _log . <71
765 B0 Xo" = (Dog \ Doy ).

Here, Ygog is like Example 1.1.1, and (T'y, \ Dy, )'°® coincides with the moduli of nilpotent i-orbits
I's, \ D%, in the present situation ([10] III Theorem 2.5.6).

_~ log —lo
Let X, be the universal covering of X i) ®. The above maps are still lifted to
~ ~ ~lo
v:)Og7 @:)Og : XO ) - Dg'()
The boundary point b in 3.16 can be understood as the point
_~log
b= (z=0+1i00) = (ug = —o0+1i0) € X, .
We have (exp(—(2mi)~tlog(z)No)(3.16 (2)))(b) = F(0,0,...,0,)2), and
ﬁéog(b) = égog(b) = (nilpotent i-orbit generated by (No, F(0,0,...,0,12))) € Df‘,o.

3.19. Let now o1 = R>oN; for Ny in 3.5. Let F = F(«,B,A2,...,A\,) be as in 3.12. By
Lemma 3.7 (i) (2), (N1, F') satisfies the Griffiths transversality if and only if o = 0. If this is
the case, (N1, F) generates a o-nilpotent orbit, since admissibility and R-polarizability on gr'V
trivially hold. We have a similar description of the local structure of T'y, \ Dy, near the image
p1 of this nilpotent orbit.

Let Y be the log manifold {(a,q, A2,...,\,) € C*"™ | a = 0if ¢ = 0} with the strong topol-
ogy, the structure sheaf and the log structure defined by ¢q. Then there is an open neighborhood
U of (0,0, \z,...,\,) in C"™! and an open immersion

YNU < Ty \Dy,

of log manifolds which sends
(0, q,Aa,..., M) €Y NU
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with ¢ # 0 to the class of F(a, 3, \a,...,\n), where 8 € C is such that ¢ = ¢*™*#, and which
sends (0,0, Aa,..., A,) to p1.

3.20. We assume the initial condition in 3.16. Near x = 1, a nilpotent orbit in naive sense is
(1) exp((2mi) = log(1 — 2)N1) - F(0,0, —(2mi) ~*¢(2), ..., —(2mi) " (¢ + {(n)))

= F(0,—(2mi) " th(x), —(2m1) 7%¢(2), ..., —(270) " (e +{(n))).
The corresponding “higher Albanese map” (i.e., local version about 1 of ¢ in 3.13) is
(2) F((2mi) tlog(x), —(2mi) "y (), ..., —(27) "1, (z)).
These two are asymptotic when x goes to the tangential boundary point p; := (1,—1) with
tangent vy € T1(X) = Hom c(my/m2, C) defined by v;(1 —x) = —1. This is the boundary point
in our sense described as follows. Let u; be the branch of log(1 — x) having real value on R.1.

- . 1
Then the corresponding point in the boundary in our sense is p; = (y,a) with y = (1,h) € X o8

such that the argument function h : M3 = O%  x (1 - r)% — S! is a group homomorphism
sending f € (9% , to f()/1f(M)] and 1 —x to v1(1 —x)/|v1(1 — x)| = —1, and the specialization

a: (’)%Ogy = C{1 — z}[u1] — C is a ring homomorphism sending 1 — z to 0 and u; to

a(ur) = —a(—u1) = log(vi(—(1 — 2))) = log(1) = 0
(ct. [11] 6.3.7 (ii)).

3.21. As above, let uy be the branch of log(1 — z) and T an indeterminate over Ox - Then, by
1.1.1, we have an isomorphism

lo,
Oyi, = OYJ[“ﬂ = O?J[T]
of (’)Xl-algebras under (27i)~lu; > T. Consider an O -algebra homomorphism
Ox.,11 = 0%, T—1-u.

Let B = (2mi)"'log(l — z). Then, as x — 1 in X along the real axis starting from b over
0 to 1, exp(—BNy)(F in 3.20 (2)) converges to F(0,0, —(2mi)~2((2), ..., —(2mi) " (c + ((n))) in
D (3.8), and hence the class of (F' in 3.20 (2)) converges to the class p; (3.19) of the nilpotent
orbit

(o1, exp(a1,6) F(0,0, —(2mi) "2¢(2), ..., —(2mi) " (c + ((n))))
in I';, \ D,,. We thus have an extension of the higher Albanese map over a simply connected
neighborhood X; of 1 in X (Theorem 2.11 (2)):

@1 Syl —>Fgl \Dgl.

This is a morphism in the category B(log). The log structure on the source (resp. the target)
is given by 1—x (resp. ¢). The pullback of the universal log mixed Hodge structure on the target
coincides with the log mixed Hodge structure on the source.

3.22. By using log mixed Hodge theory, 3.20 is described as follows.
Taking the images of the nilpotent orbit in naive sense 3.20 (1) and the “higher Albanese
map” 3.20 (2), we have their real analytic extensions with boundary
_1 1 —lo, o
y10g7 Qplog : Xl ¢ - (FUI \Dgl)l £
Here, Yllog is similar to Example 1.1.1 over = = 1, and (T, \ D,,)'°® coincides with the moduli
of nilpotent i-orbits I'y, \ D% in the present situation ([10] III Theorem 2.5.6).
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_~ log —I
Let X; be the universal covering of X 1Og. The above maps are still lifted to

~log ~log _~ log
1

vy, o X —>Dgl.

The boundary point p; in 3.20 can be understood as the point

_ , N
P1 = (21 =0+1i00) = (u; = —o0 +1i0) € X, ,

(where 27iz; = u;). We have
(exp(—(2mi) ™" log(1 — z)N1)(3.20 (2)))(B1) = F(0,0, —(271)"*¢(2), - .., —(2m1) " (c +¢(n))),
and 7,5(p1) = 3, % (51) € Di, is the nilpotent i-orbit generated by
(N1, F(0,0, —(27mi)72¢(2), ..., —(2mi) " (c + ¢(n)))).
1

3.23. In order to describe the local structure near x = oo, we take a local coordinate £ := ™.
By abuse of notation, let F'(£) be the pullback of the universal Hodge filtration by the com-
posite ¢ : X — Ax pm) >~ I'(™)\ D of higher Albanese map and the isomorphism in 3.8.
Since dlog(z) = —dlog(¢) and —dlog(z — 1) = dlog(§) — dlog(1l — &), a connection equation
in 3.9 now is

dF (&) = wF(§), w:= (zm)*l%(—% + Ny) + (27Ti)’11d7_£§N1.
That is,
dag_1,1(§) = —(2772)_1% (2 <k <n),
dan (€)= ~(2mi) 1 F - (2mi) 2
N1 d¢ .
daj(€) = —(2mi) aj—i—l,k(f)? B<k<n+1,1<j<k-2).
3.24. This system is solved by iterated integrals as before, and the solutions are
04l6) = Gy (~(2m0) M og(@) ) <k <n 1< <k,
1 . A
ajnt1(€) = m(—@m‘rl log (&)™ + (= (2mi) )"l 5(€) (1< <n).

3.25. Table of solutions:

1 ar2 ... a1,n a1, n+1
0 1
0 Up—1,n Opn—1,n+1
1 an,n+1

0 0 ... 0 1
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1 —(2mi)~tlog(é) ... (=(279) " 'log(é)" ! (=(2m8) "' log(é)" + (= (2mi) Y"1, (€)

(n—1)! nl
0 1
= 0 L —(2mi)Mlog(g) ST L@ 4 ((9mi) =)0y (€)
1 —(2mi) " log(€) — (2m) "' (€)
0 0 0 1

3.26. Let now 0o = R>0No with N := =Ny + N; for Ny, N; in 3.5. Let
F=F(=d,p' X,..., )
be as in 3.12. By Lemma 3.7 (i) (3), (Noo, F') satisfies the Griffiths transversality if and only
N2 \n—1
if B/ = —a/, )\, = %,...,)\%_1 = % If this is the case, (Noo, F') generates a 0so-
nilpotent orbit, since admissibility and R-polarizability on gr'V trivially hold. We describe the
local structure of T',_ \ D,_. near the image po, of this nilpotent orbit.
Let

L ! ol \/ / n+1 r_ /_(_0/)2 / _(_a/)n_l- /
Y—{(q7ﬁ7>\2,,>\n)ec |ﬁ— a7>\2—T,7>\n71—mlfq—0

be the log manifold with the strong topology, with the structure sheaf of rings which is the inverse
image of the sheaf of holomorphic functions on C"*!, and with the log structure generated by
¢'. Then there is an open neighborhood U of (0,0, ...,0,)’) in C"*! and an open immersion

YNU T, \D,
of log manifolds which sends (¢/, 8/, Ay, ..., A,) € Y NU with ¢’ # 0 to the class of
Fl=a/, B Ny, L),
where o € C is such that ¢’ = €27 and which sends (0,0,...,0,\),) t0 poo-
3.27. Near x = o0, i.e., £ =0, a nilpotent orbit in naive sense is
(1) exp((27i) 1 log(£) N ) F (0,0, ...,0,X.0)

— (271 —11 2 — (271 —11 n
— F( _ (27Ti)_1 IOg(f), —(27Ti>_1 log(f), ( ( 7”) o Og(g)) e, ( ( 7TZ) ; Og(f))

! n!
where M9 = (—(2mi)~1)",(0). The corresponding “higher Albanese map” (i.e., local version
about oo of ¢ in 3.13) is

(2)  F( - @ri) " log(e), ~(2mi) " log(6) — (2ri) L (€),

N\ —1 n
( (271) n'log('f)) + (—(271'2')_1)7%”(5))
under the condition /;(0) = 0 (1 < j < n —1). These two are asymptotic when { goes to the
boundary point b’ described as follows.
Changing oo and ¢ into 0 and x, respectively, b’ = (00,1) corresponds to the tangential
boundary point (0,1) of Deligne, i.e., b’ is the tangential base point over oo € X with tangent
v € Too (X) = Hom ¢ (mo /m2,, C) defined by v'(£) = 1.

+X°)

cey
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This corresponds to our boundary point ' = (y',a’) with ¢ = (o0, h’) € X' described as
follows. Let u’ be the branch of log(£) having real value on R~ . The argument function

n' M%‘joo =03 % ¢z 58t
is a group homomorphism sending f € (’)%OC to f(€=0)/|f(€ =0)] and & to v'(§)/|v'(§)] = 1,
and the specialization a’ : (9%0‘% , = C{¢}[u'] = C is a ring homomorphism sending £ to 0 and v/
to a'(u') = log(v'(€)) = log(1) = 0.
3.28. Asabove, let u’ be the branch of log(§) and T" an indeterminate over O . Then, by 1.1.1,
we have an isomorphism (’)lyoi!, = Ox W] = Ox [T] of O  -algebras under (2mi) "t < T.

Consider an O _ -algebra homomorphism O I = O T — &
Let o/ = (2mi)~!log(€). Then, as & — 0, exp(—a/ Ny )(F in 3.27 (2)) converges to

F(0,0,...,0,\%)

in D (3.8), and hence the class of (F' in 3.27 (2)) converges to the class ps, (3.26) of the nilpotent
orbit (0o, exp(0ee,c)F(0,0,...,0,\.0)) in T, \ D, . We thus have an extension of the higher

Albanese map over X o, (Theorem 2.11 (2)):
Poo : Xoo 2 Lo\ Dy,

This is a morphism in the category B(log). The log structure on the source (resp. the target)
is given by £ (resp. ¢). The pullback of the universal log mixed Hodge structure on the target
coincides with the log mixed Hodge structure on the source.

3.29. By using log mixed Hodge theory, 3.27 is described as follows.
Taking the images of the nilpotent orbit in naive sense 3.27 (1) and the “higher Albanese
map” 3.27 (2), we have their real analytic extensions with boundary

78, P8 X (T, \ Dy ).

Here, Yi;g is like Example 1.1.1, and (T, \ Dy )'°® coincides with the moduli of nilpotent

i-orbits 'y \ D! __ in the present situation ([10] III Theorem 2.5.6).
=1 ]
Let X Ooog be the universal covering of X Loog. The above maps are still lifted to

~log ~log .;log

X, =D .

oo 0 (IDOO * o0
The boundary point &’ in 3.27 can be understood as the point
=1
bV = (2 =0+i00) = (u = —00+1i0) € X;g
(where 27iz’ := u’). We have (exp(—(27i) ! log(¢)Neo)(3.27(2))) (V') = F(0,0,...,0,\.0), and

~log ~log

Vo (V') = Pou (b') = (nilpotent i-orbit generated by (Nao, F(0,0,...,0, X)) € D,

3.30. For any 0 € %, I';\D, — '™\ Dy, is a local homeomorphism. This is analogously
proved as [12] Theorem A (iv).

Summing-up, we have a global extension over X of the higher Albanese map which is an
isomorphism over its image:

7: X S5 3(X) C Axpmy ~T™\ Dy,
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3.31. To study analytic continuations and extensions of polylogarithms in the spaces of nilpotent
i-orbits Dﬁz, in the spaces of SL(2)-orbits Dgy,(2y, and in spaces of Borel-Serre orbits Dgg is an
interesting problem. See [10] for these extended period domains and their relations which are
described as a fundamental diagram.

A. SUMMARY OF A RESULT OF DELIGNE IN [3]

We add here a summary of a result of Deligne in [3] for readers’ convenience.

A.1. Just as 3.1-3.2, consider the situation X := P'(C) \ {0,1,00} C X := P!(C). Let
b:= (0,1) the “tangential base point” over 0 € X with tangent 1.
Consider the quotient group I' of 71 (X, b) as in [3] 16.14 (cf. 3.2): The inclusion

X c G,(C)=C*
induces m (X, b) = 71 (G, (C),b) = Z(1)p (suffix B means Betti, cf. [3]). Let
K :=Ker (m(X,0) = Z(1) ).
Let T':=m(X,0)/[K, K] and T'; := K/[K, K]. Then, we have an exact sequence
1-T1—>T—>Z(1)p — 1

A.2. ([3] 16.15). Let po, p1 : Z(1)p — T’ be the monodromies around 0, 1, respectively. Take a
generator u of Z(1)p (e.g. u = 2mi), put a; = p;(u) (j =0,1). Then, I = (ap, a1) with relation:
conjugates of a1 are commutative.

I’y is a representation of Z(1)p with basis (conjugates of a) under the action

v po(H)ypo(t) ! (v € Tyt € Z(1) ),

i.e, Ty = Z[Z(1)p] - a1, where >, cr(abajag™) = >, e - (2mi - k) - ay
These are described as

Iy =2Z[Z(1)p]- a1 ~ Zlu,u '] - di‘, I'=2Z(1)px Ty,
u

Z ck(algalao Z ek - (2mi - k) Z ckuk du
k

([3] 16.16). Action of Z(1)p on I'; is given by multiplication in Z[Z( )B] = Zu,u™1].

A.3. The descending central series of I' induces a filtration on I';:
du

Z¥T)ATy = (- )V (N2

Let TV :=T/ZN+(T) and T\ := Image(I'; — T™)). Then

'™ = Zu, w1/ (u— 1)V - du
U
Put v = €” and hence v = logu. Then
Qer{” = Quu)/(u— 1)V - L = Qu/Y) - dv

and we have

N-1
F(lN) = { Z ek exp(kv)dv

k=0

CkGZ}.
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A.4. As groups, identify

N
©: Qu]/(WvN)-dv > HQ(n)B s e = %dv" = u®n,

Then
N-1 N-1 N-1 N /N-1 o1
P n, ®n _ RN
chexp(kv)dv et ch (Z ﬁk U >®U_Z<ch(n—l)!>u .
k=0 k=0 n=0 n=1 \ k=0
Hence

Proposition A.4.1. ([3] 16.17). (n—1)!-pr, o <p(F§N)) =Z(n)g.
A.5. ([3] 16.12). Define a Lie algebra action of Q(1) on Hiv Q(n) by
a * (bl, bg, ey bN) = (0,ab1, ey abN,1),
and Q(1) x Hiv Q(n) the associated semi-direct product of Lie algebra.
Let po, p1 : Q(1) — Q(1) x Hiv Q(n) be morphisms of Lie algebras such that g is the identity
onto the first factor Q(1) and p; is the identity onto the factor Q(1) in the product Hf[ Q(n).

By abuse of notation, let ug, 11 : Q(1) - Q®Lie I'N). Then there exists a unique Lie algebra
isomorphism respecting each pg, p1:

N
Q) x []Q(n) = Q@ Liel™ = Q(1) x (Q® LieI'{")
1

which is given by g and v, := (ad po)" (1) (1 <n < N).
A.6. Let Lie U](DJI\Q be the de Rham realization of iterated Tate motive in [3] 16.13. Let
€o i= pta(1) € Lie USY (1 = exp(27i) € Q(1)pr, a =0,1).

Take coordinates (u, (vy)1<n<n) Of Ugl\:’{) as follows:

N
(11, (v)) — exp(ueo) exp (Z vn<Adeo>“-1<e1)> .

n=1
Lemma A.6.1. ([3] 19.3.1). Let z € C* ~\R>1. The end point of the image in U,(D%)(C) of the
line segment from (0, z) to z has coordinates u =0, v, = —l,(2).
Proof. Let z1, 22 € C* \ Rx>1. Take a path from z; to 22, and take an iterated integral I72 of
dt dt
di(t)y=— SI(t
0= (Feot 727e1) 100
for I(t) =1+ ueg+ Y., vn(Adeg)" !(e1). Note
eo * eg = eg, €o* (Adeg)"'(e1) = (Adeg)"(e1) (1 <n<N),
e1xeg =0, e;xe; = e, eg * (Adeg)" H(e1) =0 (2<n<N).
The corresponding differential equation is

dt dt dt
du—?, d’l}] —m, dvn—vnfl?.

Take I(z1) = identity € U](DJ;?(C) as an initial condition and consider z2 as a variable.
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If z; is a tangential base point (0,7) ([3] Section 15), replace the initial condition by

t
I(t) exp (—log ()) — identity ast — 0.
T

For the line segment from (0, z) to z, we have

z

u:10g<t>7 v, = =l (t). O
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