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WEIGHTED HOMOGENEOUS SURFACE SINGULARITIES
HOMEOMORPHIC TO BRIESKORN COMPLETE INTERSECTIONS

TOMOHIRO OKUMA

ABSTRACT. For a given topological type of a normal surface singularity, there are various
types of complex structures which realize it. We are interested in the following problem:
Find the maximum of the geometric genus and a condition for that the maximal ideal cycle
coincides with the fundamental cycle on the minimal good resolution. In this paper, we study
weighted homogeneous surface singularities homeomorphic to Brieskorn complete intersection
singularities from the perspective of the problem.

1. INTRODUCTION

The topological type of a normal surface singularity is determined by its resolution graph
([20]). For a given resolution graph of a normal surface singularity, there are various types of
complex structures which realize it. We are interested in finding the upper (resp. lower) bound of
basic invariants (e.g., the geometric genus), and in understanding the complex structures which
attain their maximum (resp. minimum).

Let (V,0) be a normal complex surface singularity with minimal good resolution X — V and
let T be the resolution graph of (V,0). As noticed above, the topological invariants of (V,0) are
precisely the invariants of I'. In this paper, we consider the geometric genus

pg(V,0) = dim Hl(OX)

and the maximal ideal cycle Mx on X. In general, these invariants cannot be determined by
I and it is difficult to compute them. By the definition (Definition 2.1), the fundamental cycle
Zx on X is determined by I' and the inequality Mx > Zx holds. The fundamental problem we
wish to explore is the following.

Problem 1.1. Let py(I') denote the maximum of the geometric genus over the normal surface
singularities with resolution graph T'.

(1) Find the value py(T") and conditions for Mx = Zx.
(2) Describe the properties and invariants of a singularity (V,o) with p,(V,0) = ps(I") or
Mx = Zx.

It is known that in a complex analytic family of the resolution space X preserving I' (cf. [10]),
the dimension of the cohomology of the structure sheaf is upper semicontinuous. So, we expect
the singularities (V, 0) with py(V, 0) = py(T') may have some kind of nice structure.

The equality Mx = Zx holds for rational singularities ([2]), minimally elliptic singularities
([9]), and hypersurfaces 2™ = f(x,y) with certain conditions ([5], [31]). We have an explicit
condition for the equality Mx = Zx for Brieskorn complete intersection singularities ([8], [12]);
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the result is generalized to Kummer coverings over weighted homogeneous normal surface singu-
larities in [29]. The upper bound of p, has been also studied by several authors (e.g., [34], [27],
(28], [15], [19]); the “rational trees” I' whose py(I') can be obtained from I' are listed in [18, 1.7].
In Example 2.9 of the present paper, we shall introduce the weighted homogeneous singularities
of hyperelliptic type for which py(T') is easily computed. Since

pg(V,0) = dim H*(Ox)/H*(Ox(~Ziy))

for numerically Gorenstein singularity, where Zx, is the canonical cycle (Definition 2.1), it
might be natural to expect that there is a correlation between the properties py(V,0) = py(T")
and Mx = Zx. In fact, when (V,0) is a numerically Gorenstein elliptic singularity (this is
characterized by I'), we have that p,(V, 0) = p,(T') if and only if (V, 0) is a Gorenstein singularity
with Mx = Zx ([21, 5.10], [34], [14]); in this case, py(T') coincides with the length of the elliptic
sequence. However, in [18], we found an example such that the equality py = p,(T") is realized by
both a Gorenstein singularity with Mx > Zx and a non-Gorenstein singularity with Mx = Zx.
In Section 4, we give an example which shows that the condition Mx = Zx cannot control p,.

In this paper, we study normal surface singularities homeomorphic to Brieskorn complete
intersection singularities from the perspective of our problem above. First suppose that V is a
complete intersection given as follows:

V:{(zi)ECm|qilz?1+-~-+q¢mx?,;”:0, i:3,...,m} (qijG(C).

The resolution graph of the singularity (V,o0) is determined by the integers ai,...,an
(Theorem 3.2). We denote it by I'(a1,...,an). Using the Pinkham-Demazure divisor D on
the central curve Ey of the exceptional set £ C X, the homogeneous coordinate ring R of V'
is represented as R = @,~o H(Og, (Dy))T* (see Section 2.2). We study arithmetic properties
of the numerical invariants arising from the topological type in terms of the divisors Dy on Ej.
For this purpose, we employ the monomial cycles (cf. [22]) to connect the numerical information
of the divisors Dy and the complex analytic functions on X; note that monomial cycles play
an important role in the study of invariants of splice quotients ([22], [16]). For example, we
show that H(Op,(Dy)) # 0 if and only if deg Dy, is a member of a certain semigroup, and that
Dy, ~ Dy if and only if deg Dy, = deg Dy (see Proposition 3.8, Theorem 3.10). Applying these
results, we obtain the following (see Theorem 3.9, Theorem 3.12).

Theorem 1.2. If (V,0) is a Brieskorn complete intersection such that the central curve Ey is
rational or elliptic curve, then py(V,0) = py,(I') and Mx = Zx.

Even if the singularity is not a Brieskorn complete intersection, we can apply a part of the
argument on the divisors Dy, and prove the following (Theorem 3.16).

Theorem 1.3. There exists a weighted homogeneous singularity with a resolution graph
L(ai,...,am) such that the mazimal ideal cycle coincides with the fundamental cycle on the
minimal good resolution.

We shall describe the property of the Pinkham-Demazure divisor corresponding to the singu-
larity in Theorem 1.3.

If the central curve Ey has genus g > 2, we cannot expect a result similar to Theorem 1.2.
In fact, there may be various types of complex structures even when g = 2. To show this, in
Section 4, we fix a resolution graph I' = I'(2, 3, 3,4), which is the simplest one in a sense, and
investigate the singularities having this graph. Any Brieskorn complete intersection singularity
with this graph satisfies neither py(V,0) = py(T') nor Mx = Zx. Assume that (V,o0) is a
weighted homogeneous surface singularity with resolution graph I". We prove that (V] o) satisfies
pq(V,0) = py(T") if and only if it is hyperelliptic type, and show that such a singularity is a
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complete intersection, which is a double cover of a rational double point of type A;. For the
geometric genus, the multiplicity, and the embedding dimension of these singularities, see Table
1, where the rightmost column indicates the subsections which include the details.

type pg mult embdim Section
Brieskorn CI 8 6 4 Section 4.1
maximal p, 10 4 4 Section 4.2

TABLE 1. Special types

Next, in Section 4.3, we give a complete classification of the weighted homogeneous normal
surface singularities (V,0) with resolution graph I' = I'(2,3,3,4) such that Mx = Zx. We
can see the fundamental invariants of those singularities in Table 2. For each class, we prove
the existence of the singularities by showing the explicit description of the Pinkham-Demazure
divisor (cf. Section 4.3).

pg mult embdim ring Proposition

8 3 4 non Gorenstein  4.13

8 4 4 non Gorenstein ~ 4.16(1)

7 4 5 non Gorenstein  4.16(2)

8 5 5 Gorenstein 4.18(1)

7 5 5 non Gorenstein  4.18(2)

6 6 7 non Gorenstein  4.21
TABLE 2. Singularities with Mx = Zx

Note that for any two singularities in Table 2, they have the same thick-thin decomposition
if and only if they have the same multiplicity; see [4] and the proof of Proposition 4.10 (2).

This paper is organized as follows. In Section 2, we review basic facts on weighted homo-
geneous surface singularities and introduce the singularity of hyperelliptic type. In Section 3,
first we summarize the results on Brieskorn complete intersection surface singularities, and prove
Theorem 1.2 and Theorem 1.3. In Section 4, we study weighted homogeneous singularities with
resolution graph I' = I'(2, 3, 3,4) such that p; = py(I") and those with Mx = Zx.

Acknowledgement. The author would like to thank the referee for reading the paper care-
fully and providing several thoughtful comments which helped improving the paper, especially,
Lemma 4.3 and Proposition 4.9.

2. PRELIMINARIES

Let (V,0) be a normal complex surface singularity, namely, the germ of a normal complex
surface V at o € V. We denote by m the maximal ideal of the local ring Oy ,. Let m: X — V
denote the minimal good resolution of the singularity (V,0) with exceptional set E = 7~ 1(p),
and let {E;};cz denote the set of irreducible components of E. We denote by I' the resolution
graph of (V,0), namely, the weighted dual graph of E. A divisor on X supported in E is called a
cycle. We denote the group of cycles by ZE. An element of QF := ZE ® Q is called a Q-cycle.
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Since the intersection matrix (E; E;) is negative definite, for every j € 7 there exists an effective
Q-cycle Ej such that EjEl = —0;;, where 0;; denotes the Kronecker delta. Let ZE* C QF
denote the subgroup generated by {E;}icr.

For any Q-divisor F' = )" ¢; F; with distinct irreducible components F;, we denote by cff r, (F')
the coefficient of F; in F, i.e., cffp, (F) = ¢;. For a function h € H°(Ox) \ {0}, we denote by
(h)g € ZE the exceptional part of the divisor divy (h); this means that divx(h) — (h)g is an
effective divisor containing no components of E. We call divx(h) — (h)g the non-exceptional
part of divx (h). We simply write (h)g instead of (hon)g for h € m\ {0}.

A Q-cycle D is said to be nef (resp. anti-nef) if DE; > 0 (resp. DE; < 0) for all i € Z. Note
that if a cycle D # 0 is anti-nef, then D > E.

Definition 2.1. The fundamental cycle is by definition the smallest non-zero anti-nef cycle and
denoted by Zx. The mazimal ideal cycle on X is the minimum of {(h)g| h € m\ {0}} and
denoted by Mx. Clearly, Zx < Mx. There exists a Q-cycle Zx, such that (Kx + Zk, )E; =0
for every i € Z, where Kx is a canonical divisor on X. We call Zx, the canonical cycle on X.

2.1. Cyclic quotient singularities. Let n and p be positive integers with u < n and
ged(n,u) = 1. Let €, € C denote the primitive n-th root of unity and let G denote the

cyclic group eg e(’)*>> C GL(2,C). Suppose that V = C?/G. Then (V,0) is called the cyclic
quotient singularity of type C,, . For integers ¢; > 2,i=1,...,r, we put
1
C1y.. ¢ =1 —
[[ex I=a :
Coy — 1
o
If n/p=[c1,...,c]], the resolution graph I is a chain as in Figure 1, where all components E;
are rational.
El Er

FIGURE 1. The resolution graph of C), ,

It is known that the local class group CI(V,0) is isomorphic to the finite abelian group
ZE"|LE = ([E]) = ([E7])

of order n, where [E}] = Ef + ZE (cf. [13, II (a)], [3, III. 5]).
Suppose that Ej is a prime divisor on X such that EgF; = 61; for 1 <i < r;so Eg+F1+---+FE,
looks like a chain of curves. For any positive integer mg, let

E(mo) = {moEo + ZmlEl

i=1

my,..., My EZ>0}.

Then we define a set D(mg) as follows:
D(mo) = {D S E(m0)| DFE; <0, 1= 1,...,7‘}.

It is easy to see that D(my) is not empty and has a unique smallest element.
Let [z] denote the ceiling of a real number z.
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Lemma 2.2. Let D € D(myg). We have the following:
(1) There exists an effective cycle F' such that (D + F)E; =0 for 1 <i <r and

Supp(F) C U E;.
i>1
(2) If DE; =0 for 1 <i<r and DE, > —1, then D is the smallest element of D(my).
(3) Assume that D,D" € D(mg) and DE; = D'E; for 1 < i < r. If D > D', then
CffE1 (D) > Cﬂ‘E1 (D,)
(4) Assume that D and D' are the smallest elements of D(myg) and D(my), respectively, and
that D'E; =0 for 1 <i <r. Then D+ D' is the smallest element of D(mg + my).

Proof. We write as D =%/ m;E; and D' =% m.E;.
(1) For any 1 < k < r, there exists a cycle F’ supported on Fyq + -- -+ E,. such that

CHEk+1 (F/) =1, F/Ek-&-l = =FFE,_1= 0, F'E.<0

(cf. [3, IIL5]). If a := DE} < 0, then D + aF’ € D(mg) and (D + aF’)Ey, = 0. By repeating
this process, we obtain the assertion.

(2) Tt follows from [11, Lemma 2.2] (cf. [12, 2.1]).

(3) If my = mj, we can take 1 < k < r so that m; = mj for i < k and mpy1 > mj . Then
(D — D")Ey = mpy1 —mj; > 0; it contradicts that DEy = D'Ej,.

(4) Let d; = [[¢sy-..,¢r]]. By [8, Lemma 1.1], the minimality of D is characterized by the
condition that m; = [m;_1/d;] for 1 <14 < r. By the assumption, it follows from Lemma 1.2 (1)
and (2) of [8] that m, = m)_,/d;. Hence we have

m; + m; = |—mi_1/dﬂ + mg_l/di = Rmi_1 + m;_l)/dﬂ .
O

2.2. Weighted homogeneous surface singularities. Let us recall some fundamental facts
on weighted homogeneous surface singularities (cf. [23]).

Assume that (V,0) is a weighted homogeneous singularity. Then the resolution graph I' of
(V,0) is a star-shaped graph as in Figure 2, where E; ; are rational curves, g is the genus of the
curve Fy, ¢; ; and ¢y are the self-intersection numbers. The component Ey is called the central
curve.

|

Em,l Em7sm

FIGURE 2. A star-shaped resolution graph

For 1 <1 < m, we define positive integers a; and §; with ged(ay, 8;) = 1 by

ai/Bi = [lcin, -5 cisll-
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The data
(gu Co, (O‘hﬁl)v sy (O[m, 5m))
is called the Seifert invariant. Note that the graph I' can be recovered from the Seifert invariant.
Let P; € Ey denote the point EyNE; ; and @ a divisor on Ey such that Og,(—Ey) = Op,(Q).
We define a Q-divisor D and divisors Dy (k € Z>o) on Ey as follows:

D:=Q-— ngp Dy =kQ->_ F‘:ﬂ P,

i=1 '

K2

We call D the Pinkham-Demazure divisor. It is known that deg D > 0. For any divisor F' on
Ey, we write as

HY(F)=H"'(Og,(F)), h'(F)=dimc H'(F).
Let R := R(V,0) denote the homogeneous coordinate ring of the singularity (V,0). Then
we have the expression R = @, ~, H°(Dx)T" C C(Ep)[T], where C(Ey) is the field of rational
functions on Ey and T an indeterminate (cf. [23], [30]). We have the following.

Theorem 2.3 (Pinkham [23]). py(V,0) =3+, h'(Dy).
Let H(V,t) denote the Hilbert series of the graded ring R, i.e., H(V,t) = > ;- RO(Dy)tk.

Proposition 2.4. We have the following.
(1) If we write as H(V,t) = p(t)/q(t) + r(t), where p, q, r € C[t] and degp < deggq, then
pg(V,0) = r(1).
(2) Let (Vi,01) and (Va,02) be weighted homogeneous singularities with the same resolution
graph. Then py(Vi,01) — pg(Va, 02) = (H(V1,t) — H(Va,t))|i=1.

Proof. (1) follows from [17, 3.1.3].
(2) It follows from Theorem 2.3 and the Riemann-Roch Theorem
r%(D,) — h*(D,) =degD, +1—g
(the right-hand side is determined by I). O
The next theorem follows from [33, 2.9].

Theorem 2.5. Let D' = Y ((o; — 1)/a;)P;. Then R is Gorenstein if and only if there exists
an integer a such that Ko ~ aD — D’; the integer a coincides with the a-invariant a(R) of
Goto—Watanabe ([6]).

2.3. Surface singularities with star-shaped graph. First, we briefly review some important
facts in [30, §6]. Assume that (V] 0) is a normal surface singularity with star-shaped resolution
graph T' as Figure 2. Even if (V,0) is not weighted homogeneous, in the same manner as in
Section 2.2, we obtain the Pinkham-Demazure divisor

D:Q_Z;fzipi

on the central curve Fy C E on the minimal good resolution X. We define the graded ring R by

R = R(Ey, D) := ) H*(Dy)T* C C(Eo)[T].
k>0

Let V = Spec R and o € V the point defined by the maximal ideal @, H°(Dy)T*. Then
(V,0) is a weighted homogeneous normal surface singularity with resolution graph T
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Theorem 2.6 (Tomari-Watanabe [30, §6]). For every n € Zsq, there exists the minimal cycle
L, € ZE such that L,, is anti-nef on E — Ey and cffg,(L,) = n.!' Then we have a natural
isomorphism Og,(—Ly,) & Og,(D,,) for n € Z>¢; in fact,

> | "] £ = (L = B
=1

Q;

In general, we have py(V,0) < py(V,0). If the equality py(V,0) = py(V,0) holds, the following
sequence is exact for n > 0:

0— HY(Ox(—Ly, — Ey)) = H(Ox(~L,)) = H*(Og,(D,)) — 0.
Remark 2.7. From the definitions of Zx and Mx, we have the following:
cffg,(Zx) = min{m € Z~o| deg D,,, > 0},
cff g, (Mx) = min {m € Z>o | H°(Dy,) # 0}.

Clearly, zg := cffg,(Zx) < mg = cffg,(Mx). One of fundamental problems is to find a
characterization for the equality z9p = mo. We have Zx = L,, by the definition of the cycles L.
It might be natural to ask whether the condition mg = zo implies the equality Mx = Zx. For
Brieskorn complete intersection singularities, we have a criterion for zyo = mg and we always have
Mx = Ly, (see [8], [12]). However, in general, this is not true even for weighted homogeneous
singularities (see [29]). We will see later (Proposition 4.9) an example of a weighted homogeneous
singularity homeomorphic to a Brieskorn complete intersection singularity which does not satisfy
Mx = Ly, though 2y = mo and has the “maximal geometric genus” in the following sense.

Definition 2.8. Let X'(I") denote the set of normal surface singularities with resolution graph
I' and let
pg(T) :=max {py(W,0)| (W,0) € X(T)}.

Obviously, p,(T') is an invariant of I'. From Theorem 2.6, p,(I") is attained by a weighted
homogeneous singularity. However, the inequality p,(V,0) < py(I') may happen in general,
namely, pg(v7 0) is not topological, even if T' is a resolution graph of a Brieskorn complete
intersection singularity (see Section 4).

Let |z] denote the floor (or, integer part) of a real number x.

Example 2.9. Assume that a resolution graph I' has the Seifert invariant

(gv €o, kl(alv ﬂl)v ceey km(ama Bm))v
where k;(a;, ;) means that (a;, ;) is repeated k; times, and (o, 8;) # (o, B;) for ¢ # j.
Moreover, assume that ks, ..., k,, € 2Z; in this case, we call " a hyperelliptic type.

Let C be a hyperelliptic or elliptic curve of genus g and let R(C') be the set of ramification
points of the double cover C' — P! with involution o: C' — C. Let P € R(C) and Q = ¢oP. Take
Pi,j S C\R(C) (1 < ) < m, 1 < j < I_kz/QJ) so that P1,1,0'(P171), .. '7Pm7Lkm/2J7O.(Pm7Lkm/2j)
are different from each other. Let Q; ; = P; ; + o(P; ;). Then we define the Pinkham-Demazure
divisor D on C' by

Q—Z&ZQM if ky € 27,

2

i=1
D= ki—1)/2 ki/2

( m
b1 b1 Z Z Bi Z .
©- a1 ro R G~ i—2 M50 Qg g 20

Lour symbol L, is equal to —L_,, in [30, §6].

Jj=1
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Since @;; ~ 2P, we have D,, ~ (deg D,,)P. Let R = @, ~, H(Dy)T* and V = Spec R. We
say that the weighted homogeneous normal surface singularity (V,0) is a hyperelliptic type, too.
Then the singularity (V,0) has the resolution graph I' and py(V, 0) = py(I'), because it follows
from Clifford’s theorem that h'(D,,) is the maximum of h'(D,)), where C’ is any nonsingular
curve of genus g and D’ is any Pinkham-Demazure divisor on C’ which corresponding to the
resolution graph I'.

The following problems are open even for Brieskorn complete intersections.
Problem 2.10. Give an explicit way to compute py(I') from T

Problem 2.11. Classify complex structures which attain p,(I'). Is Ey always hyperelliptic if
pg(V,0) = py(I')?

Problem 2.12. How can we generalize the notion of “hyperelliptic type” to non-star-shaped
cases?

3. BRIESKORN COMPLETE INTERSECTION SINGULARITIES

In this section, we review some basic facts on the Brieskorn complete intersection (BCI for
short) surface singularities and study arithmetic properties of invariants of those singularities.
Then we show that a BCI singularity with g < 1 always has the maximal geometric genus and
its maximal ideal cycle coincides with the fundamental cycle on the minimal good resolution.
We basically use the notation of Section 2.

Recall that 7: X — V denotes the minimal good resolution of a normal surface singularity
(V,0) with exceptional set E.

3.1. The cycles and the Seifert invariants. We summarize the results in [12] which will be
used in this section; those are a natural extension of the results on the hypersurface case obtained
by Konno and Nagashima [8]. We assume that (V, 0) is a BCI normal surface singularity, namely,
V' C C™ can be defined as

(3.1) V={(x;) e C"| gna(* + 4+ qimz =0, i=3,...,m},

where a; are integers such that 2 < ay <--- < a,, and ¢;; € C.
We define positive integers ¢, ¢;, o, o, Bi, G, i, and e; as follows:?

C:=lem{ar,...,am}, ¥ :=lem({a1,...,an}\ {ai}),
a; =L, ai=aqQm, Gi=arccan /b §ii= gai/a;, e = La;,
eifi+1=0 (mod ;) and 0 < f; < a.

We easily see that the polynomials appeared in (3.1) are weighted homogeneous polynomials of
degree ¢ with respect to the weights (eq, ..., e, ) and that ged{a;, a;} =1 for ¢ # j.

Definition 3.1. Let Z() = (z;)p, the exceptional part of the divisor divx (z;).
The next result follows from Theorem 4.4, 5.1, 6.1 of [12].

Theorem 3.2. We have the following.
(1) The resolution graph of (V,0) is as in Figure 3 (s; =0 if a; = 1), where

m S gi
E=FEy+ ZZZEi7V>5’

i=1v=1¢=1

2Using the notation of [12, §3], we have | = dm, €; = dim, @ = Nim, Bi = im, € = €im-
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and the Seifert invariant is given by the following:

29-2=(m—2)§— > g
=1

m A .
iBi  ar---a Cityoo s Cis)]Th i > 2
CO:Z% .Z + = 72 = Bifa; = ([)[ ! 1
i=1

(07 Zf a; = 1.

(2) For1<1i<m, we have

Ji ® . )
Cfon (Z(Z)) =€, = deg(x1)7 Z(z) = Zg:l Ei,si,{ Zf @i 2 2

Hence Z(W) = Le, for1 <i<m, and Mx = Zm) since eq > -+ > e.
(3) We have cffg,(Zx) = min{e,,,a} (¢f. Remark 2.7) and

M if em <a
Zx = .
deg(aD)E§ if em > a.

In particular, Zx = Mx if and only if e, < a.

E17271 El,sl,l g1
Er2.5 Er sy
Em’271 Em,sm,l Im
Em,Z,Qm Em,sm,gm

FIGURE 3. The graph I'(ay,...,am)

Definition 3.3. We denote the weighted dual graph of Figure 3 by T'(aq, ..., am)-

Remark 3.4. We describe more precisely the situation of Theorem 3.2 (2).
Let H; := divx(x;) — Z@ . Then we have the decomposition H; = ngl H, ¢ into irreducible
components such that
] HLEE = Hi,fEi,si,f =1if (7] 7é 1,
° i,§E = Hi7§E0 =1 and Hi,§ N Hi»E’ =0 (f 75 fl) if a; = 1.
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In any cases, H; N H; = () for i # j.
For 1 <i<m,let {P¢|{=1,...,0i} C Ey denote the set of points determined by z; = 0
in the weighted projective space P(eq, ..., €;). Then

{P } _ EO N E7;717£ if (67} 7é 17
" EO N Hiyf if Q; = 1.

Let us recall that Og,(—Ly) = Og,(D,,) (see Theorem 2.6) and D, = aD.

Lemma 3.5. We have the following.
(1) Form € Zsg, o | n if and only if L, = (deg D,,)E{. In particular, if deg D, > 0, then
(2) %‘|deé Zso and dE§ € ZE, then dE§ = L,,, where n = da/ deg D,,.
Proof. (1) Let ¢: X — X’ be the blowing-down of the divisor E — Fy. Then, at each point
$(Pe) €X' (1<i<m, 1<E<Gy),
the reduced divisor ¢(Fp) is a Q-Cartier divisor and the order of

[¢(Eo)] € CUX", ¢(Pic))
is a; (see Section 2.1). As in [13, II (b)], we have the pull-back ¢*¢(Ep). Then

Ey = cff g, (E)(0"¢(Eb))-
Since «;’s are pairwise relatively prime, « is the minimal positive integer such that a¢(Fy)
is a Cartier divisor on X', or equivalently, ¢*(a¢(Ep)) € ZE. Hence « | n if and only if
¢*(np(Ep)) € ZE. If this is the case, ¢*(n¢(Ep)) = L, by Lemma 2.2 (2), and moreover,
L, = (—LnEy)E} = (deg D,,)E{. By Theorem 3.2 (2), L., = (deg D,,)E{ if deg D., > 0.
(2) As seen above, dE§ = L,, by Lemma 2.2 (2). Then n = dcffg,(Ej). From (1), we have
a =deg D, cff g, (EF). O

3.2. The coordinate ring and the semigroups. By virtue of Theorem 3.2, we can write
down the Pinkham-Demazure divisor as follows:

mo o B gi
Q;
=1 £=1

Definition 3.6. We call a cycle C > 0 a monomial cycle if C = 31", m; Z®) with m; € Zx,
and write z(C) = [[\~, z"*. Clearly, (z(C))g =C.
Remark 3.7. Let C' > 0 be an anti-nef Q-cycle. Suppose that a; > 1 for i < s and a; = 1 for
i > s. If, for each i < s, ¢; := CF; 4, ¢ is non-negative integer independent of 1 < ¢ < g;, and if
the intersection numbers of C' and the exceptional components other than

E’i,Shﬁ (Z <s, 1< 5 < gz)

are zero, then C'is a monomial cycle since C' = Y7, ¢;Z().

On the other hand, even if C' € ZE and C = cEj for some ¢ € Z~g, C is not necessarily a
monomial cycle. For example, if a < e, then L, = (deg D,)E{ is not a monomial cycle (see
Lemma 3.5, Theorem 3.2 (2)).

Let (m1,...,my) C Z>o denote the numerical semigroup generated by integers
mi,...,mg € ZZO’

For n € Zsg, let R,, = H°(D,)T™ C R := R(V,0), the vector space of homogeneous functions
of degree n (see Section 2.2).
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Proposition 3.8. Let n € Z>q. We have the following.

(1) Ifdeg Dy, € {G1,---,Gm), then there exists a monomial cycle W such that cff g, (W) = n,
and hence h°(D,,) # 0.

(2) If deg D,, = deg Dy, € (G1,--.,Gm) for some k > 0, then D,, ~ Dy. In particular, if
deg D,, =0, then D, ~ 0.

(3) If d:=degD,, >0, then dE§ € ZE and deg D,, | d.

Proof. (1) We first assume that deg D, = 0. If oy > 1, then cffg, , (Ly) is independent of
1< &< g foreach 1 < j <s; (see Figure 3). Therefore, by Lemma 2.2 (1), there exists a cycle
F > 0 such that L := L,, + F is a monomial cycle with cffg, (L) = cffg,(L,) =n and LEy =0
(cf. Remark 3.7). Then z(L) € R,,.

Next assume that degD,, = c1g1 + -+ + cmGm > 0 (¢; € Z>p). We may assume that o; > 1
fori <sand o; =1 fori>s. Fori<s,let F; = Zgzl ijl E; j¢. Since Fj is anti-nef on its
support and deg D,, = —L,, Fy, it follows from Theorem 3.2 (2) that the cycle

W’ = Ln + iCiFi - i CZZ(Z)
i=1 i=s+1

is anti-nef and W'Ey = 0. Applying the argument above to the cycle W', there exists a cy-
cle F' > 0 such that W’ 4+ F’ is a monomial cycle with cffg,(W') = cfig, (W' + F’) and
(W' + F')Ey = 0. Hence

W:=W+F + Z c; 2
1=s+1
is also a monomial cycle and cff g, (W) = cff g, (W' + 37", ¢;Z(") = n. Thus, we obtain that
(W) € R,.
(2) We denote by C), the monomial cycle W’ 4+ F’ above, and also by Cj the monomial cycle
obtained from Lj in the same manner as above. Since C,, — Cy, = L, — Lg, on a suitably small
neighborhood of Ey C X, we have

Hence D,, — Dy, ~ (=L, + Lg)|g, ~ 0.

(3) Since deg D,, = —L, Ey, L, — dE} is an anti-nef Q-cycle with (L,, — dEy)Ey = 0. By the
argument above, there exists a cycle F' > 0 such that L, — dEJ + F is a monomial cycle. Hence
dE} is also a cycle (cf. Remark 3.7). We have deg D,, | d by Lemma 3.5. O

Theorem 3.9. If g <1, then py(V,0) = py(T'(ai,...,am)) (see Definition 2.8).

Proof. By Pinkham’s formula, p,(V,0) = ano h'(D,). If g = 0, then this is topological,
and the assertion is clear. Suppose that g = 1. If deg D,, # 0, then h'(D,) is topological

by Riemann-Roch theorem and Serre duality, namely, independent of the complex structure of
(V,0). If deg D,, = 0, then h'(D,,) = h°(D,,) = 1 by Proposition 3.8. Hence

pg(V,0) = pg(T(a1,...,am)).

Theorem 3.10. We have the following.

(1) <617"-;em>:{n6220‘ hO(Dn)7£O}
(2) Form € Z>o, n € (e1,...,em) if and only if deg Dy, € (G1,-- ., Gm)-
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Proof. (1) follows from the fact that

R=H(D)T*
k>0

is generated by the elements z1,...,z,, with degxz; = e;.

(2) The “if” part follows from Proposition 3.8 (1). Assume that n =Y !" m;e; with m; > 0.
Then the monomial cycle M := >, m;Z") satisfies cff g, (M) = n. We proceed in a similar way
as in the proof of Proposition 3.8. We may assume that a; > 1 for i < s and a; = 1 for i > s.
Then —MEy = ;. migi € (G1,---,Gm) by Theorem 3.2 (2). Let W = M — . m; Z@
and n’ = cff g, (W). Clearly, W is also a monomial cycle. By the definition of L., we have
cff g, (W — L) =0 and W — L,y > 0. Since cffg, ; (L) and cffg, . (W)) are independent of
1 <€ < g for each 1 < j <s;, we obtain that (W — L,/)Ey € (g1, .., dm). On the other hand,
L,=L, + (M —W) by Lemma 2.2 (4). Therefore,

deg Dy, = —LpEo = (W — Ly — M)Ey € (G1,- -+ Gm)- U

Corollary 3.11. If g > 0, then a(R) € {e1,...,em) and 29 — 2 € {(41,...,9m). Note that
a(R) = (m—2){ =Y e; by [6, 3.1.6].

Proof. By Theorem 2.5, Kg, ~ Dggy. Since h%(Kg,) = g > 0, the assertion follows from
Theorem 3.10. (]

Theorem 3.12. If H*(D,) # 0, then Mx = Zx. In particular, if g < 1, then Mx = Zx.

Proof. If H°(D,,) # 0, then « € (ey,...,e,) by Theorem 3.10. Hence e,, < a, and Mx = Zx
by Theorem 3.2. If g < 1, we have H°(D) # 0 for any divisor D on Ey with deg D > 0. O

Example 3.13. We have seen that if o < e,,, then H°(D,,) = 0 even though D, > 0. We show
that the condition e,, < « does not imply H%(D,,) # 0; thus, the converse of Theorem 3.12 does
not hold.

Suppose that (a1, az,a3) = (6,10,45). Then we have

{61762363} = {157972}7 {glag%gB} = {57372}7 o = 37 degDa = 13

and H°(D,) = 0 by Theorem 3.10. Note that the Seifert invariant is (11,1,2(3,1)). This is a
hyperelliptic type (see Example 2.9). Hence p4(V, 0) = py(T'(6, 10, 45)).

3.3. Non-BCI singularities. In the rest of this section, we assume that (V,0) is an arbitrary
weighted homogeneous singularity with resolution graph I'(aq, ..., a,,). We use the same nota-
tion as above. Recall that the Pinkham-Demazure divisor is expressed as D = Q — A.

Lemma 3.14. Assume that o < e,,. Then Mx = Zx if and only if there exists an effective
divisor F on Eq such that aD = D, ~ F and Supp F N Supp A = ().

Proof. Let ¢ = degD,. Since a < e,,, it follows from Theorem 3.2 and Lemma 3.5 that
Zx = Lo = cE§ (note that the fundamental cycle is determined by the resolution graph). On
the other hand, Mx = Zx if and only if there exists a function h € HY(Ox(—Zx)) such that
divx(h) = Zx + H, where H is the non-exceptional part. In this case, we have EH = EqH
since H ~ —cEj. Thus (E — Eg)H = 0. Let FF = H|g,. Then Supp F N SuppA = 0 and
Do ~ —Lalg, ~ F.

Conversely, suppose that D, ~ F > 0 and Supp F N Supp A = ). Since H°(D,,) # 0, there
exists h € H°(Ox) such that divx (h) = cEj + E' + H where E’ is a cycle supported in E — Ej
and H is the non-exceptional part. By assumption, (E' + H)|g, ~ —La|g, ~ F. In fact, we
may assume that (E' + H)|g, = F, since the restriction map H°(Ox(—L,)) — H°(Og,(D,))
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is surjective by Theorem 2.6. Then H|g, = F by the assumption on the supports, and E' = 0
since B2 = divy (h)E' = 0. O

Lemma 3.15. For any effective divisor F € Div(Ey) such that deg F' = deg aD, there exists a
divisor Q) € Div(Ey) such that
F ~ a@ — aA.

Let D = Q — A and R = R(Ey, D) (see Section 2.3). If R = R(Ey, D) is a Gorenstein ring,
then R is also Gorenstein if and only if a(Q — Q) ~ 0, where a = a(R).

Proof. Since deg(F — aD) = 0, there exists a divisor Qp with deg @r = 0 such that
aQr ~ F —aD.

Let @:QFJrQ. Then
aé—aAwaQF—i—aQ—aANF.

Let D’ be the Q-divisor as in Theorem 2.5, and assume that R is Gorenstein. Then
Kg, ~aD — D', and R is Gorenstein if and only if (aD — D') ~ (aD — D’). O

Theorem 3.16. There exists a weighted homogeneous singularity with a resolution graph
L(ai,...,am) such that the mazimal ideal cycle coincides with the fundamental cycle on the
minimal good resolution.

Proof. Let (V,0) be a BCI singularity. If e,, < a, we have Mx = Zx by Theorem 3.2. If
€m > a, by Lemma 3.14 and 3.15, we can take a Pinkham-Demazure divisor D on Ep so that
Spec R(Ey, D) satisfies the assertion. O

4. EXAMPLES OF SINGULARITIES IN X(I'(2,3,3,4))

We study some special structures of weighted homogeneous singularities with resolution graph
I'(2,3,3,4). The tuple of integers (a1, az,as,as) = (2,3,3,4) is characterized by the properties
that a1 + -+ + am (a; > 2) is minimal such that the corresponding BCI singularity satisfies
E # Ey and g = 2.

Let T =T'(2,3,3,4) and let X'(I') denote the set of weighted homogeneous singularities with
resolution graph I'. We shall show that the singularities in X'(I') which attain the maximal
geometric genus py(I') (see Definition 2.8) are of hyperelliptic type, and obtain the equations for
them. Moreover, we classify the singularities in X'(T") with the property that the maximal ideal
cycle coincides with the fundamental cycle.

In the following, we use the notation of Section 3. Notice that the coefficients of the cycles
Zx, Ly, and Zk . are determined by I'.

First, we give the fundamental invariants of BCI singularities with resolution graph I' (cf.
Section 3.1); these data and the following theorem are used in other subsections.

Notation 4.1. Let mult(V,0) (resp. embdim(V,0)) denote the multiplicity (resp. embedding
dimension) of the singularity (V, o), namely, that of the local ring Oy,,.

Theorem 4.2. Let A := Ow,, be the local ring of a d-dimensional Cohen-Macaulay complex
space W at p € W. Then we have the following.

(1) (Abhyankar [1]) embdim A < mult A +d — 1.
(2) (Sally [25]) If A is Gorenstein and mult A > 3, then embdim A < mult A+ d — 2.
(3) (Serre [26]) If A is Gorenstein and embdim A = d+2, then A is a complete intersection.
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4.1. The BCI singularities. Assume that (V,0) is a BCI surface singularity with
(a1,...,a4) =(2,3,3,4).
Then V' can be defined by polynomials
fii=a?+ad+pad, for=ad+ad+al (p#£0,1).
These are weighted homogeneous of deg f; = ¢ = 12 with respect to the weights
(degzy,...,degxzy) = (e1,...,e4) = (6,4,4,3).
We also have
(a1,...,04) = (1,1,1,2).

By [12, 6.3], mult(V,0) = a1a2 = 6. Let R = Clx1,...,24]/(f1, f2). It follows from [6, 3.1.6]
that

a(R)=124+12—(64+44+4+3)=T7.
The Hilbert series of R is
(1 - 12)2
=)~ )2(1 — )
By Proposition 2.4 (1), we have
py(Vy0) = (242t +2t3 +t* +17)|,=1 = 8.

From the result of Section 3.1, we have the resolution graph I' as Figure 4.

(4.1) H(V,t) = =143 426 425 427 +365 ...

FIGURE 4. T =T1(2,3,3,4)

Since a = 2 < e4, we have Zx # Mx by Theorem 3.2. In fact, we have that
Zx=Ly=E+FEy=E}, Mx=2Z%=Ls=Zx+E, Zg,=4Zx.

The fundamental genus is pa(Zx) = h'(Ozy) = 1+ Zx(Zx + Kx)/2 = 4. The arith-
metic genus of (V,0) is defined by p,(V,0) = max{p.(D)| D > 0 is a cycle}. It is known that
Pa(Zx) < pa(V,0) < py(V,0) (see [32]). By Koyama’s inequality (see [7, Proposition 1.6]), we
have po(V,0) = p.(2Zx) = 5.

The Pinkham-Demazure divisor D and D,, are as follows:

3 3
(4.2) D=Q-Y 1P D.=n0-Y[7]P,
=1 =1

where Og, (Q) = Og,(—Ep) and {P;} = Ey N E;. Since deg @ = 2, we have the following table;
these are topological invariant and also used in Section 4.2—4.3.

n 1 12]3]4]5|6|7
degD, | -1]1(0]2|1|3]|2
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The divisor D satisfies the following analytic condition.
Lemma 4.3. Q ~ 2P, ~ Kg, fori=1,2,3.
Proof. Since a(R) = 7, by Theorem 2.5 and Proposition 3.8 (2),
Kg, ~ Dy ~ D7y —2D3 = Q.
Note that Ej is a hyperelliptic curve with g = 2. From Remark 3.4, we see that
{P1, Py, Ps} = {f1 = fo =24 =0} CP(6,4,4,3).

Thus, a double cover Ey — P! is given by (z; : 22 : 23 : 4) = (22 : z3) and P; are its
ramification points. Hence 2P; ~ K, . O

Later, we shall see the variation of the Pinkham-Demazure divisor D and corresponding
singularities with I' = I'(2, 3, 3,4).

4.2. Singularities with p, = py(I'). Let C be a nonsingular curve of genus two and let
{Py, Py, P3} C C be a set of three distinct points. Let @ be a divisor on C' with deg @ = 2. We
define D and D,, (n € Zx0) as in (4.2). Suppose that (V,0) € X(I') and the homogeneous coor-
dinate ring R of (V,0) is expressed as R = @,,~, H*(D,)T", where H(D,,) = H°(C, Oc(Dy,))
(see Section 2.3). For n € Zsg, let R, = HO(D,)T". We identify C with the central curve
Ey C E.

Lemma 4.4. The following are equivalent.

(1) (V,0) is Gorenstein.
(2) K¢ is linearly equivalent to Dr.
(3) W(Dy) =2,

In this case, we have a(R) = 1.

Proof. Since g = g(C) = 2, for a divisor F of degree 2 on C, h®(F) = 2 if and only if F' ~ K.
The assertion follows from Theorem 2.5. O

Notation 4.5. Let R(C) C C be the set of ramification points of the double cover C' — P! and
o: C — C the hyperelliptic involution; we have R(C) = {P € C'| o(P) = P}.

From Example 2.9, we have the following.
Proposition 4.6. Assume that P, € R(C), P, € C\ R(C), P3s =0c(P2) and Q = 2P,. Then
(4.3) Dy ~ {j{i} b (n is cven)
2= Pr (nis odd)
and py(V,0) = pg(I).
We can prove the converse of the above result.

Proposition 4.7. Assume that pg(V,0) = pg(I'). Then D can be taken as in Proposition 4.6,
namely, by suitable permutation of P;’s, we have P, € R(C), P, € C\ R(C), Ps = o(P2), and
Q ~2P.

Proof. By Proposition 2.4 (2) and Clifford’s theorem (cf. Example 2.9), we have
(4.4) h%(D,,) = |deg D,,/2| +1 if degD, <2.

Since deg Dy = 1 and h°(D3) = 1, there exists a point Py € C such that

(4.5) Dy =2Q — (Pr+ P, + P5) ~ Py.
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Since deg D3 = 0 and h°(Dj3) = 1, it follows that
(4.6) Dy =3Q — 2(Py + Py + P3) ~ 0.

From (4.5) and (4.6), we have Dy ~ 2Py ~ Q. Since h®(D,) = 2, we have Py € R(C). Therefore,
P+ 0(P)~Q for any P € C. Tt follows from (4.5) that

P +P,+P3~Q+ Py~ P +0(P)+ Py

Hence P> + P3 ~ o(Py) + Py. If Py + P3 = o(Py) + Py, we are done (e.g., if P, = P4, then
P2 S R(C), O'(Pl) = P3 ¢ R(C)) If P2 +P3 7£ O'(Pl) +P4, then hO(O'(Pl) +P4) = 2, and this
implies that P, = Py and P3 = o(P2). O

We shall give the fundamental invariants of these singularities.
For an invertible sheaf £ on X, we say that P € X is a base point of L if L is not generated
by its global sections at P.

Lemma 4.8 (cf. [32, 2.7], [24, 4.6]). If Ox(—Mx) has no base points, then mult(V,0) = —M%.

Proposition 4.9. Assume that py(V,0) = py(T'). Then we have the following.

(1) Mx = Zx + E1, where Py is taken as in Proposition 4.6. Furthermore, Ox(—Mx) has
no base points and mult(V,0) = 4.

(2) py(V,0) = 10.

(3) (V,0) is a complete intersection singularity defined as

V= {(a:,y,z,w) E(C4| y? — xz = w? — hs(2?, 2) :O},

where hs is a homogeneous polynomial of degree 5. This is a weighted homogeneous
singularity of weight type (2,3,4,10;6,20).

Proof. Assume that D is as in Proposition 4.6. It follows from Lemma 4.4 that (V] 0) is Goren-
stein, because K¢ ~ 2Py ~ Dr.
(1) Since h°(Dz) > 0, there exists a homogeneous function h € Ry such that

divx(h) = Zx + F + H,

where F' is a cycle satisfying 0 < F' < F; + E5 + F3 and H is the non-exceptional part. Note
that any point of HNE is in Eg \ {Py, P2, Ps} or (E1UFE>U Es) \ Ey, because h is homogeneous.
Since
0 ~divx(h)|g, ~ =Dz + (F+ H)|g, ~ —P1 + (F + H)|g,,

we have FNEy = {P;} and HNEy = §; thus F = Ey and ENH C E; \ Ey. Since cffg, (L) > 2
for all n > 3, we have that Mx = Zx + E; and Ox(—Mx) is generated by global sections
outside By N H. Since Ly = 2E} and Dy ~ 2P, for any Py € R(C) \ {Pi}, there exists
g € R such that divx(g) = L4 + H' where H' intersects Fy only at Py (cf. the proof of
Lemma 3.14). Since cffp, (Mx) = cffg, (L4) = 2 and L4F; = 0, Ox(—Mx) has no base points.
Hence mult(V,0) = —(Mx)? = 4 by Lemma 4.8.

(2) Let (Vp,0) € X(T) be a BCI singularity. Since deg D,, > 3 for n > 8, h%(D,,) with n > 8 is
independent of the complex structure of the pair (C, D). By (4.1) and (4.4), we have the Hilbert
series H(V,t) of R = R(V,0):

5 1—1%) (1—¢*°
(4.7) HV1) = H(Vo,1) + 8 +1° = (1-— t2)((1 - t3)) ((1 — t4))(1 — t10)

=14+ + 34267 45+ 260+ 247 + 383 + 260 + 4410 + -
By Proposition 2.4 (2), pg(V,0) = pys(Vo,0) + 2 = 10.
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(3) From (4.7), we have the following functions belong to a minimal set of homogeneous
generators of C-algebra R:
r=foT? € Ry, y=fsT>€ Ry, 2= fiT*€ Ry
such that divg,(f;) > D;. Since 23,y 22 € H°(Dg)T® and h°(Dg) = 2, we have a relation
re(x,y,z) = 0 at degree 6. Let C[X,Y, Z] be the polynomial ring with
(deg X,degY,deg Z) = (2,3,4).

The difference between the Hilbert series of R and that of the quotient ring % is

(1—1t%
(I—-2)(1-83)(1—1¢4)
Hence we have an element w € Ry such that {x,y, z,w} is a subset of a minimal set of homo-
geneous generators of R. However, since (V,0) is Gorenstein and mult(V, o) = 4, it follows from

Theorem 4.2 that R is a complete intersection generated by just z,y, z, w as C-algebra. Let F(t)
be the Hilbert series of C[X,Y, Z,W]/(rs(X,Y, Z)), where degW = 10. Then

H(V,t) = F(t) = =2 ...
Hence we have a relation rq9(x,y, z,w) = 0 at degree 20. Then the natural C-homomorphism
S:=C[X,Y,Z,W]/(r¢(X,Y,Z),r20(X,Y, Z,W)) = R

induced by (X,Y,Z, W) — (z,y,z,w) is surjective and the Hilbert series of S coincides with
H(V,t). Hence S = R.

Next we consider the equations. Suppose that ¢: Fy — P! is a double cover such that
d(P1) = {zo = 0} and ¢(P;) = {1 = 0} (i = 2,3), where 2y and z; are the homogeneous
coordinates of P'. Then Ej can be defined by the equation 22 = xohs(xg, x1), where hs(xo, 1)

is a homogeneous polynomial of degree 5 such that hs(1,0)h5(0,1) # 0; the branch locus of
the covering is {xohs(wo,21) = 0} C PL. Now, we can put @ = xox1, ¥y = ToT3, 2 = T3,

H(V,t) — _ 40

w = z2x3w5. Then we have the relations
2 2,4 2 215 2
Yy =axx] = xz, w° = hs(xg, x1)(xox])” = hs(z?, 2). O

4.3. Singularities with Mx = Zx. We classify the singularities (V,0) € X(I') with property
that Mx = Zx. We use the notation of the preceding subsection.

Proposition 4.10. We have the following.
(1) Mx = Zx if and only if there exists a point Py € C'\ { Py, Py, P3} such that Dy ~ Py; if
this is the case, D7 ~ 4Py — Q.
(2) Assume that Mx = Zx and that x € Ry and y € R, belong to a minimal set of
homogeneous generators of the C-algebra R, where m is the minimum of the degrees of
those generators except for x. If Py is not a base point of HY(D,,), then mult(V,0) = m.

Proof. (1) The equivalence follows from Lemma 3.14.

(2) We have divx(z) = Zx + H, where H is the non-exceptional part. Since H N E = {P,},
Ox(—Zx) has just a base point P;. Assume that u,v are the local coordinates at P, € X such
that By = {u = 0} and H = {v = 0}. By the assumption, we may also assume that z = u?v
and y = u™. Note that m > 3 since h®(Dq) = 1.

Then, at P, € X, mOx = (v*v,u™)Ox = (v,u™ 2)Ox(—Zx), where m C Oy, is the
maximal ideal. Therefore, the base point of Ox(—Zx) is resolved by the composition ¥ — X
of m — 2 blowing-ups at the intersection of the exceptional set and the proper transform of H.
Then the maximal ideal cycle My on Y is the exceptional part of divy (z) and by Lemma 4.8,

mult(V,0) = ~MZ = —Z% + (m — 2) = m. O
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Remark 4.11. The proof of Proposition 4.10 shows that mult(W,0) > —Z% + 1 = 3 for any
normal surface singularity (W, o) with resolution graph I'.

Lemma 4.12. Let P € C.
(1) P &€ R(C) if and only if the linear system |3P| is free.
(2) There exist three distinct points Ay, As, Az € C such that 3P ~ Zg’zl A;. For such
points, P € R(C) if and only if P € {Ay, Ag, A3}.

Proof. (1) Since h®(3P) = 2 by the Riemann-Roch theorem, |3P| is free if and only if h°(2P) = 1.

(2) If the linear system |3P| is free, then the first assertion follows from Bertini’s Theo-
rem. If |3P| is not free, then |2P| = |K¢| is free and thus we can take three distinct points
Ay := P, Ay, A3 € C such that 2P ~ A; + A3. Suppose that 3P ~ Z?:1 A;. It P e R(C), we
have P € {A;, Ay, A3} since [3P| has a base point P. If P € {A;, Ay, Az}, then h°(2P) =2. O

We always assume that Mx = Zx in the rest of this section and use the notation above:
notice that h%(Dy) = 1 and Dy ~ Py € C \ {P1, P2, P3}, and that h%(D) > deg D — 1 for any
divisor D on C' by the Riemann-Roch theorem. o

Let H(I',t) = 3, 5 cat™ denote the Hilbert series associated with a singularity (V',0) € X(I')
with pg(V’,0) = pg(I"). As we have seen in (4.7),

S ent" =14+ 1742t 415 420 42T -
n>0
We have the following:
h(D,) = ¢, for n =0,1,2,6 and n > 8,
hO(D3)ahO(D5) € {071}7 hO(D4)5hO(D7) € {172}
We classify those singularities; they are divided into the following cases:
I. h°(D3) = 1.
II. h%(D3) =0 and h°(Dy) = 2.
II1. hO(Dg) =0 and hO(D4) =1.
We shall eventually have six cases as seen in Table 2.
Proposition 4.13. Assume that Mx = Zx. If h°(D3) = 1, then (V,o0) is not Gorenstein,
pg(V,0) =8, mult(V,0) = 3, embdim(V, 0) =4, and

184110
(1—12)(1—1¢3)°
Furthermore, the C-algebra R is generated by homogeneous elements of degree 2,3,8,10. Note
that (V,0) has the minimal multiplicity among the singularities in X (I") (see Remark 4.11).

Proof. We have h%(Ds) = 1, since h%(Ds) = h%(D3) = 1. Since Dy ~ P, and D3 ~ 0, by a
similar argument as in the proof of Proposition 4.7 we have that

HV, ) =1+ +83+t* + 2+ 200 +¢" ... =

3 3
3Q~2) P, Q~2Pi~Dy~D;, 3P~ P

i=1 =1
In particular, h°(D,) = h°(D). By Proposition 4.10 (2), mult(V,0) = 3.
Suppose that h°(D,) = 2. Then (V,0) is Gorenstein by Lemma 4.4. Therefore,
embdim(V, 0) < mult(V,0) = 3
by Theorem 4.2. Then R is generated by z € Ry, y € R3 and z € Ry as C-algebra R with
equation 32 + zz = 0 (cf. the proof of Proposition 4.9 (3)); however, this implies that (V,0) is
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rational. Hence h%(D4) = 1. Then (V,0) is not Gorenstein by Lemma 4.4, and therefore (V,0)
is not hypersurface. Thus, embdim(V, 0) = 4 by Theorem 4.2. Since H(T,t) — H(V,t) = t* + 17,
we have py(I") — pg(V,0) = 2 by Proposition 2.4. Since x,y form a regular sequence of R, the
Hilbert series of R/(x,y) is H(V,t)(1 —t?)(1 —3) = 1 +t® +t!0. Then we easily see the degrees
of generators. O

Remark 4.14. By Lemma 4.12, we can take distinct points Pi,...,P; € C such that
3Py~ Y7 | Py and 2P, o K¢. Let Q = 2P,. Then we have
3
Dy~ Py, Ds~23Py—Y P)~0, h%(Ds)=h"D7)=h"2P)=1,
i=1
and My = Zx by Proposition 4.10. Hence we have a singularity (V,0) € X (I') satisfying all the
conditions in Proposition 4.13.

Next we consider the case h°(D3) = 0. Since Dy ~ Py, the following three conditions are
equivalent (cf. the proof of Proposition 4.7):

(1) hO(D3) =0,  (2)3Q#2X% P,  (3)Q# 2Py

Let z € R2\{0}. We will compute the embedding dimension of (V, 0) via the curve singularity
(V(x),0), where V(z) = {zx =0} C V. Let H(V(x),t) = Y, 5 dit" denote the Hilbert series of

Lemma 4.15. The curve V(z) is irreducible and the setT'y := {n € Z>¢ | d,, # 0} is a numerical
semigroup. If T, = (myq,...,m.), then

embdim(V, 0) — 1 = embdim(V (z),0) < e.

Proof. Let H C X be as in the proof of Proposition 4.10. Then H is irreducible and nonsingular
since EH = 1, and hence the induced map H — V(z) is the normalization. If h € R\ () is a
homogeneous element, then the order of hly () at 0 € V(z) coincides with the order of vanishing
of h along Ey, that is, degh. Hence I',, coincides with the so-called semigroup of values of the
curve singularity (V(z),0). Then the inequality is well-known. O

In the following, it will be useful to notice that the Frobenius number of (a, b) is (a—1)(b—1)—1.

Proposition 4.16. Assume that Mx = Zx. If h%(D3) = 0 and h°(Dy) = 2, then (V,0) is not
Gorenstein and mult(V, 0) = 4.

(1) If h%(Ds5) =1, then py(V,0) = 8, embdim(V,0) = 4,

| A A
HV ) =142 12 15 1o 1474 ... =
(Vit) =14+ + 2" +8° + 26 + 47 + (T

and C-algebra R is generated by homogeneous elements of degree 2,4,5,11.
(2) If h%(Ds5) = 0, then py(V,0) = 7, embdim(V,0) = 5,
1+t7+t7 +¢1°
HVt)=1+t2 42" + 25 +t"T ... = ————
(V.t) +t°+ + +t' + I—2)(1-6)
and C-algebra R is generated by homogeneous elements of degree 2,4,7,9,10.

Proof. We have that Dy ~ 2Py ~ Ko and Dy # Dy. Hence h°(D7) = 1 and (V,0) is not
Gorenstein by Lemma 4.4. Therefore, embdim(V,0) > 4. Since H°(D,) has no base points,
we have mult(V,0) = 4 by Proposition 4.10, and embdim(V,0) < 5 by Theorem 4.2. Take
homogeneous element y € R4 such that z and y belong to a minimal set of homogeneous
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generators of C-algebra R. Then z,y form a regular sequence of R and the Hilbert series of
R/(z,y) is H'(t) := H(V,t)(1 — t?)(1 — t%).

(1) Assume that h%(D5) = 1. We have H(V,t) = H(T,t) — (£* +t7) and p,(V,0) = py(T) — 2
by Proposition 2.4 (2). Since

H(V(z),t) = HV, )1 —?) = 1+ t* +£° + 15>t

i>0
we have T',, = (4,5,11). It follows from Lemma 4.15 that embdim(V,0) = 4. Since
Hl(t) =1 +t5 +t10 +t11,

we obtain the degrees of homogeneous generators of R.
(2) Assume that h°(Ds) = 0. Then

H(V,t) = H(T,t) — (£ + > +t7),

H(V(z),t)=1+t*+t7>

i>0
and
H'(t) =1+t +1° +¢°.
Thus, we obtain the assertion by a similar argument as above. [l

Remark 4.17. Let R(C') and ¢ be as in Notation 4.5. Suppose that Py € R(C) and Ps € C\R(C).
(1) Let Q = Py + Ps. Then |2Q — Py| is free since h®(Py+2P5) = 2 > h°%(2P5) = h°(Py + Ps).
Thus, there exist distinct points Py, Py, P3 € C'\ {P4} such that 2Q — Py ~ P, + P> + P5. We
set D=Q — %2?21 P;. Then
Dy~ Py, D3~2Dy—Q~Py—P57#0, D4~ Kc,
D5N3D2—QN2P4—P5N(P5+0'(P5))—P5:0'(P5).
Therefore, we have a singularity satisfying the condition of Proposition 4.16 (1).
(2) Let Q = 4Py — 2P5. If |2Q — P4| has a base point Py, then
Ke~2Q — Py— Py~ TPy —4P5 — Py,

and thus 5Py ~ 4Ps + Py. However, since |5P;| has a base point Py, we have 4P; ~ 4Ps; this
is impossible. Hence |2Q) — Py is free and there exist distinct points Py, Ps, P3 € C'\ { P4} such
that QQ—P4 NP1+P2+P3. Then

Dy~ Py, D3~2P;—2P, 40, D4y~ Kg,
D5 ~2P5 — Py, h°(2P5 — P,) = 0.
Hence we have a singularity satisfying the condition of Proposition 4.16 (2).

Proposition 4.18. Assume that Mx = Zx. If h°(D3) = 0 and h°(D4) = h°(Ds) = 1, then
mult(V, 0) = embdim(V, 0) = 5.
(1) If R°(D7) = 2, then (V,0) is Gorenstein, py(V,0) =8,
LT
o 1-2)(1-t) 7
and C-algebra R is generated by homogeneous elements of degree 2,5,6,7, 8.

HVit) =1+ +t* + 15+ 265 4 2t7 4.
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(2) If h°(D7) =1, then (V,0) is not Gorenstein, py(V,0) =7,

14+ 488 419 +¢12
HVH =1+ +t*+2+20 +t"+... = ,
(Vit) =1+t +t" +t° +2t° + 1" + =m0 —6)

and C-algebra R is generated by homogeneous elements of degree 2,5,6,8,9.

Proof. The proof is similar to that of Proposition 4.16. We have Ry = R3 and Dy ~ 2P, # K¢.
Since D3 £ 0 and h°(Ds) = 1, there exists a point Ps € C such that Ds ~ Ps # P4 (note that
Dy # Dy + D3 = Dj). Therefore, mult(V,0) = 5 by Proposition 4.10 (2). Let y € Rs \ {0}.
Then the Hilbert series of R/(x,y) is H'(t) := H(V,t)(1 — t2)(1 — t°). From Lemma 4.4, (V,0)
is Gorenstein if and only if h%(D7) = 2.

(1) Assume that h°(D7) = 2. We have H(V,t) = H(T,t) — (> + t*) and

H(t) =145 +47 415 + 14,

Hence py(V,0) = py(I') — 2 by Proposition 2.4 and embdim(V,0) = 5 by Theorem 4.2 (2).
Therefore, R is generated by homogeneous elements of degree 2,5,6,7,8.
(2) Assume that h°(D7) = 1. We have

H(V,t) = H(T,t) — (£ +t* +t7),
H () =1+t +54+1° + 12

HV, )1 =) =14+ +15+£5 1",
i>0

and I'; = (5,6,8,9). Hence we obtain the assertion by similar arguments as above. O

The following proposition shows the existence and the property of D corresponding to the
singularities in Proposition 4.18 (1).

Proposition 4.19. We have the following.

(1) There exist points Py, ..., Py € C and an effective divisor Q of degree two on C which
satisfy the condition
(C1) Py,..., Py are distinct, 2Q ~ S+, P, 2Py & Ko, 4Py ~ Q + K¢

(2) Let Py,..., Py and Q be as above, and let D = Q — 3 Z?=1 P;. Then the condition (C1)
is satisfied if and only if Mx = Zx and h°(D3) =0, h°(Dy) = h%(D5) = 1, h°(D7) = 2.

Proof. (1) Assume that R(C) and o be as in Notation 4.5. Let Py € C satisfies 3(Py—a(Py)) ¢ 0.
Then 2P, o K¢, because Py € R(C). Since deg(4Py — K¢) > 2, there exists an effective divisor
Q on C such that 4Py — Ko ~ Q. Since deg(2Q — P;) = 3, we have h°(2Q — P;) = 2. If
the linear system [2Q) — Py| is free, then we have three distinct points Py, Py, P3 € C \ { P4}
such that 2Q ~ Y7, P, If |2Q — Py| has a base point G € C, then 2Q — P, — G ~ K¢. If
G = Py, we have 2Q ~ 2P, + K¢. Since 4P, ~ Q + K¢, we have Q + 2Py ~ 2K¢ ~ Q + 0(Q),
and hence 2P, ~ o(Q). However, 4Py ~ Q + K¢ ~ 0(2Py) + 0(Py) + Py; it contradicts that
3(Py—0(Py)) # 0. Therefore, G # Py. We can take P, € C so that Py, Py :=o(Py),P; :=G, Py
are distinct. Then 2Q — P4 ~ KC’ =+ P3 ~ P1 + P2 + Pg.
(2) Assume that (C1) is satisfied. By Proposition 4.10 (1), we have Mx = Zx since

3
Dy=2Q - Pi~ Py

i=1
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We also have
D3 ~ 2Py —Q #0, Dy~2P; Kc,
D5N3P4—QNK0—P4NP4+O'(P4)—P4=O’(P4),
D7N4P4—QNK0.
Thus, we obtain that (h%(Ds3), h°(Dy,), h°(Ds),h°(D7)) = (0,1,1,2).
The converse follows from the arguments above. (I
Remark 4.20. We take distinct points Py, Ps € C'\ R(C) such that
Py+ Ps £ Ko and 2(2P4 — P5) * Ko,

and let Q = 3Py— P5. Then Py is not a basepoint of |2Q — Py|. As in the proof of Proposition 4.19,
we obtain distinct points Py, Po, P3 € C'\ { P4} such that 2Q — Py ~ P; + P> + P5. Then we have

Dy~ Py, h°(Ds) = h°(P5 — P1) =0, h°(D4) = h"(2Py) =1,
hO(Ds) = hO(Ps) =1, h(D7) = h°(Py+ Ps) = 1.
Hence there exists a singularity satisfying the conditions of Proposition 4.18 (2).

Proposition 4.21. Assume that Mx = Zx. If h°(D3) = 0, h%(Dy) = 1, h°(Ds) = 0. Then
(V,0) is not Gorenstein, h°(D7) =1, p,(V,0) = 6, mult(V,0) = 6, embdim(V,0) =7,

LT O g

HVH) =1+ +t* 425 +¢ +---
(V, 1) +t2 20 T+ RIS

and C-algebra R is generated by homogeneous elements of degree 2,6,7,8,9,10,11.

Proof. Since Dy ~ 2P; # K¢ and Dg ~ 3Py, H°(Dg) is free (cf. Lemma 4.12). Hence we
have mult(V,0) = 6 by Proposition 4.10 (2) and embdim(V,0) < 7 by Theorem 4.2. Take
a homogeneous element y € Rg such that z and y belong to a minimal set of homogeneous
generators of C-algebra R. Then x,y form a regular sequence of R and the Hilbert series of
R/(z,y) is H'(t) := H(V,t)(1 — t2)(1 — t5).

If h%(D7) = 2, then H'(t) = 1+ 2t7 + % + 10 + ¢11 — #13 4 ¢15 has a negative coefficient; it
is a contradiction. Hence we have h%(D7) = 1. Then H(V,t) = H(T',t) — (3 + t* + 1> +¢7),
H'(t) =1+t"+ 8 +t% + 10+ #11. Hence p,(V,0) = p,(T') — 4, embdim(V, 0) = 7 and C-algebra
R is generated by homogeneous elements of degree 2,6,7,8,9,10,11. O

Remark 4.22. Let Py, P; € C\'R(C) be distinct points such that P4+ P5 4 K¢. Let Q = P+ Ps.
Then [2Q — P4] is free because h®(Py + Ps) = h°(2P5) = 1. Hence there exist three distinct
points Py, Py, P3 € C'\ {Py} such that 2Q — Py ~ Py + P> + P5. Then we have

h%(D3) = h%(Py — P5) =0, h%(D,) = h°(2P)) =1,
h%(Ds) = h°(2Py — Ps) < h°(2P,) = 1,
R (D7) = h°(3Py — P5) < h°(3P,) = 2.
Therefore, we have a singularity of Proposition 4.21.

For reader’s convenience, we provide a table of the conditions for the Pinkham-Demazure

divisors D = @ — Zle %Pi which induce the singularities discussed in this subsection; for each

case, R = R(C), four points Py, ..., P, € C are distinct, and P; + P> + P3 ~ 2Q — Py.
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pg mult embdim Pinkham-Demazure divisor

8 3 4 Q=2P,P¢R
8 4 4 Q=P +P,P,cR P &R
7 4 5 Q:4P472P5,P4€R,P5€R
8 ) ) Q=4P,— Kc,PL ¢ R
7 5 5 Q=3P,—Ps,P,¢R,Ps&R,Ps+Ps,
Py + Ps ot Ke,2(2Ps — P3) o Ke
6 6 7 Q=P+ P, PiéR,Ps &R, P+ Ps, Py + Ps o Ko

TABLE 3. Singularities with Mx = Zx and Pinkham-Demazure divisors

Remark 4.23. Taking a general Pinkham-Demazure divisor D = @ — 23 1P, we have a

i=1 2

singularity (V,0) € X(T') with H(V,t) = 1+ t* + 2t5 +¢7 + ... and that p,(V,0) = 5. Recall
that p,(V,0) =5 (see Section 4.1). Therefore, we have the equality

pa(V,0) = min{p,(W,0) | (W,0) € X(I')},

and this is realized by a weighted homogeneous singularity (cf. Theorem 2.6).
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