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ALGEBRAIC DIFFERENTIAL EQUATIONS OF PERIOD-INTEGRALS

DANIEL BARLET

ABSTRACT. We explain that in the study of the asymptotic expansion at the origin of a period-
integral or of a hermitian period the computation of the Bernstein polynomial of the “fresco”
(filtered differential equation) associated to the pair of germs of a holomorphic function with
a holomorphic volume form gives a better control than the computation of the Bernstein
polynomial of the full Brieskorn module of the germ of f at the origin. Moreover, it is
easier to compute as it has a better functoriality and smaller degree. We illustrate this in
the case where the polynomial f in (n+1) variables has (n+2) monomials and is not quasi-
homogeneous, by giving an explicit simple algorithm to produce a multiple of this Bernstein
polynomial in the case of a monomial holomorphic volume form. Several concrete examples
are given.

1. INTRODUCTION

This article simplifies and improves two unpublished papers, see [3] and [2], on the computa-
tion of the Bernstein polynomial associated to a period-integral or to a hermitian period.
The main result of this paper gives a numerical necessary condition in order that the asymptotic
expansion at s = 0 of a hermitian period

1 w oW
T
associated to a pair w,w’ of holomorphic volume forms (where p € ¥ is identically 1 near 0)
has a non-zero singular term of the type |s|255m§m/ (Log |s|)P, where € €] — 1,0 NQ,m,m' € N,
(we define N as the set of non-negative integers) and p € N (p > 1 when £ = 0), assuming that
such a term does not exist when p is identically 0 near the origin.

Let us be more explicit about this goal. We consider a holomorphic function f : U — C on
an open neighborhood U of the origin in C**! which has a critical point at 0. The singularity
is not assumed to be isolated, but we choose U small enough in order that f(0) = 0 is the only
critical value of f on U'. We are interested, for instance, in the meromorphic extension of the
holomorphic function for $(\) > |Al:

1 z _
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where w and w’ are given holomorphic (n+ 1)—forms on U, h is in Z and p is a €°(U) function
identically 1 near 0.
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1Recall that for any holomorphic function f with a critical point at the origin, such a U always exists.
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This is the complex Mellin transform of the hermitian period (see [13]):

H;/ w W
@im)r Sy "ap " dp

We shall assume that, for a given integer ¢ > 1 and for a given £ € QQ, the meromorphic extension
of

(H(&, q)) ﬁ /U P

has poles at points in £ + Z which are of order at most ¢ — 1, for any (n + 1,n + 1) differential
form ¢ € €>(U \ {0}) (so ¢ = 0 near 0).

For instance, if the singularity of f is isolated at the origin, this hypothesis will always be true
for ¢ =1 and any & € Q.

When the singularity of f is not isolated, this condition will be satisfied for ¢ = 1 if and only
if (thanks to [5]; see also [15]) the local monodromy of f acting on the reduced cohomology of
the Milnor fibre at each point near 0, but distinct of 0, does not present the eigenvalue exp(2im§).

In general, this assumption means that any pole of order > ¢ at a point in £ + Z comes
from the germ of our situation at the origin. But note that even if the eigenvalue exp(2im¢) of
the local monodromy of f acting on the reduced cohomology of the Milnor fibre at any point
near 0 (including 0) is simple, we may find a pole of order 2 for such an integral because the
phenomenon of “entanglement of consecutive strata” may appear (see [7] for a topological de-
scription and [10] for a description in term of “Brieskorn modules” of this phenomenon).

We shall give in Theorem 3.2.1 and in Corollary 3.2.2 some necessary numerical conditions which
control the order of poles at points in £+7Z for a given holomorphic (n+1)—form w which is much
more precise than the “classical condition” asking that the Bernstein polynomial of f at 0 has
at most (¢ — 1) roots (counting multiplicities) in the set £ + Z (condition which in fact gives the
result for such an integral when we replace pw A w’ by any differential form ¢ € € (U)"+1n+1).
The precise result for the Mellin transforms of hermitian periods is given in Theorem 3.2.1 (the
remark following the proof of Corollary 3.2.2 indicates also a variant which can be obtained by
the same method.)

The examples given at the end of this paper show not only that the Bernstein polynomial of the
fresco associated to the pair (f,w) is much easier to compute than the full Bernstein polynomial
of f, but also that it has, in general, a much smaller number of roots.

The main tool around this kind of technique will be the following generalization of the use
of a Bernstein identity to control the poles of the Mellin transform of a “hermitian period” of
the form

(1) F() = ﬁ /U PP PP A

where w is a holomorphic form in Q"*(U), ¢ € ‘KCOO’(O’”H)(U) is d—closed near 0 and h is in
Z.

Theorem 1.0.1. Let f : U — C be a holomorphic function on a polydisc U with center 0 in
C™*! and assume that f(0) = 0 is the only critical value of f on U. For £ given in Q, assume
that the hypothesis H(&,1) is satisfied (see above).

Let w be a (n+ 1) holomorphic differential form on U. Assume that the class induced by w in
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ESL'H is annihilated by the element®
P:=(a—Ab)S1(b)...(a— Apb)Sk(b)

in A, where for each j € [1,k], S; € C[[b]] satisfies S;(0) = 1. Note that this assumption depends
only on the germs at the origin of f and of w.

Now fiz ¢ € cKCOO’(O’TH_U(U) which is d—closed near 0 and assume that for some h € Z the
meromorphic extension of

YN = g [P e

has a pole of order d > 1 at some point in & + Z. Then there exist at least d values of j € [1, k]
such that A\; is in £ + Z.

The algebra A is defined in section 2 (see formula (6)) and for the definition of the geomet-
ric (a,b)-module EJ™" and the notion of the Bernstein polynomial of a fresco, see section 2 below.

Note that the hypothesis of the existence of such a P is always true. But in practice (see
section 4) we may have such a P but we do not know that its initial form in (a,b) corresponds
to the Bernstein polynomial of the fresco associated to w. It is only a member of the (principal)
left ideal which annihilates the class of w in Ej™!.

So, under the hypothesis of this theorem, the Bernstein polynomial of the fresco F,, associated
to the pair (f,w) (which is the geometric (a,b)-module generated by [w] in Ej*!) divides the

polynomial
k

B\ =[O+ A+ — k).
j=1
In the more precise statement given in section 3 (see Theorem 3.1.2) we make precise the
values of these roots of the Bernstein polynomial of F,, from the “jumps” of the orders of poles

in £+ Z.

We shall give a more precise result in Theorem 3.1.2 and some interesting variants using the
hypothesis H(E, q) in Theorem 3.2.1 and Corollary 3.2.2 in section 3.
REMARK. Notice that here we use in fact only a “one variable” differential equation (in fact
multiplication by the variable in C and integration relative to this variable) instead of partial
differential operators on C"**! as in the Bernstein identity for f at the origin. This is precisely
one of the points of interest of using an (a,b)-module structure in this setting.

So we begin this article by a short overview on geometric (a,b)-modules and frescos intended
for the reader not familiar with the use of Brieskorn modules in the study of the singularities of
a holomorphic function on a complex manifold.

In opposition with the preprint [2] cited above, we let aside the global point of view, that is to say
the study of the global fresco associated to a period-integral in the case of a proper holomorphic
function on a complex manifold, because it uses more heavy tools and very often the local study
presented here would be enough to obtain good information, using a partition of unity.

The reader interested in this global setting may consult the preprint [2] mentioned above and
also the preprint [1].

It is important to notice that we are dealing here with general singularities of a holomorphic

2Compare this hypothesis with Theorem 2.3.1 which is recalled in section 2.
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function (not only the isolated singularity case as in the classical use of the Brieskorn module)
and our illustration in the case of a (not quasi-homogeneous) polynomial in Clzy, ..., x,] with
n + 2 monomials does not assume also that the singularity is isolated.

ACKNOWLEDGMENT. I want to thank the referees for their careful readings of the manuscript
and for their attempts to improve my poor English.

2. A SHORT OVERVIEW ON (A,B)-MODULES AND FRESCOS

2.1. Why use an (a,b)—module structure instead of a differential system ? Note first
that in “(a,b)” a is the multiplication by the variable z and b is the primitive vanishing at
z =0, 50 b(f)(2) := [, f(t)dt where [ is, for instance, a holomorphic multivalued function with
a possible ramification point at z = 0. So we are working with the non-commutative algebra A
generated by a and b with the commutation relation ab—ba = b? as unique relation. This relation
corresponds to the usual commutation relation 9,z — 20, = 1 in the Weyl algebra C(z, 9,).

Then why not use the usual Weyl algebra 7

The initial motivation comes from the study of germs of isolated singularities of holomorphic
functions (f,0) : (C"*1,0) — (C,0) initiated at the end of the sixties by Milnor [20], Brieskorn
[16], Deligne [17], Malgrange, [19], Varchenko [24], Kyoji Saito [22], Morihiko Saito [23], ... and
many others.

To my knowledge the first who introduced the “operator” 9; ! was Kyoji Saito in the beginning
of the eighties (see [22]). The main reason comes from the fact that, looking at period-integrals
of the type z — f,yz w/df where (f,0) : (C"*10) — (C,0) is a germ of a holomorphic function

n+1
Crn+1.0

is a horizontal family of compact n—cycles in the fibres {f = z} of f, the map H — D* being
the universal cover of a small punctured disc D* with center 0, the derivation 0, of such an
integral is given by the following formula

) 0. f W= [ vy = %w/dfz/%v

z

with an isolated singularity, w € Q) is a germ of a holomorphic volume form and (v,,z € H)

where u and v are in Q&H,O and satisfy w = df Av = du. But in general it is not possible to find
such a v € anﬂ,o because writing w = g(z)dz, the holomorphic germ g is not in the Jacobian
ideal of f. Nevertheless, as the coherent sheaf (7! / df A Y™ has support inside {f = 0} near 0,
the Nullstellensatz gives a positive integer p such that fP annihilates this sheaf near 0 and we
may find v € f*pQgW,+17O such that w = df A v and (2) holds. But, of course, this implies that
in formula (2) the derivation in z needs a denominator which is a power of z.

Thanks to the positivity theorem of Malgrange (see [19]) we may write the formula (2) as follows:

3) /OZ(Ltv)dt:/oz(Ltw/df)dt:/ "

z

If we begin with w := du € Qgﬁl o We see that formula (3) does not need any denominator in z.

Moreover the surjectivity in top degree of the de Rham differential d : Q™ — Q™! shows that
du may be any germ in Qgﬁl o and we may write

(4) b( [ du/df) = df/\u/df:/u

V= V= z

so that the action of b only needs to solve the equation du = w, and this is always possible with
u € Q11 o without introducing a denominator in f (so no denominator in z downstairs).
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As the action of a is given by the formula :

(5) a(/ du/df) :z(/ du/df) :/ fdu/df)
z V= e
because the n—cycle +, is inside the fibre f~!(2) we see that the A—module structure on the quo-
tient® Ey = Qgﬂl o/ d(Ker(df)y) does not need to consider meromorphic (n + 1)—differential
forms with poles along the fibre {f = 0}.

Note that in the case of an isolated singularity for f we have the equality
Ker(df)y =df nQp~!

because the partial derivatives of f define a regular sequence at the origin. Also in this case we
find that Ef/bE; is equal to the finite dimensional vector space Ocn+1 o/ J(f)o where J(f) is
the Jacobian ideal of f. So we find the classical “Brieskorn module”.

But why is this presentation interesting if, at the end, we are compelled to introduce
denominators in f (or in z working downstairs) to reach an ordinary differential system (or a
differential equation ) ?

The answer comes from the following considerations:

If you keep a module structure over the algebra A as a substitute for a differential system
you have a richer structure (so more precise information) than a structure of module over the
localized Weyl algebra C(z, 27!, d,) associated to your differential system. This comes from the
fact that the commutation relation ab — ba = b? is homogeneous of degree 2 in (a, b) and implies
the existence of the decreasing sequence of two-sided ideals in A given by 0™ A = Ab™,¥Ym € N.
So any A—module E is endowed with a “natural filtration” (0™ E)men by sub—A—modules. For
instance Varchenko [24] proves that in the case of an isolated singularity this filtration defines
the Hodge filtration of the mixed Hodge structure on the cohomology of the Milnor fibre of f.

EXERCISE. Show that ab™ = b™a+mb™*!,Vm € N is a consequence of the commutation relation
corresponding to m = 1.
Note that this relation implies that ¢ and b™ commute modulo 6™+ A.

Also, looking at the “natural action” of A on C[[z]] which is given by a(z™) = 2™*! and
b(z™) = 2™ /(m + 1), you will see that b™C[[z]] = 2™C][2]],m € N so the b—filtration is the
filtration defined by the valuation in z.

Another simple remark may also help to convince the reader that a module structure over A
is interesting:

Lemma 2.1.1. Let E := &%_,C[ble; be a free C[b]—module with basis ey, ... ey, and let 1, ...,y
be any given collection of elements in E. Then there exists a unique A—module structure on E
such that

a) The action of a is defined by ae; = xz; for each j € [1,k].
b) The action of b is given by the C[b]—structure of E.

The proof of this lemma is easily deduced from the following formula which is an easy conse-
quence of the exercise above:

a(S(b)e;) = S(b)x; + b*S'(ble; Vi€ [1,k]

3This quotient allows us to define blw] = [df A u] independently of the choice of u € Qf such that w = du
because when w is in d(Ker(df)y) the period-integral is identically 0 near z = 0.
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where S’(b) is the “usual” derivative of the polynomial S € C[b].

In fact, the presence of the filtration by the two-sided ideals ™A of the algebra A and the
lemma above lead to the following considerations

e The “fundamental” operation® in the action of A is b !

e It seems convenient, as we are interested in the asymptotic expansions of the period-
integrals f% w/df when z — 0, to complete the algebra A for the uniform structure
defined by the filtration 8™A, m € N.

Note that for the “obvious” action of A on formal power series in z this filtration is
associated to the valuation in z (see the remark following the exercise above).

This means that we shall work with the algebra

(6) A= {ZP,,(a)b”, P, eCla] Wve N}.

v>0

The initial idea of Kyoji Saito was to add some convergence conditions in order that such series
act on convergent (multivalued) series likes

Z C{z}2"(Log z)

reR,j€[0,N]

where R is a finite subset in Q and IV is a non-negative integer, which are the kind of asymptotic
expansions which are valid for our period-integrals.

But thanks to the regularity of the Gauss-Manin connection, we do not lose any information by
staying at the formal series level and this avoids a lot of painful (standard) estimates !

Remark also that the construction given in the lemma above is also valid for the algebra A and,
moreover, that a module E over A without b—torsion is of finite type over C[[b]] if and only if
the complex vector space E/bE is finite dimensional.

So, our definition of an (a, b)-module is:

e An (a,b)-module is a left A-module which is a free and finite type module
over the (commutative) sub-algebra C[[b]] C A.
EXAMPLES.

(1) Let (f,0) : (C**1,0) — (C,0) be a germ of a holomorphic function with an isolated
singularity. Let Qf be the formal completion at the origin of anﬂ o- The quotient
Ep = Q™ /(df Ad(57")) endowed with the actions of a := x f and b:=df Ad~! is
an (a,b)-module (note that the absence of b—torsion is a theorem; see [21] or [9]).

(2) Let E := C[[b]leo ® C][[b]]e1 be the A—module defined by aey := bey and ae; := bey + bey.
Then it is an easy exercice to show that E is isomorphic to

Cll=]] @ C[[z]Log =

where a := Xz and b := fz.

Determine the filtration (0™ FE),,en in this example and compare it with the filtration
by the (a™E)men-

Compute the module over the Weyl algebra generated by Log z and compare with E.

4This is psychologically the most difficult fact to accept after a standard education in maths.
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2.2. Geometric (a,b)-modules. The (a,b)-modules which appear in singularity theory of a
function are special. They correspond to regular differential systems and the notion of regular-
ity is easy to define for an (a,b)-module:

First we say that the (a,b)-module FE has a simple pole when aF C bE. When it is the case,
—b~ta acts on the (finite dimensional) vector space E/bE and its minimal polynomial is called
the Bernstein polynomial of FE.

For a general (a,b)-module the saturation E* of E by the action of b~'a is not always a finite
type C[[b]]—module. When E* is of finite type over C[[b]], E* is an (a,b)-module (with simple
pole) with the same rank over C][[b]] as the rank of E.

We say in this case that E is regular. This is equivalent to the fact that £ can be embedded
in an (a,b)-module having a simple pole.

Then we defined the Bernstein polynomial of a regular (a,b)-module F as the Bernstein poly-
nomial of its saturation E* by b~ 'a.

There is one more specific property for the (regular) (a,b)-modules coming from the singu-
larity of a function f, which reflects the fact that the monodromy of f is quasi-unipotent and
the positivity theorem of Malgrange: the fact that the roots of the Bernstein polynomial are
negative rational numbers (compare with the famous theorem of Kashiwara [18]). So we call
geometric a regular (a,b)-module whose Bernstein polynomial has negative rational roots.
EXAMPLE. In the previous example 2 the (a,b)-module has a simple pole and its Bernstein
polynomial is, by definition, the minimal polynomial of the matrix

-1 -1
0o -1
so its Bernstein polynomial is (A + 1)2. Compare with the Bernstein type identity
(A +1)9, — 202) (22! Log z) = (A + 1)?2*Log z.

The following easy proposition will be needed in the sequel. Although it is rather standard,
we shall sketch the proof for the convenience of the reader.

Recall that a sub-(a,b)-module F of a (a,b)-module F is normal when for each « € E such
that bz is in F, then z is in F'. This is the necessary and sufficient condition for the quotient E/F
to be without b—torsion. It is a necessary and sufficient condition for E/F to be an (a,b)-module.

Proposition 2.2.1. Let E be a geometric (a,b)-module and F any sub—A—module in E. Then
F is a geometric (a,b)-module. When F is normal, the quotient E/F is again a geometric
(a,b)-module.

PROOF. To prove the first point, thanks to the regularity of E, we may assume that F is a simple
pole module (i.e. aF C bE). Then the Bernstein polynomial of F is the minimal polynomial
of the action of —b~!a on the finite dimensional vector space E/bE. As F is a C[[b]] sub-module
of E which is free and of finite rank on C[[b]], F is also free and of finite rank on C[[b]] and stable
by a. So F is an (a,b)-module. Its saturation by b~'a is again contained in F and so it is also
free of finite type on C][[b]]. This gives the regularity of F. The last point to prove is the fact
that the Bernstein polynomial of F' has negative rational roots (i.e. F is geometric) and the fact
that when F' is normal E/F is also geometric. We shall argue by induction on the rank of F.
In the rank 1 case let e be a generator of F' over C[[b]] such that ae = Abe (see the classification
of rank 1 regular (a,b)-modules in [B.93], Lemma 2.4). Let v in N be maximal such that b~Ve
lies in E. Then C[[b]]b""e = b~ F is a normal sub-module of E and we have an exact sequence
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of simple poles (a,b)-modules
0—=2b""F—-FE—>Q—0
and also an exact sequence of (—b~!a) finite dimensional vector spaces

0—Cb Ve — E/bE — Q/bQ — 0.

Then the minimal polynomial B of the action of —b~'a on E/bE is either equal to the minimal
polynomial Bg of the action of —b~'a on Q/bQ, and in this case x + (A — v) divides Bg = Bg,
or we have Bg[z] = (z + (A — v))Bglz].

In both cases, as F is geometric, we obtain that —(A — v) is a negative rational number, and so
is —A. Moreover, in both cases, @ is also geometric.

The induction step follows easily by considering a rank 1 normal sub-module G in F', using the
following lemma and the fact which was already proved above that a quotient of a geometric
(a,b)-module by a normal rank 1 sub-module is again a geometric (a,b)-module. |

For a proof of the following lemma see for instance Remark 1.2 following Proposition 1.3 in
[12].

Lemma 2.2.2. Let E be a reqular (a,b)-module and let F C E be a sub-(a,b)-module. Assume
that X is a root of the Bernstein polynomial B of F. Then there exists N € A+ N such that N
is a root of the Bernstein polynomial Bg of E. |

As we want to consider, in the non-isolated singularity case, a sheaf of geometric (a,b)-
modules along the singular set {df = 0} of the zero set {f = 0} of a holomorphic function on a
complex manifold M, we have to replace the completion used in the classical case of an isolated
singularity by an f—completion which is in fact the z—completion downstairs. This will not
change seriously the considerations above, thanks to the following easy proposition which implies
that any geometric (a,b)-module is in fact a module over the algebra A := {22450 Cp.ga?b?}
which contains both C][[b]] and C[[a]].

Proposition 2.2.3. Any geometric (a,b)-module is complete for the decreasing filtration by the
Cla]—sub-modules (a™E)men (they are not stable by b in general).

This result is an obvious consequence of the existence, for any regular (a,b)-module E, of a
positive integer N such that /¥ E C bE (see [12]). Then C[[a]] acts on any regular (a,b)-module
E. Note that the hypothesis “geometric” ensures that a is injective (this is not the case if we
assume only the regularity).

2.3. Frescos. We have seen that the (a,b)-module structure may be an interesting way to
study the differential system associated to period-integrals for a germ of a holomorphic function
(f,0) : (C™*1,0) — (C,0). Tt is given by the (a,b)-module E; which is the completion of the
Brieskorn module Qg“ / df A ngfl in the isolated singularity case. It gives in fact a filtered
version of the differential system satisfied by all the period-integrals associated to the germ
(£,0).

But if we are interested by the period-integrals corresponding to a specific holomorphic differen-
tial form, it is clear that such a differential system, that is to say the (a,b)-module E’f, does not
give very precise information. In terms of differential system, we would prefer to have a specific
differential equation satisfied by the integral-periods f,yz w/df for our choice of w rather than
the differential system satisfied by all period-integrals, so associated to all choices of w € Qg“.
The analogue of the differential equation in terms of (a,b)-modules is the notion of “fresco”.
A fresco is, by definition, a geometric (a,b)-module which is generated, as a A—module, by
one generator. For instance, in the previous situation, we shall consider the fresco given by
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Alw] Ef and we shall call it the fresco of the pair (f,w) at the origin. The following
structure theorem describes in a very simple way such a fresco (see [8]).

Theorem 2.3.1. Any rank k fresco® F with generator e is isomorphic (as a left fl—module) to
a quotient .A/.AH, the isomorphism F — A/.AH being defined by sending the generator e of F
to the class of 1. We may choose I1 having the following form

(7) IT:= (a — M\b)Sy (a— Aab) Syt ... St (a — Aib)S, !

where the numbers —(\; + j — k) are the roots of the Bernstein polynomial of F' and where S;
are in C[b] and satisfy S;(0) =1 (so each S; is invertible in C[[b]]).

Note that the initial form in (a,b) of Il is Pp := (a — Ab)...(a — Axb). It is called the
Bernstein element of the fresco F. It does not depend on the choice of the generator of F
over A (choice which determines II) and is related to the Bernstein polynomial By € C[)] of
F by the following relation in the ring A[b~1]:

(8) (=b)*Bp(~b"'a) = Pr, where k:=rk(F).

In the case of a fresco F' the Bernstein polynomial B is equal to the characteristic poly-
nomial of the action of —b~'a on F¥/bF* where F* is the saturation of F by b~ 'a (see [8]
Theorem 3.2.1). This makes the computation of the Bernstein polynomial of a fresco easier than
for a general geometric (a,b)-module, for instance by the use of the following remark:

If0 - F - G — H — 0is an exact sequence of frescos we have the relation P; = PpPgy
(product in A) between the Bernstein elements and this gives the relation (see [8] Proposition
3.4.4):

B (z) = Bp(z + rk(H))Bu ()
between the Bernstein polynomials.

Recall that any element P in the algebra A which is homogeneous of degree k in (a,b) and
monic in a may be written P = (a — r1b) ... (a — rb) where rq,..., 7 are complex numbers.
This equality is not unique but the sequence r; + j — k,j € [1, k] depends only on P (see [§]
Proposition 2.0.2).

Our next proposition will be useful in our computations of examples.

Proposition 2.3.2. Let F be a rank k fresco with generator e. Assume that Q € A has the
following properties:

i) The initial form Q of Q in (a,b) has degree d and is monic in a.
ii) Qle] =0 in F.

Then Q is a left multiple in A of P, the Bernstein element of F.

If moreover we have d = k, then Q is the Bernstein element of F'.

PROOF. Using the structure theorem of [8] recalled in Theorem 2.3.1 above, we have an isomor-
phism F ~ A/AII where the initial form in (a,b) Pp of II is the Bernstein element of F. As F
is a A—module (see Proposition 2.2.3) we have also an isomorphism F' ~ fl/ ATT of A—modules
and our hypothesis i7) implies that there exists Z € A such that

Q= ZIL
This gives Q = in(Z)Pr where in(Z) is the initial form in (a,b) of Z. This already implies that
d > k and that in(Z) is of degree d — k. In the case d = k we have in(Z) =1 and Q = Pr. N

5Recall that we consider the rank as a C[[b]]—module, where C[[5]] C A.
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2.4. A general existence theorem. Now consider a germ f : (C"*1 0) — (C,0) such that
{f = 0} is reduced. Let Q* be the formal f—completion of the sheaf of holomorphic differential
forms on (C"*1,0) and let Ker df* be the kernel of the map

Adf 1 — QoL
Then for any p > 2 the p—th cohomology sheaf of the complex (Kerdf®,d®) has a natural

structure of left flfmodule, where the action of a is given by multiplication by f and the action
of bis (locally) given by df A d~1.

The following result is known (see [9], [14] and [10])

Theorem 2.4.1. For each integer p the germ at 0 of the p—th cohomology sheaf of the complex
(Kerdf*,d*) (modified for p=1)5, denoted by E?, satisfies the following properties:
i) We have in E the commutation relation ab — ba = b.
i) EP is b-separated and b-complete (so also a-complete). Then it is a A—module (and also a
A—module).
ii) There exists an integer m > 1 such that a™EY C bEY.
w) We have B(EY) = A(EY) = A(EP) and there exists an integer N > 1 such that aN A(EF) = 0
and b*NB(EL) = 0.
v) The quotient EY := EY | B(EY) is a geometric (a,b)-module.

Recall that B(&p) is the b-torsion in &, A(Ey) the a-torsion of & and A(&) the C[b]—module
generated by A(&y) in &.

We shall mainly use this result in the case where w is an (n + 1)—holomorphic differential
form in an open neighborhood U of the origin in C"*!; note that the condition df Aw = dw = 0
is automatic in this case. So it defines a class [w] in Ej™! and generates the fresco

E, = Alw] c E}t?
thanks to Proposition 2.2.1 and property v) of the previous theorem.

Definition 2.4.2. We shall denote by B,, € Clx] and by P, € A respectively the Bernstein
polynomial and the Bernstein element of the fresco F,,.

We shall study several examples in section 4.

3. MELLIN TRANSFORM OF HERMITIAN PERIODS

3.1. The main result. We consider now a holomorphic function on an open polydisc U centered
at the origin in C"*! such that f(0) = 0 is the only critical value of f on U. Let w be
a holomorphic (n + 1)—differential form on U . Then let ¢ be a € differential form with
compact support in the polydisc U of type (0,n + 1) which satisfies d¢) = 0 near 0. For any
h € Z define, at least for ®(\) large enough, the holomorphic function

(9) s B (V] = ﬁ /U P P A g,

Note that the existence of a Bernstein identity for f in a neighborhood of 0 ensures that for U
small enough and any differential form ¢ € € (U)™+1.7»+1) the holomorphic function defined by
Ik ulf |22 has a meromorphic extension to the whole complex plane with a finite series of poles of

6For p = 1 we have to replace Ker df! by a quotient ; see [10].
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order at most n+1 at points of the form &; —N where &; are negative rational numbers (see [18]).

We shall make the following hypothesis, which we shall denote by H (&, 1):

e For a given £ € QQ the local monodromy of f acting on the reduced cohomology of the
Milnor fibre of f at any point distinct from 0 does not admit the eigenvalue exp(2in§).

Proposition 3.1.1. We assume the hypothesis H(E,1). Let w be a holomorphic (n+ 1)—differ-
ential form on U and let ¢ be a € differential form with compact support in U of type (0,n+1)
which satisfies dip = 0 near 0. We have the following formulas in ESL'H (recall that the geomet-
ric (a,b)-module Ey is defined in the theorem 2.4.1 above and that the action of a and b are
defined by: alw] = [fw], blw] = [df A u] where u € QP(U) satisfies du = w").

i) If there exists v € Q™(U) satisfying df Av =0 and dv =w on U, then F;f’ [w] has no pole in
E4+Z for any h and any .
i) F'(V]aw] — A+ 1)F"_ (A + 1)[w] has no pole in & + Z.
ii1) F;f()\)[bw} + F;’Lb_l()\ + 1)[w] has no pole in £ + Z.
iv) So for any p € C the meromorphic function

Fy(Wl(a = pb)w] = A+ o+ DE (A + 1]
has no pole in & + Z, combining ii) and iii).

Of course, the simplest example of such a v is given by 1 := p&’ where p is a € function
with compact support such that p = 1 in a neighborhood of 0 and where w’ is a holomorphic
(n + 1)—differential form in U.

PROOF. Write w = du on U with u € Q™(U). This is always possible as U is a polydisc so Stein
and contractible. Then for R(\) > 1+ || the differential form « := | f|** ffu A1) is €' in U and
has compact support. So we have:

doc = || fldu A+ A FPOD FYE Au A+ (1) 12 Fru A dy.

Stokes’ formula gives, as diy vanishes near 0,
1
o [ da =0 = FY Q)] + Fy (- el + 60
') Ju

where G()\) is a meromorphic function on C which has no pole in £ +7Z thanks to our hypothesis
H(&,1). This implies ) and #i¢) using I'(A) = AT'(A — 1). The formula i3) is easy and left to the
reader. |

REMARK. The point i) of the previous proposition shows that F;f (A)[w] has no pole in & + Z
when w induces the zero class in 55L+1 = H”H(IA(er dfg,d*®), and the point ii7) implies the same
conclusion when the class of w in E87! is of b—torsion. So the polar part of FiY (\)[w] in & + Z
depends only on the class induced by w in Eg“ = ESLH / b — torsion for h and v fixed. This
remark will be crucial in the sequel.

We shall give the following result which is more precise than Theorem 1.0.1 stated in the

introduction. Let us recall the situation. Let f be a holomorphic function on a polydisc U with
center 0 in C"*! and assume that f(0) = 0 is the only critical value of f on U. Let w be a

"Such a u always exists.



ALGEBRAIC DIFFERENTIAL EQUATIONS OF PERIOD-INTEGRALS 65

(n + 1) holomorphic differential form on U and let 1 be a ¥>° differential form with compact
support in U of type (0,n + 1) which satisfies diy = 0 near 0. Then define as above

(9) FY O\ w] = ﬁ /U P P Ao,

Theorem 3.1.2. Fiz a number £ € Q and an integer d > 1. Assume that the hypothesis H(, 1)
is satisfied. Then assume that, for a given v, the meromorphic extension of F;f()\)[w] has no
pole of order > d+ 1 at any point in &+ Z, for any choice of h € Z, but that there exists a point
in £ + Z where, for some h, this meromorphic extension has a pole of order d.

For each integer s € [1,d] let &, be the biggest element in & +Z for which there exists h € Z such
that F;f’()\)[w] has a pole of order at least equal to s at &. Then each & for s € [1,d] is a root
of the Bernstein polynomial of the fresco F,,.

Moreover, if £ = &s41 = -+ = Esqp then & is a root of the Bernstein polynomial of F,, with
multiplicity at least equal to p + 1.

Remark that the theorem implies that the Bernstein polynomial of the fresco F,, is a multiple
of Hle()\ — &) and that we have §; < ;-1 < --- < & < 0 by definition.

The proof of this theorem needs some lemmas.

Lemma 3.1.3. In the situation of the theorem 3.1.2, let S € C[[b]] which satisfies S(0) =1 and
let 1 € C such that p # —& for a given s € [1,d]. Then
(1) & is still the biggest pole of order > s in & + Z for the meromorphic extension of
Fff()\)[S(b)w] when h varies in Z.
(2) & — 1 is the biggest pole of order > s in & + Z for the polar part of the meromorphic
extension of F,;/’ (MN[(a — pb)w] when h varies in 7Z.

PROOF. Write S(b) := 1+ Y °_ | s,b™. As F;Lp()\)[bmw] = (—1)’"F;f_m()\ + m)[w], for each
m > 1, thanks to point 4i¢) in Proposition 3.1.1, the meromorphic extension of F,:/’()\)[bmw}
cannot have a pole of order > s at the point s for any choice of h. So the pole of order > s
given by the initial term (i.e. m = 0) for a suitable value of h, stays maximal. This proves 1.

Because we assume p + & # 0, the point 4v) in Proposition 3.1.1 shows that the pole at £ — 1
of F,?(/\)[(a — ub)w] has the same order as the pole at &, for F,i/’+1()\)[w]. Also, the same formula
shows that for any integer p > 0 the order of the pole & + p for F\'(\)[(a — ub)w] is less than

or equal to the order of the pole & +p+ 1> & + 1 for F,il(/\)[w] which is at most s — 1 by
definition of &;. This allows us to conclude. |

Lemma 3.1.4. In the situation of the theorem 3.1.2, assume that £,41 = &5, for some s €
[1,d —1]. Then & — 1 is the biggest pole of order > s in £ + Z for the meromorphic extension

of F'(\)[(a + &sb)w] when h varies in Z.

PROOF. Using the formula of point iv) in Proposition 3.1.1 we obtain that, for some suitable
choice of h, the meromorphic extension of F,’(A)[(a + & 41b)w] has a pole of order > s at the
point €541 — 1 =& — 1. Assume that for some integer p > 0 and some h € Z the meromorphic
extension of Fff()\)[(a +&54+1b)w] has a pole of order > s at £; +p. Then using again the formula
of the point iv) in Proposition 3.1.1 we find that (A — & + 1)F,il(/\ + 1)[w] has, for a suitable
choice of h € Z, a pole of order > sat A=& +p. But {&s+p— &+ 1=p+17# 0 so we find
a pole of order > s at the point & + p + 1 for Fj_1(N\)[w]. As p+ 1 > 1 this contradicts the
definition of &, so & — 1 is the biggest pole of order > s in £ + Z when h varies in Z, for the
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meromorphic extension of F;f’ (M[(a+ &sb)w]. [ ]

Lemma 3.1.5. In the situation of Theorem 3.1.2, there exists a minimal integer jq € [0,k — 1]
such that & — ja = —Mk—j, and for each s € [1,d — 1] there exists a minimal integer
Js € [Js+1 + 1,k — 1] such that & — js = —Ak—j,. Moreover the meromorphic extension of
F#’(A)[Pk,js,lw} has a pole of order > s — 1 at the point &, — js — 1, where we define

P.:=(a—Mb)S1(b)...(a— X\:b)S,(b) for r el k]

where Py, := Il is given by applying Theorem 2.8.1 to the fresco F,, and satisfies moreover the
condition that the sequence (A; + j),j € [1,k] is non-decreasing.

PROOF. The fact that we may assume that the sequence (\; + j),7 € [1, k] is non-decreasing is
a consequence of the existence of a principal Jordan-Hélder sequence for a fresco (see [4]
Theorem 1.2.5 or [8] Proposition 3.5.2). Note also that the roots of the Bernstein polynomial of
F,, are given by the numbers —(\; +j — k) for j € [1,k] .

Now the first point is to prove that there exists an integer j € [0, k—1] such that {5 —j = —\x—j,
because we may then define j; as the minimal such integer. So assume that no such j exists.
Then applying Lemma 3.1.3 we will obtain that the meromorphic extension of F; ;f (M) (Ilw) has
a pole of order at least equal to d > 1 at the point £; — k. But points i) and #4i) in Proposition
3.1.1 imply that there is no pole in £ +7Z in the meromorphic extension of F; ;f (M) [Mw] as [Hw] =0
in Eg“. Contradiction. So such a j exists and jg is well defined.

The same argument as for s = d shows that for each s € [1,d — 1] there exists at least one
J € [1,k] such that £ — j = —Agx—;. Now we have

Es1 = —Xk—joyy T Jst1 <& = —Ap—j + J.
The non-decreasing property of the sequence A;+j implies then that j > j,41. If the inequality is
strict, then we obtain j, := j and the point 4v) in Proposition 3.1.1 implies that F;f(/\)[Pk_jS_lw}
has a pole of order > s — 1 at the point &, — js — 1.
If we have &1 = & then Lemma 3.1.4 shows that s — jsy1 — 1 is still in this case the biggest
pole of order > s in £ + Z for the meromorphic extension of F;f (M(a + &sb) Py—j, ., —1w] when
h varies in Z. So we can continue to apply Sg_j;,,,—2 and then @ — A\p_; ., _2b, etc... until we

reach another j < j,41 such that £ — j = —);, and then we conclude using the same argument
as above. |
REMARKS.

(1) The sequence jg, s € [1,d] is strictly decreasing, so the sequence k—j, is strictly increasing
and there are exactly d rational numbers
fs = 7(Ak_js *jS) = 7()\k'_js +k —Js — k)
counting multiplicities (we remark that the multiplicities correspond to equalities
Ak—jo = Ak—jasr = Js — Js+1)-
(2) Aslong as r < js the rational number £, remains the biggest pole of order > s in £ +7Z
for the meromorphic extension of F; ,? (MN)[@Qrw] when h describes Z, where

(@) Qr = Sr(a— Ap10)Sry1...(a — A\ib) Sk
(3) Note that if we have several ¢ which are d—closed near 0 and for which the meromorphic

extension of F,;b [w] presents poles in £ + Z, we may obtain more roots in & + Z for the
Bernstein polynomial of F,, from this result.
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PROOF OF THE THEOREM 3.1.2. We shall prove first, by induction on d > 1, that there exist at
least d values of j € [1, k] such that —\; belongs to & + Z.

So assume that either d = 1 or that d > 2 and that our claim is proved for d — 1. Then
consider the poles of the meromorphic extension of Fj,(\)[Qr—;,w] (where @, is defined in the
formula (@) above) and where the integer jg is defined in Lemma 3.1.5. Using Lemma 3.1.3
applied to &4, we obtain that it has a maximal pole of order d at the point {; — jg4 for a suit-
able choice of h and, applying Lemma 3.1.5 we conclude that the meromorphic extension of
Fr(M)[(a—Ak—j,b)Qr—;,w] has a pole of order at least equal to d—1 at the point £; — jq—1. But
the form w’ := (a — A\p_;,0)Qx_j,w is killed in EJ* by P,_;, 1, so the induction hypothesis
gives at least d — 1 values of j € [1,k — jq — 1] such that —\; isin £ +Z. As —\k—j, = &4 — Ja
belongs to & 4+ Z this completes the proof of our induction.

So we obtain that at least d roots (counting multiplicities) of the Bernstein polynomial of F,,
are among the &; for s € [1,d]. [ |

3.2. Some variants. The following variant of the previous result is also useful.

Assume now that we fix a rational number ¢ and an integer ¢ > 1 and that we make the
following hypothesis:

e For any differential form ¢ € CKCOO’(”H’”H)(U \ {0}) the meromorphic extension of

(H(£, ) ﬁ /U P

has no pole of order at least equal to g at some point in & + Z.
Note that we require that ¢ = 0 near 0.

Theorem 3.2.1. Let w € Q" (U) and fir a differential form 1 € ‘KCOO’(O’”+1)(U) which is
d—closed near 0.

Assume that the condition H(§,q) is satisfied and that for some integer h € Z the meromorphic
extension of

(10) FY W] = ﬁ /U PP PP A

has a pole of order g+d—1 at some point in E+7Z with d > 1, maximal in N*. Let & be mazximal
in &+ 7 such that there exists h € Z with the property that F;f’ (AN)[w] has a pole of order q+d—1
at &. Then &y is a root of the Bernstein polynomial B, of the fresco F,, associated to the germs
of f and w at the origin, and B,, admits at least d roots in & + N (counting multiplicities).

PROOF. The argument is analogous to the one given in the proof of Theorem 3.1.2. The change
to make in the proof is that we must take into account here only the polar parts of order at least
equal to ¢ of the poles at points in £ + Z. So in Proposition 3.1.1 and in Lemmas 3.1.3, 3.1.4
and 3.1.5 we have to replace “no poles in £ +Z” by “no pole of order > ¢ in £ + Z” under the
hypothesis H(&,q). Also we define &; as the maximal pole of order > ¢+ s — 1 for s € [1,d].
The other difference in the argument lies in the fact that in the Stokes’ formula the extra term
given by the differential of ¥ equal to:

G(\) = (F_(i)) /U LFIP2 fru A dy
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has no pole of order > ¢ at a point in § + Z because we assumed dip = 0 near 0 and we may
apply our hypothesis H (¢, q) with ¢ := fPuAdi for h > 0 or with o := fPundy for h <0. W

Let us spemahze now the form ¢ € €. Onﬂ)(U) such that di¥» = 0 near the origin by
defining ¢ := p&’ where w’ is a fixed holomorphic (n + 1)—differential form on U and where p is
a function in €°(U) which is identically equal to 1 near the origin (so d(p&’) = d'p A&’ vanishes
identically near the origin). Then we consider the Mellin transform of the hermitian period

H(Z;r)"/f p(w/df) A (@ ]df).

In the following corollary we use the hermitian symmetry between w and w’ in order to obtain a
better control of the poles of the Mellin transform using the Bernstein polynomials of the frescos
associated to (f,w) and (f,w’) at the origin.

Corollary 3.2.2. Let f : (C""1,0) — (C,0) be a non-constant holomorphic germ. Fiz & € Q
and a positive integer q. Assume that the hypothesis H(&,q) holds for f and consider w and w’
two germs of (n+ 1)—holomorphic forms. Let q+d—1,d > 1, be the mazimal order of pole® for

) h o 1 A rh —/
Qim0 = g5 [P

for any choice of a point in &+ Z and for any choice of h € Z.

Let & be maximal in £ + Z such that there exists some h € Z and a pole of order ¢ +d — 1 at
& € E+Z for FU’},UJ,(/\). Then & is a root of the Bernstein polynomial of the fresco F,, and there
exist at least d roots of the Bernstein polynomial of F,, in (&9 +N)N[&g, 0 counting multiplicities.
Moreover, under our hypothesis, there exists & € £ + Z such that for some h € 7Z, Ffj,)w(/\) has
a pole of order q+d—1 at & . Let & be maximal in £ + Z such that this happens. Then &1 is a
root of the Bernstein polynomial of the fresco F,, and there exist at least d roots of the Bernstein
polynomial of F, in (& + N) N [£1,0] counting multiplicities.

PROOF. The first statement is a special case of the previous theorem.
We shall deduce the second statement by using complex conjugation. Let &y € € +Z and hg € Z
be such that F(\) := (2ix)" T E™ () has a pole of order ¢+d—1 at &. As F()) has only real

w,w’

poles, the poles of F(\) are the same as the poles of F/(\) with the same orders. Moreover we

may assume that the function p is real, so F()) is given by

(2im) —(n+1) / |f|2(/\+h°)f hopw N — (2277 (n+1)/ |f|2“f hopw N
(A — ho
where p = A + ho. But F()) is holomorphic when §R( ) > 0 and R(A + hg) > 0 so we may
replace I'( — hg) by I'(p) in the right hand-side without changing the poles and their orders.
We conclude that F w_,h“‘j has a pole of order ¢+ d — 1 at & + hg and applying the first statement
gives the conclusion. ’ |

REMARK. Of course, with the same method, we can obtain a result analogous to that in
Theorem 3.2.1 for the asymptotic expansion at the origin of a period-integral of the type

w/df

Vs

8Note that the polar parts of order > ¢ of the poles in £ 4+ Z are independent of the choice of p because of our
hypothesis H (&, q).
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where w is a holomorphic (n+1)—form on U and where (v;)sem is a horizontal family of compact
n—cycles in the fibers of f:

Assuming the hypothesis H(£,q) for ¢ > 1 and the existence of a non-zero term like
s™=¢(Log s)119=2 with d > 1 (or s™(Logs)9t4=t for £ = 0), in such an expansion will imply
that the Bernstein polynomial of the fresco F,, will have at least d roots (counting multiplicities)
in the set £ + Z.

This gives a numerical criterion to ensure that such a term will not appear in the expansion we
are interested in.

4. THE CASE OF A POLYNOMIAL WITH (n + 1) VARIABLES AND (7 + 2) MONOMIALS

The purpose of this section is to give a general algorithm in order to obtain an “estimate” of
the Bernstein polynomial of the fresco associated to (f,w) for any polynomial f € Clzg,...,z,]
with (n+2) monomials and for any monomial holomorphic differential form w = x?dx of degree
n + 1, where 3 is in N**! (we exclude the quasi-homogeneous case for f which is classical,
see [16]). Using the results of the previous sections we obtain rather precise information on
the exponents of the asymptotic expansions of the period integrals f,yz w/df where (v;).eq is
a horizontal family of n—cycles in the fibres of f. This gives also rather precise information
on the poles of the meromorphic extensions of the Mellin transform of the hermitian periods

25 [, plw/df) A @ Td7):

1 2\ rh —/
o /C PP pw A

where p € €2°(C"T1) satisfies p = 1 near 0, where w,w’ are monomial holomorphic differential
forms of degree n 4+ 1 and where h is in Z. We shall illustrate the result by several examples.

4.1. Our setting. We consider a polynomial f € C[zo,...,2,] which is the sum of n + 2

monomials
n+2

fzz m;
j=1

where m; := 0;2%, with o; € C* and «; € N"*! are not 0. Define the matrix with (n+ 1)
lines and (n+2) columns M = (o; ;) and let M be the square (n+2,n+ 2) matrix obtained
from M by adding a first line equal to (1,...,1). We shall assume the following conditions:
(C1) ai,...,any is a Q—basis of Q1.
(C2) The rank of M is n+ 2.
REMARKS.

(1) Only the condition (C2) is restrictive on f: when (C2) is fulfilled the condition (C1) may

always be satisfied without changing f by a suitable ordering of the n 4+ 2 monomials.
(2) The condition (C2) is equivalent to the fact that f is not quasi-homogeneous.
A diagonal linear change of variables allows us to reduce the study to the case where
n+1

(a) f@) =3 @ 4 aaoese

J=1

for some A € C*. So in what follows, we shall assume that m; = % for j € [1l,n+1] and
Mpt2 = Ax®*+2 where A € C* is a parameter.
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Then we shall write, using our hypothesis (C1):
n+1

(b) A2 =Y pja;
j=1

where p; are rational numbers. We define
H:={je[l,n+1] / p; =0};
Jy={jel,n+1]/p; >0}
Jo={jell,n+1] / p; <0}

Let |r| be the smallest positive integer such that |r|p; := p; is an integer for each j € [1,n+1].
Write now the relation above as
(c) [rlamse + Y (=pj)ay = D pjay.

jeJ— JjeJ+
Now define d+ h and d as respectively the supremum and infimum of the two numbers
7| + ZjeJ_ (—=pj) and ZjeJ+ pj-
Then d and h are positive :
- - the non-vanishing of d is a consequence of the fact that |r| > 1 and that at least one p; is
positive.
- - the non-vanishing of h is a consequence of the fact that the equality of these two integers
would imply that the first line in M satisfies the same linear relation (b) as all the other lines
in M, contradicting our hypothesis (C2).
The relation (e) above gives the following equality between the monomials (1) ;je[1,n+2]:

(@ myiky T my™ = A [T my
jeJ_ GEJ;

and we shall write it

(e) m? = A"m°

where A and 6 are in N"*2 of respective lengths d +h and d.
Remark that A; and §; are zero for each j € H.
Note that the relation (e) defines the sign of r which is well defined in Z* by |r| and its sign.

We shall also use the following observation later on :

Lemma 4.1.1. The j—th element of the first column of the matriz M~ is zero if and only
if 7 isin H.
PROOF. The co-factor of the element (1,7) in M is the (n 4 1,n + 1) determinant of the matrix

with columns ai,...,&;,...,a,42. This matrix has rank at most n if and only if a,42 is a
linear combination of a,...,&;, ..., 0, 41. This is the case if and only if p; = 0, thanks to our
hypothesis (C1). [ ]

4.2. The result. Let QP be the C[zo,...,x,]—module of polynomial p—differential forms on
C"*1 and fix a polynomial f € Clxo, ...,z,] with (n + 2) monomials

n+2

(11) F=>m
j=1
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where m; := 2% for j € [1,n+ 1] and m, 1o := Az®"+2, with A € C*, satisfying the conditions
(C1) and (C2) above.

We define df? : QP — QP! the Clxy, ..., 2,]—linear map given by exterior product by df and
we note Ker(df)P its kernel.
Let Ey := Q" /d(Ker(df)™) endowed with its natural structure of module over the C—algebra
A := C(a, b) where the variables a and b satisfy the commutation relation ab — ba = b2. Recall
that on E the action of a is the multiplication by f and the action of b is given by df A d~!
where d is the de Rham differential (which is surjective on Q" +1).
We extend this structure of (left) A—module to Ef[\] := Ef ®c C[A] by asking that a and b are
C[A]—linear.

Lemma 4.2.1. For any monomial z° the image of C[my, ..., mpyo].2° via the map defined by

n nt2
m' = \'n+2 H aciszI “IM T where e N2,
i=0
is a sub-A-module of E¢[)].
PrOOF. We want to prove that this image is stable by the action of a and b.
Let v € N**! and compute b using a primitive in z;, for any i € [0, n]:

b(x’YJrﬂd:L.) = 1 x;z 8 f
Vi + Bi +1 axz
n+2

Remark now that ;5 8f = Z] 10y ]m] so the previous computation gives, with v := Mn for

some 1 € N"*2 and then Vi = Z] T,

n+2

(@) Li(n, B)b(m"zP dx) = Z i jmymTzPde Vi € [0,n],
j=1

where T';(n,8) :==14+ 5; + Zj RIS

Note that we have also

n+2
(Qp41) a(m"zPdx) = Zm m" P da

The formulas (@;) for ¢ € [0,n + 1] are enough to conclude the proof. |

Corollary 4.2.2. Fiz 3 € N"*'. For each n € N"*2 there exists an element Pg,(a,b) in A,
homogeneous of degree q := |n| := 27:12 n; in (a,b) such that:

(1) There exists c¢(8,n) € Q* such that Pg,(a,b)[zPdz] = c(8,n)m"zPdx in E;.
(2) Assuming that n satisfies n; = 0 for each j € H, there exist rational numbers (depending
on 8 andn) ri,...,rq such that Pg,(a,b) = []}_,(a —rpb) in A.

PROOF. Let us first show by induction on ¢ > 0 that such a P3 , (a, b) satisfying condition 1 exists
and that it satisfies condition 2 when 1 has no component on H. As for ¢ = 0 the assertion is
clear with P = 1, assume that our assertion is proved for any n with |n| = ¢ — 1 with ¢ > 1.
Then it is enough to prove the assertion for m;m” for each j € [1,n + 2] and each n with
n|=q—1.

Then consider the equations (Q;) for i € [0, n+1] as a square Q—linear system of size (n+2,n+2)
with unknown the elements m;m"z?dx in E;. The matrix of this system is in GI(Q, n+2) thanks
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to our hypothesis (C2), and so there exist rationals numbers u; and v; such that we have, for
each j € [1,n + 2],
mymTzP dr = (uja + v;b)[m"zP dx].

With our induction hypothesis this gives that the homogeneous degree ¢ element in A defined
by Pgpi1,(a,b) := (uja + v;b) P ,(a,b) satisfies 1.

Assuming that 7 + 1; has no component on H we obtain that Pg,(a,b) is monic in a (up to
a non-zero rational number) and then it is enough to show that w; is not zero to conclude the
induction. This is given by Lemma 4.1.1. |

Theorem 4.2.3. Assume that f € Clxo,...,zy] has (n+2) monomials and satisfies the condi-
tions (C1) and (C2) described above. Let d and h be the positive integers defined after (c) and
r € Z* defined in (c) and (e). For each 3 € N"T! there exist homogeneous elements Pyyp and
Py of respective degrees d+ h and d which are products of homogeneous factors of degree 1 of the
form a — £b where £ € Q such that

(12) (Pd+h(a,b) — cA"Py(a, b)) [2Pdz] =0 in Ef[\] where ce€Q*

PRrROOF. The previous corollary applied to both sides of the equality in Ef[A]
mAxPdr = A\"m?zPdxr deduced from (e) and Corollary 4.2.2 allow us to conclude because we
know that A; = 0 and d; = 0 for each j € H. ]

This theorem has the following corollary.

Corollary 4.2.4. Let f € Clxg,...,x,] be as in the previous theorem and choose any monomial
2%, Define for any horizontal family of n—cycles (7s)ses over a simply connected open set S in
C* avoiding the critical values of f and having 0 in its boundary, the integral-period:

(13) ws(s) ::/ xﬂdx/df

Then @g is a solution on S of the differential equation (which is regular singular at 0) obtained
from (12) by letting a = xs and b:= [;.

PROOF. Thanks to Proposition 2.3.2 the annihilator in A of the element [Pdx] in Ef @4 Ais
a left multiple of P;(a,b) as ¢ and A are not 0. This is enough to conclude. ]

This shows that the computation of Py(a,b) gives rather precise information on the asymptotic
expansion at 0 of such a period-integral.
We leave the corresponding statement for the poles of the Mellin transform of the hermitian
period-integrals corresponding to such an f and monomial holomorphic differential forms w and
w’ to the reader. Of course, by conjugation, the Bernstein polynomial of the fresco (f,w’) also
gives constraints on the possible poles of this Mellin transform, as in Corollary 3.2.2.

4.3. Examples. The control of the Bernstein polynomial of a fresco will use Theorem 4.2.3 and
Proposition 2.3.2.

4.3.1. fy:=2° +9° + 2° + Azyz2. We assume that A is a non-zero complex number. Then 0 is
the only singular point of the hypersurface {f = 0} :
as on the set 3 := {df = 0} C C? we have

1
f(sc,y,z) = 5>\£Cy227
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we easily deduce that XN {f =0} = {0}.

Now using the method explained above we obtain, after some elementary computations, for
each monomial form w below a degree 4 polynomial multiple of the Bernstein polynomial of the
fresco F,,.

Note that such a fresco has rank at most equal to 4 (recall that for a fresco with rank k its
Bernstein polynomial has degree k; see [8]) and if the rank is equal to 4 then we obtain the
Bernstein polynomial itself.

Of course, the reader interested by more monomials can easily complete this list, where | means
“divides” :

s w=dzNdyndz  Bi(§)|(§+ 5)(E+3)(E+3)
= ndynds B (€4 EFDE DE+D)
o w=zdrANdyANdz B.(O)(€+1)3(x+ 2).

o w=2z%dx ANdy Ndz B.2(&)| (¢ §) (E+2)(E+ D).

* w=uzydr AdyNdz Boy(©) | (€+ 1)+ DP(E+ ).
o w=2%dx NdyNdz B2 (&) (£ + )(§+%)2(§+%)_

o w=uzdr ANdy Ndz Bo(&)] (€ + 8)? (§+7)(§+%)_

e w=ayzdz AdyANdz  Bpy () (E+2)(E+2)2(E+ 1) ete ..
Note that in this example the differential forms corresponding to degree 2 monomials in x,y, z
are global holomorphic 3—forms on the fibers of the family of compact surfaces given, for A fixed,
by the fibers of the map 7\ (s, (z,y, z,t)) = s, sending

X = {(s, (z,9,2,1)) € C x P3(C) / st® = 2° + y° + 2° + \wy2?t}

to C. As, moreover, the map 7 has no singular point at infinity, the affine computation controls
also the global case for these forms.

Remark that the global computation for these forms gives here the same frescos as in the affine
case because fy has an isolated singularity at the origin.

4.3.2. f = zy®+yz> + 222 4+ Azyz. The singularity set of the hypersurface { f = 0} is the origin:
It is easy to see that any monomial of f is a linear combination of f and 2oL o ygi , zgjzc , so that
each monomial in f has to vanish on the singular set of {f = 0}. Then this implies easily our
claim.

Again using Theorem 4.2.3 and Proposition 2.3.2 allows us, after some elementary computations,
to find for each monomial form w below a degree 3 polynomial dividing the Bernstein polynomial
of the fresco F,,.

=dzNdyndz  Bi(§)|(E+1)3

=ade NdyAdz  Bi(&) [ (€+3)(E+F)(E+ ).
=2z Ndy Ndz  Be2()[(E+ 2)(E+ 2)(E+22).
= wydr ANdy N dz Bz.y(€)|(§+1°)(§ +2)(E+ ).
= xyzdx ANdy A dz By ()| (€+2)3

=az'de NdyANdz By (&) (€ +5)(€+3)(E+2).

4.3.3. f = 2y?23 +y2°t3 + 2t%23 +t2?y> + Axyzt. In this case the singularity set is not isolated:
the singular set of {f = 0} contains the union of the planes {z = z = 0} and {y =t = 0}.

o o 0o 0 o o
€& & & & &€&

Lemma 4.3.1. The estimate for the Bernstein polynomial associated to the monomial 1 (so of
the fresco F,, with w :=dx Ady Adz Adt) is B1(€) | (€ +1)%.
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PROOF. Write my,mg, ms, my, ms the monomials in f. As we have

| 1 0 3 9
1 9 1 0 3
1yl =1s] 2T T|o
1 0 3 9 ]

the element in A given by Theorem 4.2.3 which kills dz A dy A dz A dt (noted by (1) in the
sequel) is deduced from the equality

6 6
A’mymamsmy = mg

and its initial part in (a,b) corresponds to the monomial mimaemsmy in A(1). We shall make
the computation explicit (following the proof of the theorem) in this very interesting example.
The inverse of the matrix :

1 0 3 21
21 0 31
M=13 2 1 0 1
0 3 211
11 1 11

is the matrix:

1 1 3 -1 -4

1 -1 1 1 3 —4
M7t=-13 -1 1 1 -4
811 3 -1 1 4
-4 —4 -4 —4 24
Then we have:
b(1) 1 0 3 2 1 my
b(1) 2 1 0 3 1 ma
b1)|=(3 2 1 0 1 mg
b(1) 0 3 2 11 my
a(1) 111 1 1) \ms
and so
my 1 1 3 -1 —4 b(1)
ma 1 -1 1 1 3 —4 b(1)
m3|l==-13 -1 1 1 —4 b(1)
ma| S| 1 3 -1 o1 —af|bQ)
ms —4 -4 —4 -4 24 a(l)
we obtain:
mp = mg =mz=my = %(b —a)(1) ms=—2b(1) + 3a(l) = (3a — 2b)(1)
and then
2b(my) 1 0 3 2 1 m3
3b(m1) 21 0 3 1 mimso
4b(m1) = 3 2 1 01 mims
b(my) 0 3 211 mima
a(ml) 1 1 1 1 1 mims
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m? 1 1 3 =1 —4\ [2b(my)
mimeo 1 -1 1 1 3 —4 3b(m1)
mims = - 3 -1 1 1 —4 4b(m1)
mma | Sl 1 3 -1 1 —4| | bmy)
mims —4 —4 —4 —4 24 a(my)

And so:

m3 = £ (4b — a)(m1) = 2(4b — a) (b — a)(1)

A~

mimsg =

1 1
52— a)m) = (20— )b — ()
mims = %(Qb —a)(my) = myme

1
mimy = 5(21) —a)(my) = myme

mims = (3a — 5b)(my) = %(Sa —5b)(b—a)(1)

We have mime = zy32°t> and then

So
1
mimoms = §(3b —a)(2b—a)(b—a)(1).
As mimams = 2%y325t° we obtain:

(1 3 -1 1 —4) 7b(mimoms 25(4b—a)(m1m2m3)

| =

mimemsging =

we obtain mymomsmy = 7= (4b — a)(3b — a)(2b — a)(b — a)(1) |

4.34. f:=xy?+2’y+2t3+t23+ Avyzt. Again we assume that ) is a non-zero complex number.
The hypersurface {f = 0} has an isolated singularity at the origin :
If ¥ := {df = 0} C C* we have on X the relations

1 - 1
zy? = 2y = ?)\xyzt and  2t3 = 23t = T)\osyzt.

So on ¥ N {f =0} we have zy = 0 = zt and this implies that ¥ N {f = 0} = {0}.

Now we shall use again Theorem 4.2.3 and Proposition 2.3.2 in order to give a polynomial of
degree 12 which is a multiple of the Bernstein polynomial of the fresco F, for w := dxAdyAdzAdt.
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The relation between the monomials of f is
A2 (ay®) (ya?) (2t7)° (2°1)° = ayat) '
So to compute the initial form in (a,b) of the polynomial in A constructed in Theorem 4.2.3
annihilating [w] in Ef[A], it is enough to compute the homogeneous in (a,b) polynomial P of
degree 12 satisfying in F¢[)] the relation Plw] = [(Azyzt)?w].
Note mi, ..., my4 the first monomials in f and m := Azyzt. Then we have in E¢[\] the equalities
for any integer k > 0 (where w is omitted)

o ((k+1)b(m*) = m*1) = (mq + 2mg)m*

o ((k+1)b(m*) — m*1) = (2my + mg)m*

o ((k+1)b(m*) = m*1) = (m3 + 3my)m*

o ((k+1)b(m*) — m*1) = (3mg + my)m*
and so we obtain

(a— g(k T 1).5) (m*) = %mk"'l.

Then the initial form of the polynomial annihilating [w] is equal to the product ordered from
left to right by decreasing k

11 -
H (a— E(k +1)b) (m").
k=0

This gives the following estimate for the Bernstein polynomial

IH £+M

The reader interested by another holomorphlc monomlal form can follow the same line to obtain
an analogous result.

In a forthcoming article on this subject we shall examine the effective contribution of the
roots in £ + Z of the Bernstein polynomial of the fresco associated to a volume form w to the
poles of the meromorphic extension of the integrals

1 A rj —/
W/XWQ Jlpw A

assuming the hypothesis H(¢,1) and where ' is in Qg“ and pis € on X, p = 1 near 0 and
has enough small support in order that p&’ is € on X.
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