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ANALOGUES OF THE ATIYAH-WALL EXACT SEQUENCES
FOR COBORDISM GROUPS OF SINGULAR MAPS

ANDRAS CSEPAI

ABSTRACT. Classical results of Rohlin, Dold, Wall and Atiyah yield two exact sequences that
connect the cobordism groups of oriented and unoriented manifolds. In this paper we present
analogous exact sequences connecting the oriented and unoriented cobordism groups of maps
with prescribed singularities. This gives positive answer to a fifteen-year-old question posed
by Sziics and has interesting consequences even in the case of cobordisms of immersions.

Part 0. Introduction
1. CLASSICAL RESULTS

In the 1950’s much work was done on the determination of the structures and generators of
the oriented and unoriented abstract cobordism rings 2, and 91,. One of the main tools for these
computations was the existence of two exact sequences which resulted from individual works of
Rohlin [Ro], Dold [Do], Wall [Wal] and finally from a conceptual method by Atiyah [At].

Recall that the elements of €, are represented by oriented closed smooth (C°°) n-manifolds
and two such manifolds are cobordant if they together bound an oriented compact (n + 1)-
manifold with boundary with matching orientations; the elements of 91,, are similar but without
orientations. Between these two groups stands the cobordism group 20,, of the so-called Wall
manifolds (see e.g. [St]) i.e. closed manifolds whose first Stiefel-Whitney class is the mod 2
reduction of an integer cohomology class; two such manifolds are cobordant if they together
bound a compact (n + 1)-manifold with boundary with matching integer first Stiefel-Whitney
classes. Now the forgetful homomorphism from €, to 91, (i.e. the map we get by ignoring the
orientation) is the composition €,, — 20,, — N, of two forgetful homomorphisms.

The classical Atiyah—Wall exact sequences (see [At, theorems 4.2 and 4.3]) are a long exact
sequence

= =, =W, > Q1 — )

and a short exact sequence
0=+, >N, >Ny_2 =0 (II)

containing these forgetful homomorphisms.

The main result of the present paper is the generalisation of these sequences to the cobordism
theory of singular maps which answers an open question of Szfics proposed in [Sz2, section
19]. The precise statements of this result can be found in theorems I and II at the end of the
next section after recalling and introducing the necessary definitions. Theorem I and theorem 11
generalise the sequences (I) and (IT) respectively to cobordism groups of singular maps and they
will be proved in part I and part II respectively; then in part ITII we shall apply them to compute
various cobordism groups and finally to obtain analogous exact sequences for bordism groups.

2020 Mathematics Subject Classification. 57TR90 (Primary), 57R35, 57R45, 55N22, 55P42 (Secondary).
Key words and phrases. cobordism, singular maps, exact sequences.


http://dx.doi.org/10.5427/jsing.2023.26g

ANALOGUES OF THE ATIYAH-WALL EXACT SEQUENCES 129

2. COBORDISM GROUPS OF SINGULAR MAPS

Throughout this paper we consider smooth (C>°) maps of n-manifolds to (n + k)-manifolds
where k is a fixed positive integer and n is arbitrary. If we want to indicate the dimension of
a manifold, we put it in a superindex (i.e. M"™ means that M is a manifold of dimension n)
but in most cases we omit this index. If we do not state otherwise, then we also always make
the technical assumption that any smooth map between manifolds f: M — P is such that
f~1(OP) = OM and f is transverse to the boundary 9P.

Definition 2.1. Two smooth map germs
n: (R™,0) — (R™* 0) and 9: (R",0) — (R"*,0)

are said to be left-right equivalent (in some sources also called o -equivalent) if there are diffeo-
morphism germs ¢ and ¢ of (R”,0) and (R"**,0) respectively such that 9 = 1 oo ¢~!. The
suspension of the germ 7 is the germ

n x idg1: (R"10) — (R™FA+L ).

By the singularity class (or simply singularity) of n we mean the equivalence class of 7 in the
equivalence relation generated by left-right equivalence and suspension. The singularity class of
7 is denoted by [n)].

Observe that in each singularity class the codimension & of the germs is fixed but the dimension
n is not. We will now recall classical properties of singularities; the details can be found e.g. in
[Mal], [Ma2] (and the preceding papers of Mather in this series) and [GWdPL)].

Definition 2.2. For manifolds M", P"t* the product of the diffeomorphism groups of M and
P has an action on the space C°°(M, P) of smooth maps f: M — P defined by the formula
(p,9) = o foep !t Two maps f,g: M — P are said to be left-right equivalent if they are in
the same orbit of this action, i.e. g = 1o fow ™! for some diffeomorphisms ¢ of M and 9 of P. A
map f: M — P is said to be stable if it is in the interior of an orbit, i.e. it has a neighbourhood
U C C*(M, P) such that every element of U is left-right equivalent to f. We define a map germ
a stable germ if it is the germ of a stable map (see [GWAPL] and [Mal]).

In the present paper we only consider stable germs. Note that if the germ 7 is stable, then
every germ representing the singularity [n] is also stable, hence it is justified to call singularities
of stable germs stable singularities.

Remark 2.3. The restriction to only study maps with stable germs is quite mild, in the so-
called nice dimensions stable maps form an open dense subset in the space of smooth maps; see
[Ma2].

Let us now fix a set 7 of singularities of stable k-codimensional germs.

Definition 2.4. A smooth map f: M™ — P"t* is said to be a 7-map if all of its germs belong
to singularity classes in 7. For a singularity class [] € 7 a point p € M is said to be an [n]-point
if the germ of f at p is equivalent to 7; the set of [n]-points in M is denoted by [n](f). By a
slight abuse of notation we will sometimes write n(f) instead of [n](f) for better readability.

Definition 2.5. For a singularity class [n] the minimal number m for which there is a germ
9: (R™,0) — (R™+*0) in the singularity class [n] is called the codimension of the singularity
[n] and is denoted by codim[n)].

Remark 2.6. If f: M — P is a 7-map, then M is naturally stratified by the submanifolds n(f)
for all [n] € 7; see e.g. [GWAPL]. Here n(f) is a submanifold of M of codimension codim[n].
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Example 2.7.

(1) If 7 only contains the class X9 of regular germs (i.e. those with maximal-rank derivative
at 0), then 7-maps are just the immersions.

(2) If 7 consists of X° and all stable singularities of type X!, that is, singularities with
representatives whose derivative at 0 has corank 1, then 7-maps are called Morin maps.
Further restricting the set 7 of allowed singularities we can obtain e.g. the so-called
fold maps (i.e. {X° X1%}-maps) and cusp maps (i.e. {3°, £10 $1:1.0  maps) where fold
(219) and cusp (X119) are the two simplest types of Morin singularities; see [Mor].

In the following we shall work with 7-maps to a fixed target manifold P up to a cobordism
relation defined as follows:

Definition 2.8. We call two 7-maps fo: MJ — P"T* and f;: M — P"** (with closed source
manifolds My and M) 7-cobordant if there is

(i) a compact manifold W"*! with boundary such that OW = My LI My,
(ii) a 7-map F': W1 — P x [0,1] such that for i = 0,1 we have F~1(P x {i}) = M; and

The 7-cobordism class of f: M™ — P"** is denoted by [f] and the set of all 7-cobordism classes
of 7-maps to the manifold P is denoted by Cob,(P).

The set Cob,(P) admits a natural commutative semigroup operation by the disjoint union:
if f: M™ — P"** and g: N* — P™** are 7-maps, then so is

fug: MUN — P

and the 7-cobordism class [f] 4+ [g] := [f U g] is well-defined. This operation has a null element
represented by the empty map, moreover, it is actually a group operation (the inverse of any
element in Cob, (P) is explicitly constructed in [Sz2]). This way Cob,(P) becomes an Abelian
group for any manifold P.

Next we shall endow 7-maps with various stable normal structures. These will be defined in the
following four points; loosely speaking they are decorations on the stable normal bundle, that is,
foramap f: M — P the stable isomorphism type of the virtual vector bundle vy := f*T'PST M.
If o is such a decoration, then 7-maps equipped with o-structures will be denoted 77-maps. In
this paper we shall work with the following types of 77-maps:

(1) o0 = G: Let G be a stable group using the definition of Wall [Wa2, section 8.2] which we
recall now:

Definition 2.9. A stable group G is defined as the direct limit of a sequence of group
homomorphisms ¢, : G(n) - G(n + 1) where
(i) there are homomorphisms «,,: G(n) — O(n) such that the diagram

ln41

G(n) == G(n+1)

ani ian+1

L O(n) O+ 1) ...

is commutative where the inclusions in the lower row are natural,
(ii) there is a weakly increasing function ¢: N — N tending to oo such that the map ¢,
is ¢(n)-connected,
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(iii) there are homomorphisms 3, ,,,: G(n) x G(m) — G(n+m) such that the diagrams

G(n) x G(m) — 22"+ G(n +m) —22"_ G(n) x G(m)
L,,,Xidl \LWH»m lid Xilm,
Bn+1,1n Bn,7n+1
G(n+1) x G(m) Gn+m+1) G(n) x G(m+1)
G(n) x G(m) 222 G(n +m)

Oy Xam,i iOthrm

O(n) x O(m)——= O(n + m)

and

G(n) x G(m) x G(1) X!

5n,7n del iﬁn,'mﬁ»l

G(n+m) x G(1) Gn+m+1)

commute up to conjugation by an element in the component of the identity,
(iv) there is a commutative diagram

G(n) x G(m+1)

Bn+m,l

In,m

G(n) x G(m) G(m) x G(n)

Ln+7no/8n,7nl/ iLnerO,Bm,n
On,m
O(n+m) ——— O(n+m)

where 7, ,, denotes the interchange of factors and 9, ,, is the conjugation by an
element whose determinant has sign (—1)"™.

We define 7¢-maps to be T-maps f: M™ — P"** for which the virtual normal bundle
v¢ has structure group G in the following sense:

Definition 2.10. For a stable group G and a virtual vector bundle v we say that v has
structure group G if there is a fixed equivalence class of vector bundles stably isomorphic
to v such that the structure group of each vector bundle ¢ is reduced to G(rk §) and their
equivalence is defined as follows. Note that the reduction of the structure group of £ to
G(rk &) also gives the reduction of the structure group of £ ®e” to G(rk& + r) for any r.
Here and later on " means the trivial rank-r vector bundle over any base space. Now
two such bundles &, ¢ represetning v are said to be equivalent if for some r the bundles
€@ e" k¢ and ¢ @ "¢ are isomorphic as G(r)-bundles.

For example if G = SO, then 75°-maps are 7-maps with oriented normal bundles; if
G = O, then 7%-maps are just 7-maps without further conditions. If 7 consists of all
possible singularities of k-codimensional germs,then any manifold M™ has a 7-map to
R"™t* uniquely up to 7-cobordism and its stable normal bundle is just the inverse of the
tangent bundle TM in any K-group of M; the same is true for any abstract cobordism
of manifolds, hence in this case we have

Cob?©(R"F) =Q, and Cob?(R"F) =0,.
As another example, if 7 = {%°} (i.e. 7-maps are the immersions), then Cob% (R"*¥)

is the cobordism group of immersions of n-manifolds into R"** with normal structure
group G which was first described by Wells [We]. For various other singularity sets 7
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with G being mostly SO or O the groups CobTG(P) were considered e.g. by Szlics [Sz1],
[Sz2]', Riményi [RSz], Ando [An], Terpai [Te], Kalmér [Ka] and Sadykov [Sa] (although
in some of the papers cited the codimension k of the maps is non-positive, unlike in the
present paper).

(2) o = int: We define 7*-maps to be 7-maps with the first Stiefel-Whitney class being an
integer class, that is, a 7™-map is a pair (f,w) where f: M™ — P"** is a 7-map and
w € HY(M;Z) is a cohomology class such that its mod 2 reduction is w; (v¢). Following
e.g. Stong [St] we call this type of normal structure a Wall structure and also call 7i1t-
maps Wall 7-maps. Again, if 7 consists of all possible singularities of k-codimensional
germs, then any manifold M™ has a 7-map to R”** uniquely up to 7-cobordism and its
first normal Stiefel-Whitney class is the same as wq (M), hence for this 7 we have

Cob™ (R"tF) = 97,,.

(3) o = @m for a natural number m: 79" -maps are also called m-framed T-maps and they
are defined so that their germs are of the form 1 X idgm (for [n] € 7) and the change
of coordinate neighbourhoods always induces the identity on R™ here. This extends the
notion of m-framed immersions, i.e. immersions equipped with m pointwise independent
normal vector fields; if 7 = {X°}, then 7®™-maps are just immersions with normal m-
framing. We can endow 7®™-maps with other stable normal structures ¢ as well, and
this defines 797%™ -maps. These maps were constructed in [Sz2, definition 9 and remark
10] and a very important property of them is the following: if the target manifold P is
of the form @ x R™ for a manifold @), then we have

Cob?Z®™(Q x R™) 2 Cob?(Q) (2.1)

and the isomorphism is given by a natural correspondence between framed and non-
framed maps; see [Sz2, proposition 13].

(4) 0 = G® & Let G be a stable group and £ a vector bundle over the classifying space
BG. Then 7% maps are generalisations of 7¢®™-maps and we postpone their precise
definition to section 6. Intuitively a 7¢%¢-map is a 7¢-map such that a bundle induced
from ¢ splits off from its “normal bundle” (the sense in which we mean this will be
clarified in section 6); if ¢ is trivial of rank m, this just gives an m-framed 7%-map.

Now if ¢ is any of the above four stable normal structures, then the cobordism of two 77-maps
to a manifold P can be defined by adding the o-structure to the map F' in definition 2.8 and the
cobordism group of 77-maps to P is denoted by CobZ (P).

To form the statements of our main theorems it remains to define a vector bundle which will
play the role of ¢ in a special type of 7¢®¢-maps. We put G := O and denote by det the line
bundle over BO induced by the first Stiefel-Whitney class w;: BO — RP* from the tautological
line bundle. The notation of this line bundle is due to the fact that if 7 denotes the tautological
rank-n vector bundle over BO(n), then the restriction of det~y over BO(n) is the determinant
bundle det v9. In our second theorem we shall use the rank-2 bundle 2 dety = dety & det .

Now we are in a position to state our main results which are as follows:

Theorem I. For any set 7 of stable singularities and any manifold Q? there is a long exact
sequence (where the index m runs through the integers)

 ¥mn Cob32(Q x R™) —275 CobSO(Q x R™) 27 Cobi™(Q x R™) —2m s

m o CobSO(Q x R — ...

1We shall refer many times to [Sz2] which only considers 75°-maps but contains theorems which work with

the same proofs for more general stable normal structures as well, hence in this paper we will refer to them in
their general form.
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and here ., is of the form id 4+ where ¢ is the involution represented by the reflection to a
hyperplane, x., is the forgetful homomorphism and ., assigns to a cobordism class [(f,w)] the

class [flpp(w)]-
Theorem II. For any set T of stable singularities and any manifold Q¢ there is a long exact
sequence (where the index m Tuns through the integers)

L L Cobi™ (Q x R™) £y CobQ (Q x R™) Xy CobOF2 47 ( x Ry ey

w—’">CobiT“t(Q x R™1) — .

and here ). is the forgetful homomorphism and X!, assigns to a cobordism class [f] the class
[FIPD (s (vs)2))-

Remark 2.11. We shall give a geometric description of ¢/, later in remark 8.3. Here we just
note that its classical analogue is always zero while in our general case this does not always hold;
proposition 9.3 will show that even the composition ,,—1 o %, is not necessarily zero.
Remark 2.12. Although we made assumptions on the set 7 of allowed singularities which
generally exclude the set of all singularities, i.e. bordism groups in general cannot be considered
as 7-cobordism groups, the above theorems still hold for bordism groups as well; see theorem
11.1.

Remark 2.13. Recall that the (say oriented) abstract cobordism and bordism groups give rise
to an extraordinary cohomology theory @ — MSO*(Q); see [At]. Similarly cobordism groups
of singular maps also yield cohomology theories: for the singularity sets 7 and stable normal
structures o used in the present paper we can define extraordinary cohomology functors h’, (see
[Sz2, section 19]) and if @ is a manifold, then we have

hZ(@Q) = CobZ(Q x B™) and k% (Q) = Cob?®"(Q)

for any natural number m (cf. the isomorphism (2.1)). We will not use this fact in our proofs,
however we note that the exact sequences claimed above are sequences of these cohomology
groups, hence they naturally extend infinitely to the right if we put Cob?®~"(Q) in the place
of Cob?(Q x R™) for negative m’s.

Theorems I and IT will be proved in part I and part II respectively and in both cases we begin
by constructing classifying spaces necessary for the proofs, then we define the above long exact
sequence of cobordism groups, and finish by showing that the homomophisms in the sequence are
the ones we claimed. We shall also see that these exact sequences generalise the classical exact
sequences (I) and (II); see remarks 5.6 and 8.4. After this, in part III we will see applications
of theorems I and II to cobordism groups of immersions and Morin maps, and finally, bordism
groups.

Note that in the sequence (I) the arrow €, — §,, is multiplication by 2, hence for theorem
I to be completely analogous to it we should have ¢, = 2id, i.e. ¢+ = id, which is indeed so
in some special cases but not generally as we shall see. Moreover, 9., is [(f,w)] = [f|pD(w)]
and not [(f,w)] = [flpD(w,(v,))] although its classical version 20, — €, in (I) is just
[M] — [PD(wq(M))]. This is because 20,, embeds into N,,, hence taking the Poincaré dual
of the integer first Stiefel-Whitney class of a Wall manifold M up to cobordism is independent
of which integer representative of wi (M) we take, however, remark 2.11 implies that ¢/, is not
always mono and so this simplification which works for abstract cobordism groups may not work
in the general case.

Theorem II is not a perfect analogue of the sequence (II) either: it is actually analogous to
[At, theorem 4.3] (if we do not take into account the normal O & 2dety-structure which is
meaningless in the case of abstract cobordism groups). Atiyah in his paper then proves that the
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long exact sequence splits to short exact sequences yielding (II) but, as noted in remark 2.11
above, this is not true generally.

Part I. The oriented case
3. COBORDISM OF T™_-MAPS

One of the most important ingredients of any type of cobordism theory is an analogue of
the Pontryagin—Thom construction which assigns a classifying space to that theory and gives a
bijection between the cobordism classes and the homotopy classes of maps to this space. The
classifying space of the cobordism groups Cob? (P) (where 7 is a set of stable singularities, o is
a stable normal structure and P is an arbitrary manifold) will be denoted by X, that is, X7 is
the (homotopically unique) space which has the property

Cob? (P) = [P, X?]

where P denotes the one-point compactification of P and [-,] means the (based) homotopy
classes of maps from the first space to the second.

If ¢ = G is a stable group, then many explicit constructions of the space X¢ exist (see e.g.
[RSz], [An], [Sz2] or [Sa]); we will now briefly recall one of them: the so-called strengthened
Kazarian conjecture proved by Szfics in [Sz2]|. After this we shall construct the classifying space
Xint of 7int_cobordisms.

A stable group G is defined as the direct limit of a sequence of groups G(n) where G(n) has
a fixed linear action on R™ (see definition 2.9). We denote by v& the universal rank-n vector
bundle with structure group G, i.e.

G ._ n
vy = EG(n) G?n)R
where EG(n) O BG(n) is the universal principal G(n)-bundle.
Definition 3.1. As before, let T be a set of stable singularities and G a stable group. Consider the
jet bundle J§°(e", 75, ) over BG(n + k) which has as fibre the infinite jet space J§°(R", R™ )
(i.e. the space of all polynomial maps R” — R"** with 0 constant term). Denote by

Vz(n) € J§°(R", R"*F)

the subspace of those maps whose singularity at 0 is in 7 and let K& (n) be the union of the
V:(n)’s in each fibre of J5°(e",~¢, ), that is,
KS%(n):= EG(n+k 74
S(n)i= BG(n+1) % Veln)
where the action of G(n + k) on V,(n) is one-sided, we do not act on the source space R"
of the polynomial maps. Now the natural map G(n + k) — G(n + k + 1) gives us a map
K% (n) — K% (n +1). The Kazarian space for 7%-maps is the direct limit
K& := lim K%(n).

n— oo

Note that we have a fibration K¢ (n) BRI BG(n + k).

Definition 3.2. The pullback of the vector bundle 7& '+, — BG(n + k) by the above fibration
will be denoted by v%(n) @ e” — K&(n) where v%(n) is a rank-k virtual vector bundle. Since
the natural map BG(n + k) — BG(n + k + 1) induces 15, , @ &' from 7S, ,, we get that the
map K% (n) — K% (n + 1) induces v%(n) from v%(n + 1). The universal virtual normal bundle
of 7G-maps is

v¢ = lim v%(n) —» KY.
n—00
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The key tool to proving our main theorems will be the construction of the classifying space of
cobordisms of singular maps using the Thom space of the universal virtual normal bundle (for
7¢-cobordisms this is the strengthened Kazarian conjecture [Sz2, corollary 74] and for 7**- and
7G®¢_cobordisms it will follow from our constructions). Now the Thom space of a virtual vector
bundle does not exist, but we can still get a well-defined space (up to homotopy) if we apply the
infinite loop space of infinite suspension functor I' := Q>S5 to it (we follow here the notation
of Barratt and Eccles [BE]). This is a consequence of [Sz2, remark 60 and definition 72] but it
is worthwhile to recall its direct construction here.

Definition 3.3. Let v be a virtual vector bundle of rank %k over a space K such that K is
the direct limit of a sequence of inclusions K(n) C K(n + 1) where for each n the restriction
v(n) := v|g ) can be represented by £(n) ©e™ for a (non-virtual) vector bundle £(n), moreover,
the inclusion K (n) — K(n+1) is a ¢(n)-homotopy equivalence for a weakly increasing sequence
¢: N — N tending to oo (this holds for & but also more generally for any virtual bundle over a
CW complex). Then we can define S"Tv(n) as the Thom space T¢(n), hence

I'Tv(n) = Q"T'S"Tv(n)
also exists. We define the space
['Tv := lim I'Tv(n) = lim lim Q"' S" T Tuy(n).

n—oo n—r oo Mm—ro0

Note that here the inclusion
STy (n) — S"T™Ty(n + 1)

induces isomorphism in cohomologies up to the index ¢(n) + k + n + m for each m > 0 (by the
Thom isomorphism), hence the (¢(n)+ k)-homotopy type of Q"™ S" ™y (n) coincides with that
of QntmSntmTy(n+1) (by the Whitehead theorem). This means that the (c(n) + k)-homotopy
type of QTS ™M Ty can be defined as that of Q"™ STy (n). Moreover, we also get that
the direct limits I'T'v(n) and I'Tv(n+1) are (¢(n)+ k)-homotopy equivalent and since ¢(n) tends
to oo this implies that for any r the r-homotopy type of I'T'v is that of Q™ Sn+mTy(n) for
some numbers n and m.

Remark 3.4. The space I'T'v is an infinite loop space, hence it naturally defines a spectrum
E, :=Q%°7*5%°Ty = 'S*Tv. What is more, the “virtual space” Tv defines an equivalence class
of spectra and this FE, is a representative of it; see [Sz2, remark 62].

The strengthened Kazarian conjecture [Sz2, corollary 74] states:

Theorem 3.5. If 7 is a set of stable singularities and G is a stable group, then the classifying
space X of cobordisms of T¢-maps is homotopy equivalent to TTvS .

Remark 3.6. The cohomology theory mentioned in remark 2.13 is defined for ¢ = G by the
spectrum EIG =TS*TvE.

Remark 3.7. Later it will be important for us to have a deeper understanding of the connection
between the cobordism group Cobf(P) (for a manifold P"**) and the classifying homotopy
classes [P,T'TvE], so we now give a short description of it based on [Sz2].

If f: M" — P"* is a 7% map and i: M™ — R" is an embedding, then f x i: M — P x R"
is a so-called 7¢-embedding. A 7¢-embedding of M™ into a manifold Q"*t**" is defined as a
triple (e, ¥, #) where e: M — @ is an embedding with normal G-structure, ¥ is a sequence
(v1,...,v,) where the v;’s are pointwise independent vector fields along e(M) (i.e. sections of the
bundle TQ|c(ar)), -7 is a foliation of dimension 7 on a neighbourhood of e(M) which is tangent
to ¥ along e(M) and any point p € M has a neighbourhood on which the composition of e with
the projection along the leaves of .# to a small (n + k)-dimensional transverse slice has at p a
singularity which belongs to 7.
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Cobordisms of 7¢-embeddings of n-manifolds to @ can be defined in the usual way and
their cobordism group is denoted by Embf(n,Q). Now if the number r is sufficiently large,
then assigning to the 7¢-map f: M™ — P"** the 7¢-embedding f x i: M — P x R" (with
vector fields arising from a basis of R” and foliation composed of the leaves {p} x R") yields an
isomorphism

Cob%(P) = Emb%(n, P x R").
This is stated in [Sz2] as theorem 2 and its proof relies on lemma 43 and theorem 1. This
is important to note since the proofs of these all only depend on (ambient) isotopies of the
embeddings into P x R" which leave the stable normal bundles of the maps involved unchanged.

Now forgetting the singularity structure (given by ¥ and %) of f x i yields a well-defined
cobordism class of an embedding of M into P x R” with normal G-structure. Since these are
classified by the Thom space T'y,§+T we have the homotopy class of a map S™ P — T7,§+T
corresponding to it such that f x ¢(M) is the preimage of BG(k + r) and its normal bundle is
induced from vﬁ_ i (note that S™ P is the one-point compactification of P x R™). Then using the
singularity structure we can lift this classifying map through the map T(v%(r) ® e") — Tvg,,
induced by the fibration K& (r) — BG(k + ) (see definition 3.2) to get a map

ki S"TP = TWE(r)®e™) =2 S"TvE (1)
where f xi(M) is now the preimage of K¢ (r) and its normal bundle is induced from v%(r) @ e".

The adjoint correspondence identifies [S™ P, S"TvC ()] with [P, Q"S"TvC (r)] and if r is suffi-
ciently large, the latter is identified with | P,Q>s <Tv%(r)] since by increasing r we only attach
large dimensional cells to the target space. Now the homotopy class [kf] can be thought of as
an element in [P, TTv¢] and assigning [sf] to [f] gives an isomorphism

Emb® (n, P x R") = [P, TTvE].

The composition of the two isomorphisms described above show a bijective correspondence
between the cobordism classes of the f’s and the homotopy classes of the x¢’s which forms the
isomorphism Cob%(P) = [P, T'TvC] of theorem 3.5.

Next we shall define the Kazarian space of Wall 7-maps and describe the classifying space
Xt gimilarly to the theorem above. Consider the first Stiefel-Whitney class w;: BO — RP>
(which is a fibration with fibre BSO) and let i: S1 < RP> be the inclusion of the 1-cell.

Definition 3.8. Let Bint be the homotopy pullback of the diagram BO —— RP> & St ie.

the space we obtain by pulling back the fibration w; : BO B30 ppeo by %, and let w: Bint — S*

be the map indicated on the pullback diagram

Bint —2— §!

|

BO —~RP*>
In other words we define Bint as the subspace S! X BSO in BO = §* X BSO.
2 2

This Bint is the direct limit of the spaces Bint(n) that we get in a similar way from BO(n)
instead of BO. We can pull back the tautological bundle 79 — BO(n) to a vector bundle
4int — Bint(n) and this makes Bint(n) the classifying space of rank-n vector bundles equipped
with Wall structures, that is, those vector bundles ¢ for which wq(£) is the mod 2 reduction
of a specific integer cohomology class (this is true since S = K(Z,1), RP*>® = K(Z,,1) and i
corresponds to the mod 2 reduction). Now we can again consider the jet bundle J§° (g™, ", ) over

n+k
Bint(n+k) and take in each fibre the space V;-(n) to obtain a fibration K**(n) BLSOIN Bint(n+k)

as in definition 3.1.
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Definition 3.9. If 7 is a set of stable singularities, the Kazarian space for T™-maps is
K™= lim K*(n).

We have now a diagram

K (n) KO(n)

O

J5e (" ke

T3 (e 1)
V- (n) Vi, (n)
J§® (R™ ,R™TF) J&® (R™,R™TF)

Bint(n + k)

BO(n + k)

where all squares are pullback squares. Using this we can define the rank-k virtual vector bundle
vi"*(n) — K"*(n) as the pullback of v9(n) — K©(n).

Definition 3.10. The universal virtual normal bundle of T™*-maps is vi"* := lim v"(n) over
Kint,
Theorem 3.11. If T is a set of stable singularities, then we have X™* = I'Tyint,

Proof. We need an isomorphism Cob™(P) 2 | P, ['Tvi™] for any target P. Recall from remark
3.7 that the analogous isomorphism for 79-cobordisms is obtained by assigning 7-embeddings to
the 7-maps, then lifting their classifying maps through the map S™TvO(r) — T’yro+ i (where r is
a large number). As we noted in remark 3.7 the isomorphism of the cobordism groups of 7-maps
and 7-embeddings (see [Sz2, theorem 2]) does not depend on the choice of normal structures,
hence it also yields the isomorphism

Cob™(P) 22 Emb™™ (n, P x R")

for r sufficiently large, where Emb™™ (n, P x R") is defined analogously.
Now if we have an embedding with normal Wall structure, then its classifying map can be
lifted to T%i}jfk so if it is also a T-embedding, then using the pullback square

STTvi (r) —— STTvO (r)

| |

i 0
Ty, Tyrlg

this inducing map lifts to S"Tv™(r). So 7"-embeddings can be induced from S"™Tvi"(r) and
since all of the above extnds to maps between manifolds with boundary (in particular to cobor-
disms), we get a homomorphism from Cob™(P) to [P, 'Tv™] as in remark 3.7.

To see that this is an isomorphism, note that if we have a map S” P — STTvi™ (r), then its
composition with the map to S"Tv?(r) pulls back a T-embedding into P x R" (by theorem 3.5)
which also has a normal Wall structure. Similarly homotopies between maps to S"™Tvi" (r) pull
back cobordisms of 7-embeddings with normal Wall structures. Thus we obtained the inverse
of the above homomorphism Cob™(P) — [P, 'Tv™], meaning that it is iso and this concludes

our proof. [J

4. A LONG EXACT SEQUENCE

We shall now connect the classifying spaces of 7™*-cobordisms and 75°-cobordisms. Consider
the embedding BSO — BO as a fibre over a point in S! € RP*> which then factors through
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v: BSO — Bint (again as the embedding of a fibre):

Bint = 5! x BSO —% > 51

Z2
/

BSOC—= BO — §*> x BSO U RP

%

If we now take the approximations BSO(n), Bint(n) and BO(n) of the spaces above and the
approximation v(n): BSO(n) — Bint(n) of v, then both squares in the diagram below will be
pullback squares:

SO int O
Tn T T

R

BSO(n) — Bint(n) — BO(n)

But then the same is true for the jet bundles over the spaces BSO(n + k), Bint(n + k) and
BO(n + k), hence also for the Kazarian spaces and so the suspensions of the approximations of
the universal virtual normal bundles also fit into a diagram

vi9(n) @ e v (n) ®e" VP (n) @e”
7§$k J{ ’Yﬁk i %(L)Jrk
K$9(n) ‘ Ki™(n) ‘ KO (n)

~ ~

oth) Bint(n + k) —— BO(n + k)

BSO(n + k)

with all squares being pullback squares. After these preliminary observations we are ready to
state the following (which is the main statement of theorem I):

Theorem 4.1. For any set T of stable singularities and any manifold Q? there is a long exact
sequence

L CobSO(Q x R™) —£7 CobSO(Q x R™) X7y Cob™(Q x R™) —27y

P, CobSO(Q x R™MY) 5
Proof. Let A C S! be any contractible subspace and let B := w~!(A) be its preimage in Bint.
If v: BSO < Bint was the embedding of the fibre over a point in A, then v(BSO) C B and the

map v is a homotopy equivalence BSO = B. Moreover, if K is the restriction of the Kazarian
space K" over B C Bint, then we have a pullback square

SO int _
KSO s Kint|, = K

L

BSO—= . B
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with the vertical arrows being fibrations, hence we have K = K5©. Similarly if v is the restriction
of ¥ over K C K", then we have a pullback square

VSO int

T Vr ‘K:V
e p— [i(

which implies that v is stably isomorphic to v5°.

Now let A; be any point p € S and put A := S*\{p} (which are contractible subspaces). Let
the preimages of A; and A, under w respectively be By and By (thus we have B; & BSO = Bs),
their preimages in K" be K; and Ky (thus we have K; = K5© = K,) and put v := vi"|g,
and vy := vi™| g, (which are now stably isomorphic to ©/5°). Then for all n we have a cofibraion

S"Tvy(n) = S"Tv™(n) — ST (n)/S"Tra(n)

(where v1(n) and vy(n) are the appropriate restrictions of vi"(n)). Since the normal bun-
dle of K1 C K™ is induced from the normal bundle of p € S' it is trivial and so we have

STyt (n)/S™"Tva(n) = S"T1Tv1(n), hence the cofibration above has the form
S"TV39(n) — S"Tv™ (n) — S"T1TL50 (n).
Now applying the functor Q"+™I" to the Puppe sequence of this cofibration we get a sequence
of maps
= QPTTYSO () — QTITY ™ (n) — QT STYO (n) — Q™I TYSO(n) — ...

And note that here QmT'STv5C (n) equals Q™ T'Tv3° (n). This sequence is infinite to the right
by construction, but it is also infinite to the left since the number n could be arbitrary and we
get the same maps by applying Q7T to the n’th suspensions as by applying Q**™1T to the
(n + 1)’st suspensions. We also note that the maps in this sequence commute with the natural
maps Q"TTvZ (n) = Q"TTvZ (n+1) (for o = SO, int). Then converging with n to infinity yields
a sequence

L= QPTTYSO QY o QMolrT SO o QmolrTSO

of the direct limits. .
If we then fix a manifold @ and apply the functor [Q, ] to this sequence, then we obtain the
long exact sequence of cobordism groups as claimed. [

Remark 4.2. In the proof above we used the cofibrations
S"TYS0(n) — ST (n) — ST Tv5O (n)
for all n. Later we will refer to this (and to similar occurences) as a cofibration
TvSC — Tvi™t - STVSO,

Although these are not actual spaces, applying the functor I' to them yields a well-defined
fibration (cf. the proof of [Sz2, theorem 8]) which is a fibration between the corresponding
spectra described in remark 3.4.

Remark 4.3. If we had in theorem 4.1 @@ = R?, then the same long exact sequence could be
obtained from the cofibration ‘

TVEO — Tv™ — STV,,S_O
by just applying the functor I' which yields a fibration

FTVEO

[Ty rSTvS©

and then taking the homotopy long exact sequence of this.
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Now to prove theorem I we only have to describe the homomorphisms in the above exact
sequence.

5. DESCRIPTION OF THE HOMOMORPHISMS ©p,, Xm AND ¥y,

First fix a manifold K, a vector bundle {( — K of rank r, a closed submanifold A C K of
codimension m and with normal bundle € and put B := K\ A. If we denote by Emb® (n, P"") the
cobordism set (or group in the interesting cases) of n-manifolds embedded into a fixed manifold
P"*" with normal bundle induced from ¢ (i.e. (-embeddings), then we have

Emb* (n, P) = [P, T¢].

Hence the Puppe sequence of the cofibration T¢|p < T¢ — T¢/T¢|p = T(|a P &) gives us a
sequence of homomorphisms

Emb¢? (n, P) — Emb(n, P) — Emb*I4®¢(n — m, P) -2 Emb¢I2® (n — 1, P) — ...
of cobordism sets/groups (which is exact in the stable dimensions).

Lemma 5.1. Let f: M"™™ — P"7" pe q ((|a ® £)-embedding which yields a decomposition
v = (Cla)m ®En (with (C|a)m and Ear induced from (|4 and & respectively) and the exponential
map can be used to extend f to an embedding f of the total space of Ear into a small neighbourhood
of f(M). Then the boundary homomorphism O assigns to the cobordism class [f] the class of
f|5§M which has codimension r+1, is endowed with the natural normal vector field of the sphere
bundle and the orthogonal complement of this trivial subbundle in its normal bundle is induced

from (|B.

Proof. We obtain T'({|4®¢&) in the Puppe sequence by restricting ¢ to a tubular neighbourhood
U C K of A and then factoring T'( by the complement of this restriction, that is, attaching the
cone CT(C|x\v). The next item in the sequence is ST'(¢|p) which we get by gluing the cone CT¢
to the previously obtained space. In the following we shall always mean the above representations
of the spaces T'(¢|a @ §) and ST(¢| ).

FIGURE 1. We show the local form of T'({|a @ &) (on the left) and ST(¢|g) (on the
right) in the case r =0, m = 1.

If the homotopy class of ky: P — T(¢|a @ €) induces the cobordism class of f: M < P (such
that f(M) = K,El(A)), then its image under

0: [P, T(¢la® )] — [P, ST((|p)]
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is represented by Ay: P — ST (¢|B) which we get by taking the portion of the image of £ in
the total space of |y and pushing it toward the special point of the cone CT(¢|y) C CT(, in
this way detaching it from A, and otherwise leaving the rest of xy unchanged.

FIGURE 2. We show the local form of the image of k¢ (on the left) and Ay (on the
right) in ST(¢|B) again in the case r =0, m = 1.

The inducing map k¢ is such that the exponential image of the normal bundle

vi=(Cla)m & &M
(restricted to a small neighbourhood) is the preimage of a tubular neighbourhood of
ACT((a®g)
and it is mapped fibrewise bijectively to its image in this neighbourhood. Thus we may assume
that the image of f coincides with H;l(U) such that f(S€y) = ,%J?l(aU) and kf is again a
fibrewise bijection from S&ys to 6U|Kf(K;1(A)).

Then we can assume that the image of Ay intersects the base space K only in OU (this
intersection is in B = K \ A) and Ay restricted to the preimage of this intersection coincides
with . Hence for any point p € (ko f)~'(A) we have that \; maps the sphere f(Sy&ar) to
B and the union of these (that is, f(S€)) is the whole )\J?I(B). Since S&y is a sphere bundle,
its embedding has a natural normal vector field. This trivialises the subbundle of its normal
bundle induced from the direction of the suspension in ST(¢|5). The orthogonal complement of
this in the normal bundle of f(S&y) is then induced from the ¢|p part of the normal bundle of
B C ST(¢|g). This is what we wanted to prove. U

If the manifold above has the form K = S* X V and the submanifold A is a fibre V, then we
2

have ¢ = ¢!, B2V and (| = (|4 = (|v, hence the sequence above has the form
Emb‘V (n, P) — Emb®(n, P) — Eran|V®€1(n -1,P) 2, Emb¢lves (n—1,P)— ...

Corollary 5.2. The boundary homomorphism O in this case is id +¢ where ¢ is the involution
which acts on a cobordism class represented by a 1-framed |y -embedding f: M™~t < P™" such
that it inverts its framing vector field v and in the orthogonal complement of v in vy (induced
from C|v ) it applies the Zo-action of V.

Proof. We want to understand the embedding f |s¢y, in the lemma above in this special case.
Now ¢ is a trivial line bundle, so S(ypy = M_ U M, where the My are both diffeomorphic to
M, the maps fi := f|m, can be identified with f and the normal vector fields vy giving the
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1-framing of these two maps are opposite since these are the natural (say outward pointing)
vectors of a sphere bundle. Thus we may assume that the 1-framing v, of f is the same as the
1-framing v of f and v_ is opposite to it.

What is left is to understand how the orthogonal complement of vy in the normal bundle
is induced from (|y on the two manifolds My . If our fixed fibre was A = {p} x V for a point
p € S1, then (with the notation of the previous proof) the tubular neighbourhood U C K is
(p—e,p+¢) x V for a small number . Now f(M) = m}l({p} x V') and the part of v, induced
from (|v is pulled back by the restriction of £y from the bundle over {p} x V. Identifying the
fibres in [p —e,p+¢] x V in the trivial way then yields that the (|y parts of the normal bundles
of fr(My) = K;I({p:l: e} x V) are induced by the same map from the bundle over {p+e} x V.
But then identifying the fibres over S'\ {p} (i.e. in B) instead of [p — &, p + €] changes the
identification of {p + e} x V with {p — e} x V by applying the Zs-action in one of them, say in
{p—e} xV.

Thus we got that both the 1-framing of f, and the inducing map of the rest of its normal
bundle coincide with those of f, on the other hand, the 1-framing of f_ is opposite to that of f
and the inducing map of the rest of its normal bundle is composed with the Zs-action in V. Hence

we have 9[(f,v)] = [(f1,v:)] + [(/-,v-)] where [(fy,v:)] = [(f,0)] and [(f-,v-)] = d[(f,v)] for

the involution ¢ described in our statement above. O

Proposition 5.3. ¢,,: Cob°(Q x R™) — Cob5°(Q x R™) is of the form id+. where ¢ is
the involution which, when representing cobordism classes by 75°-embeddings (see remark 3.7),
composes a map with the reflection to a hypersurface Q@ x R™T™=1 C Q x R™*" but does not
change its orientation.

Proof. Let g be the dimension of @ and put n := ¢+ m — k. Then remark 3.7 and theorem
3.11 show that for o = int, SO the group Cob? (Q? x R™) is naturally isomorphic to

Emb? (n,Q x R™*7) = Emb?~ (N&e" (n,Q x R™*T)
where 7 is a sufficiently large number. Observe also that we have K"t = S! X K3© and, using
2

the notation of the proof of theorem 4.1, we let K; be the fibre of K'* over a point in S and
K, is its complement in Kt and for i = 1,2 we let the virtual bundle v; be the restriction
of ™ over K; (hence K; = K5© and v; = 159). We now think of these Kazarian spaces
as finite dimensional approximations of the actual spaces (hence closed manifolds) over which
the (r — 1)’st suspensions of the universal virtual normal bundles exist as (non-virtual) vector
bundles, but for simplicity of notation we are not indicating this.

Then the source and target of ¢, are
(gt Q, S"Tvy] and [S™T" 0, S"Tvy)

respectively, thus we are in the setting of corollary 5.2 with K = K™ V = K50 A = K,
B = K, and ( = v™ @ &” with |y = 5° @ ¢", and so the boundary homomorphism 9 = ¢,, is
indeed id +¢. The involution ¢ here inverts one (say, the last) of the framing vectors of any 75¢-
embedding into Q x R™*" (see remark 3.7) and applies the Zy-action of K5© in the orthogonal
complement of this vector in the normal bundle.

But if 7 is large enough, then we may assume for any 75°-embedding to map into a hypesur-
face @ x R™™~1 c @ x R™™ with the last framing vector being the normal vector of this
hypersurface, hence inverting it corresponds to the reflection. This would change the orientation
of the normal bundle but the Zs-action of K3© reverses the orientation in the orthogonal com-
plement too, which means that the orientation of the normal bundle remains unchanged. This
finishes the proof. [

Proposition 5.4. x,,: Cob5®(Q x R™) — Cob™(Q x R™) is the forgetful homomorphism that
assigns to an oriented cobordism class [f] the class of (f,0) as a Wall map.



ANALOGUES OF THE ATIYAH-WALL EXACT SEQUENCES 143

Proof. This follows immediately since the map between the classifying spaces is just the in-
clusion of I'T'vy into T'Twi" (see the proof of theorem 4.1). O

T

Proposition 5.5. t,,: Cob™(Q x R™) — Cob5°(Q x R™ 1) assigns to a cobordism class
[(f,w)] the oriented cobordism class of f restricted to the Poincaré dual of w which can be
represented by a 1-codimensional submanifold uniquely up to cobordism, the restriction f|pp(w)
can be assumed to be a mapping to Q@ x R™™1, it has oriented normal bundle and its cobordism
class only depends on the class of (f,w), hence this assignment is well-defined.

Proof. The cobordism class [(f,w)] is represented by a 7-map f: M — @ x R™ together with
a fixed cohomology class w € H'(M;Z) such that its mod 2 reduction is ws (vf). Then we have
a commutative diagram

Sl

The Poincaré dual of w is represented by the codimension-1 submanifold N := w~!(p) C M
for a point p € S'. Note that the normal bundle of N in M is trivial and so f|x has a normal
vector field which is uniquely defined by a fixed normal vector of p in S'; we also have

wi(vy)y) = wi(ve)|n =0,

hence f|y is orientable and can be canonically oriented (since the classifying map of the stabili-
sation of vy maps to Bint, hence that of vy, maps to the fibre By = BSO of Bint over p € Sy
finally we may assume that N intersects each singularity stratum in M transversally, thus f|x
is a 759®1_map.

By (2.1) we have Cob?°%!(Q x R™) 22 Cob®?(Q x R™~') which means that assigning to the
cobordism class of (f,w) the class of f|y gives a map

Cob™(Q x R™) — Cob5°(Q x R™ 1)

taking [f] = [f|pp(w)]- We now only need to prove that this map is well-defined and is the same
as ¥, for which it is sufficient to prove that v, assigns to the classifying map of f the classifying
map of f|n.

We again refer to remark 3.7: [f] bijectively corresponds to a homotopy class

k] € [S™Q, T TV

represented by ky: ST C.;) — S"Tv™ where r is a large number and we again consider such a
finite dimensional approximation of the Kazarian space over which S"™Twvi" exists. In the proof
of theorem 4.1 we obtained the map in the Puppe sequence inducing 1, by factoring T'(vI™ @e")
by its restriction over the complement of a tubular neighbourhood of K; C K. Recall that
K; = K59 is the preimage of B; = BSO C Bint (the fibre of Bint over p € S*). Thus we have

a diagram

T @) i,
\q \
ST(1n &¢") T ST59,
Knt T Bint(r + k) T st

\J \)J 9

Kl Bl(’f'+k)—>p
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where the top two rows are connected by quotient maps which factor by the restrictions of the
Thom spaces over complements of tubular neighbourhoods.

The homomorphism 1), assigns to the homotopy class of the inducing map ~; the homotopy
class of its composition with the quotient map g. Now x pulls back the 7™-embedding f x i (for
an embedding i: M < R") from the embedding of K™ into T'(v™ & ") and the composition
g o ks pulls back a representative of 9,,[f x i] from the embedding of K; into ST(v1 &¢"). But
note that we have N = (go x;)~(K;) and its 75°-embedding into @ x R"™+™ is f|x x i. Hence
we proved that 1,,,[f] = [f|~] and this is what we needed. O

This finishes the proof of theorem I.

Remark 5.6. If the codimension k is sufficiently large (compared to n), then we have
Cob®®(R*"%) =Q,  and  Cob™(R"*) =9y,

for any (non-empty) singularity set 7. Hence in the case @ x R™ = R"** the portion of the long
exact sequence in theorem I where n is sufficiently small (compared to k) looks like

R e e ) L e o e S

If we fix here n, then k can be increased arbitrarily and the homomorphisms in this sequence
do not change, hence this sequence is infinite both to the right and to the left. Moreover, by
the above propositions these homomorphisms can be identified with those in the classical exact
sequence (I), hence theorem I generalises the sequence (I).

Remark 5.7. It is easy to see that propositions 5.3 and 5.5 also extend [Li, lemma 2].

Part II. The unoriented case
6. COBORDISM OF 7¢®¢_MaAPS

Fix a stable group G which is the direct limit of the groups G(n). Recall that G(n) has a fixed
linear action on R™ and v& — BG(n) denotes the universal rank-n vector bundle with structure
group G. Fix also a rank-m vector bundle £ over the space BG = Jim BG(n).

Definition 6.1. Let 7 be a set of stable singularities. We define a 79®¢-map from a compact

manifold M"™ to a manifold P"*¥+™ to be the germ along the zero-section of a 7%-map

frému—P
where &) is a rank-m vector bundle over M and f has the following properties:
(i) the differential df restricted to any fibre of &y is injective,
(i) noting that (i) implies vz = (v§)|a © & We require that the map M — BG inducing
the (virtual) G-bundle (v)[as also pulls back {pr from &, thus it pulls back v 7, ) ®e”
from %?H @ ¢ for sufficiently large numbers r.
The cobordism of two 7¢®¢-maps is defined in the usual way (i.e. as a 7¢%-map to
P %[0, 1] where both the germ and the map to BG inducing the vector bundle extend those of the
boundary) and the cobordism group of 7¢®¢-maps to the manifold P is denoted by Cobfg’55 (P).

Example 6.2. In the case G = SO and £ = ¢™, the above definition is exactly the definition of

m-framed T-maps in [Sz2].

As we saw previously in part I, the main tools for understanding how cobordisms of 7-maps
are induced from the classifying spaces are T-embeddings. In order to construct the classifying
space of T¢P¢_maps we now introduce the following:

Definition 6.3. Let 7 be a set of stable singularities. By a 7¢®¢-embedding of a manifold M™
into a manifold Q9 we mean a quadruple (e, ¥, &y, &) where
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(i) e: M < @Q is an embedding,

(ii)) ¥ = (v1,...,v,) where r = ¢ —n — k —m and the v;’s are pointwise independent vector
fields along e(M), i.e. sections of the bundle T'Q|c(ar); we identify ¥ with the trivialised
subbundle generated by the v;’s,

(iii) £ar is a rank-m subbundle of T'Q|c(ary Which is pointwise independent of both ¥ and
Te(M) and the normal bundle v, = v/ ® &), is induced from the bundle ’y,?H SE|BG (k)
over BG(k + 1) by a map M — BG(k + r) which pulls back s from &|pg(rry and v/
from 71?+r7

(iv) .Z is a foliation of dimension r + m on a neighbourhood of e(M) and it is tangent to
¥V @ Ep along e(M),

(v) any point p € M has a neighbourhood on which the composition of e with the projection
along the leaves of # to a small (n+k)-dimensional transverse slice has at p a singularity
which belongs to 7.

The cobordism of two 7¢®¢-embeddings is defined in the usual way and the cobordism group of
7¢9¢ embeddings of n-manifolds to Q is denoted by Embf€B£ (n, Q).

Remark 6.4. Such a 7¢®¢-embedding induces a stratification of M by the submanifolds

n(e) :==nle,”, &, F) :={pe M|pen(roe)}

where the [n)] are the elements of 7 and 7 denotes the local projection around e(p) along the
leaves of .#.

Example 6.5. If &), is a vector bundle over M", f: &y — PPHE+m ig o 769 map and
i: M < R" is an embedding, then we can define a 7¢®¢-embedding (e, ¥, {ar, %) of M into
P xR": We choose an arbitrarily small representative f of f and put e := f |ar X 7; the vector fields
v; arise from a basis in R"; the bundle {y; can now be viewed as a subbundle of T'(P x R")|c(an)
(since for any p € M we can identify as[, with the translate of df,({ar]p) to Te(p) (P x R")); and
F is composed of the leaves f(&ar]p) x R” intersected by a small neighbourhood of e(M) (for all
peM).

Definition 6.6.
(1) The vector fields ¥ = (v1,...,v,) and the foliation .% in the above example are called
vertical in P x R".
(2) The subsets P x {x} C P x R" (for any « € R") are called horizontal sections.

The rest of this section consists of constructing the classifying space of the cobordism group
of 7¢%¢_maps in a similar way as sketched in remark 3.7. First we state a lemma and a theorem
which connect 7¢®¢-maps with 7¢®¢-embeddings and give a stabilisation property for these.
Their proofs are the direct analogues of the proofs of [Sz2, lemma 43] and [Sz2, theorem 2], we
just repeat them here for completeness.

Lemma 6.7. Let 7 be a set of stable singularities and (e, ¥, &n,.F) be a T -embedding of
M" into P*HFtm » R™ where M is a compact manifold and P is any manifold. Then there is
a diffeotopy @4 (t € [0,1]) of P x R" such that ®q is the identity and (the differential of) ®
takes ¥V to the vertical vector fields V' and .F to the vertical foliation %' around the image of
M. The relative version of this claim is also true, that is, if the vector fields ¥ and the foliation
Z are already vertical on a neighbourhood of a compact subset C C e(M), then the diffeotopy
@, (t €[0,1]) is fized on a neighbourhood of C.

Proof. The manifold M is finitely stratified by the submanifolds
S = U n(e), i=0,...,n.

[nler
dim n(e)=i
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By the stratified compression theorem ([Sz2, theorem 1], the analogue of the multi-compression
theorem of [RS] for stratified manifolds) there is a diffeotopy of P x R” which turns the vector
fields 7 into vertical vector fields. Therefore we may assume that 7 is already vertical and so
we can also assume that the fibres of £y, are horizontal (i.e. they are in the tangent spaces of
horizontal sections). Hence we only need to find a diffeotopy that takes the foliation % into the
vertical foliation %’ and its differential keeps the vector fields ¥ = ¥ vertical.

We will recursively deform % into %’ around the images of the strata S; (i =0,...,n). First
we list some general observations:

(1) If RCR" and L,L’ C P x R are such that each of L and L’ intersects each horizontal
section P x {x} (z € R) exactly once, then a bijective correspondence L — L’ arises by
associating the points on the same horizontal section to each other.

(2) If A C P x R" is such that for each a € A subsets R, Lo, L], are given as in (1), then a
family of bijective maps {L, — L/, | a € A} arises. If we have

Loy NLg, =@ =1L, NL,

for any two different points a;,as € A, then the union of these bijections gives a contin-
uous bijective map
p: U := ULa—> UL;::U’
acA acA

(3) If the subsets A, Ly, L/, in (2) are submanifolds of P x R” such that U and U’ are also
submanifolds, then the map ¢ is smooth. In this case for all points (p,z) € U we can
join (p, x) and ¢(p, x) by a minimal geodesic in the horizontal section P x {z}, and using
these we can extend ¢ to an isotopy ¢y (¢t € [0,1]) of U (for which po = idy and ¢1 = ¢).

Denote by ¥+ the orthogonal complement of the bundle ¥|.s,) & Te(So) in T(P X R")|¢(sy)
(with respect to some Riemannian metric). Choose a small neighbourhood A of e(Sy) in exp(#*)
(where exp denotes the exponential map of P x R") and for all a € A let L, and L/ be the
intersections of a small neighbourhood of a and the leaves of .% and .#' respectively.

If the neighbourhoods were chosen sufficiently small, then we are in the setting of (3), hence
a diffeomorphism ¢: U — U’ arises (with the same notations as above). Note that U and
U’ are both neighbourhoods of e(Sp), the map ¢ fixes e(Sy) and for all a € e(Sp) we have
dpa = idr,(pxrm). Observe that where the foliations .# and .’ initially coincide, this method
just gives the identity for all ¢ € [0, 1]. The isotopy we get this way can be extended to a diffeotopy
of P x R" (by the isotopy extension theorem) and it takes the leaves of # to the leaves of F#’
around the image of .

Next we repeat the same procedure around e(.S), the image of the next stratum, to get a new
diffeotopy (that leaves a neighbourhood of e(Sy) unchanged), and so on. In the end we obtain a
diffeotopy of P x R” which turns .% into the vertical foliation .#’ around the image of M and
does not change the vertical vector fields ¥ = ¥’/. O

Theorem 6.8. For any set T of stable singularities and any manifold P"t*+™ if the number r
is sufficiently large (compared to n), then we have

CobS®(P) = EmbS®(n, P x R").

Proof. Take any number r > 2n + 4, so any manifold of dimension at most n + 1 can be
embedded into R uniquely up to isotopy. We will define two homomorphisms

a: CobS®(P) — Emb%®(n, P xR") and  f: Emb%®¢(n, P x R") — Cob%®¢(P)
which will turn out to be each other’s inverses.

L. Construction of ac: CobS®¢(P) — Emb&®¢(n, P x R").
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For a 76%¢_map f: &4 — P™* we can choose any embedding i: M™ < R” and define a
7¢9¢ _embedding (e, ¥, &ar, %) as in example 6.5. Define the map a to assign to the cobordism
class of f the cobordism class of e = (e, ¥, &nr, ). In order to prove that « is well-defined, we
have to show that the cobordism class of e does not depend on the choice of the embedding 4
and the representative of the class [f].

Claim. If ig: M — R” and i1: M — R" are two embeddings and the above method assigns
to them the TC®¢-embeddings eq = (eq, %o, &nr, Fo) and e1 = (e, Y4, Enr, F1) respectively, then
€p ~ €1.

Proof. Because of the dimension condition, 79 and ¢; can be connected by an isotopy
i (t € [0,1]). We define a 7¢®¢-embedding

E: M x[0,1] = P xR"x[0,1]; (p,t) = (f(p),1t(p), 1)

(again with the horizontal £y, and the vertical vector fields and foliation), which is precisely a
cobordism between ey and e;. ©

Claim. If fo: Ev, = P oand fi: &v, — P are cobordant TS%¢-maps and the above method as-
signs to them the 7% -embeddings eq = (eq, %o,y Fo) and ey = (ex, Y4, Enr,, F1) respectively,
then eg ~ eq.

Proof. Let F: &y — P x [0,1] be a cobordism between f and fi (where &y is a vector bundle
over a manifold W™*1). Again by the dimension condition, the embedding

iouil:MOLIM1:8W<—>RT

extends to an embedding I: W < R". Hence the map F := F x I is a 7% -embedding of W
into P x R™ x [0, 1] (the vector fields and foliation are again vertical and &y is horizontal) and
it is easy to see that this is a cobordism between ey and e;. ©

IL. Construction of 3: Emb%®¢(n, P x R") — Cob&®¢(P).

If e = (e, ¥, &, F) is a T¢®¢embedding of a manifold M™ into P"***™ x R", then by the
above lemma we obtain a diffeotopy of P x R" that turns ¥ and % vertical. A diffeotopy of
P x R" also yields a cobordism of 7¢®¢-embeddings, hence we can assume that 7 and .# were
initially vertical. Now we can define 3 to assign to the cobordism class of e the cobordism class
of the 76®¢-map f: £y — P for which f|y; = prp oe and f~|5M|p = prpoexp, for all p € e(M)
(where prp denotes the projection to P and exp, now denotes the exponential of the leaf of .7
at p). In order to prove that § is well-defined, we have to show that the cobordism class of f
does not depend on the choice of the representative of the cobordism class [e].

Claim. If eq = (eq, %0, €0y, Fo) and ey = (e1, Y1, Enr,,F1) are cobordant T¢9¢-embeddings of
the manifolds My and My respectively into P x R™ and the above method assigns to them the
TC9 maps fo: En, — P and fi: &y, — P respectively, then fo ~ f1.

Proof. We applied a diffeotopy ¢! (t € [0,1]) of P x R” x {i} to turn the vector fields ¥; and
foliation .%; vertical (for i = 0,1), this way we obtained the 7¢®¢-map f;: &rr, — P x {i}. If
eo and e; are connected by a cobordism E = (E,%,&w,9), which is a 7¢®¢-embedding of a
manifold W™+ into P x R” x [0, 1], then we can apply (the relative version of) the above lemma
to obtain a diffeotopy ®; (¢ € [0,1]) of P x R" x [0, 1] that extends the given diffeotopies ¢ and
¢} on the boundary and turns the vector fields % and the foliation ¢ vertical. Now composing
E with the final diffeomorphism ®; and the projection to P x [0,1] as above, we obtain a
7G®E cobordism F: & — P x [0,1] between fo and f; for which F|y = PI'pyo,1) °P1 0 E and
F|§W|p = Prpyo1] °P10exp, for all p € E(W). ©

The constructions of « and S imply also that they are homomorphisms and by design ( is the
inverse of a, hence they are both isomophisms between Cob%®¢(P) and Emb%®¢(n, P x R"). O
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Now we can describe the classifying space X¢%¢ for which we shall need the pullback of
¢ — BG by the fibration 7: K¢ — BG (see definition 3.1).

Theorem 6.9. If 7 is a set of stable singularities, then we have XE9¢ = TT(VE @ *¢€).

Proof. We need to prove that cobordisms of 7¢®¢-maps to an arbitrary fixed manifold Pm**+m
bijectively correspond to homotopy classes of maps P — I'T'(vS @ 7*¢). Since we have

Cob%®¢(P) = Emb&®(n, P x R")  and [P, TT(WC @ 7%¢)] = [S" P, S"T(vC @ 7*¢)]
for sufficiently large numbers r, it is enough to prove
Emb®®¢(n, P x R") = [S" P, S"T(vC @ n*¢))
if r is large enough. As in the proof of the previous theorem we will define two homomorphisms
a: EmbS®(n, P x R") — [S" P, S"T(vC @ 7*¢)]
and
B:[S" P, STT(WE @ n*€)] — EmbS®¢ (n, P x R")
which are each other’s inverses as we shall see.
L. Construction of a: EmbS®¢(n, P x R") — [S" P, S"T(vE @ n*¢)].

Let e = (e,7,€0,.7) be a 799 -embedding of a manifold M” into P x R”. The normal
bundle of e is of the form v, = v/ @ £); and by definition it is induced from 71?+r @& BG(ktr) bY
a map fio: M — BG(k + r). The embedding e can be written as the composition

M -5 Déy 25 Dy, < P x R”

where the disk bundles D&yy and Dy, are viewed as closed embedded tubular neighbourhoods
with j71(Sv.) = S&yr and the fibres of D¢y are identified with the intersections of the leaves
of % with the tubular neighbourhood D&yy.

Now the vector fields ¥ can be extended to D&y by translation along the fibres and if L
is the leaf of .Z# at a point p € e(M), then we can use its exponential to define a foliation of
dimension 7 on L which is tangent to the extended ¥ along the disk D,&ys. Applying this for all
points p € e(M) we obtain the structure of a 7%-embedding on j. Hence there are inducing maps
kj: D&y — K¢ and &j: Dve — S™TvE that pull back j from the embedding K& — S™Tv¢
(again we are considering such a large number r and such a finite dimensional approximation of
the Kazarian space that the space STTV.? exists).

The normal bundle of e(M) in the disk bundle D&y, is induced by the p. above and this all
fits into a diagram

Dy — 25T T,
T¢|pa(ktry <— Dém i Y KG u BG(k+7)
i P x R"

/
He

BG(k +r) =<t —
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Since . induces the normal bundle of e, we have in the above diagram p. = mo x; o ¢, that is,
the inducing map . factors through the Kazarian space K&. But then we have a diagram

pe§ =Em LS €l BG(ktr)
i, = v l T, = Ve Be” Vorr
\ M fe K¢ il BG(k + )

He

where all squares are pullback squares.
Considering now the sum Y1 © &|pa(k+r), We get

Ve = K (Ve ® Elpanin) = K10 @ " @ 7°6),

hence the embedding of M into P x R" is induced by a diagram

ST P —See STT(WG @ 1+€)

(R

M—" s KG

This way we can assign to the 7¢®¢-embedding e the map . and since we can apply this
construction to cobordisms as well, the assignment afe] := [&.] is well-defined.

1. Construction of B: [S" P, S™T(v¢ @ 7*€)] — EmbC® (n, P x R").

Suppose we have a map &: S” P — S"T(vS @ 7€) and put M™ := i~ (K%) and & := &| .
Now the normal bundle of M in P x R" is of the form v/ @& &); where v/ and &), are induced
from 7,?+T and &|pg(k4r) Tespectively by the map mor: M — BG(k +r).

If we take the preimage of the disk bundle D¢|pg(k4r) C D('ykGJrT © &|Ba(k+r)) in P X R" (of
a sufficiently small radius), then we get an embedding j: D&y < Dvyy where vy is the normal
bundle of M and the disk bundles are again considered as closed tubular neighbourhoods. Now
we can project Dvys to the orthogonal complement of D&y, in it along the fibres of D&y and if
we denote this projection by p, then the composition % o p is a map of Dvy; to STTvS such that
the preimage of K& is D¢y, hence it gives the structure of a 7%-embedding to j.

We obtain vector fields ¥ = (vy,...,v,) along M by restricting the vector fields along D&yy.
We also have a foliation ¢ of dimension r on a neighbourhood of M that is tangent to ¥ along
M and the projection p maps each leaf of 4 again into a leaf of ¥ because of the definition of
the inducing map of the 7¢-embedding j. So we can define a foliation .# of dimension r +m by
defining the leaf of .% at a point p to be the preimage of the leaf of 4 at p under p.

This yields the structure of a 7¢®¢-embedding e = (e, ¥, £y, %) on the embedding of M into
P x R". The same method assigns to a homotopy of &: S" P — STT(vS @ 7*€) a cobordism of
e, hence we can define S[i] := [e].

The above constructions imply that a and § are homomorphisms and also that they are
inverses of each other, hence we have proved Emb%®¢(n, P x R") 2 [S” P, S"T'(vC @ n*¢)] and
this is what we wanted. [

7. ANOTHER LONG EXACT SEQUENCE

We shall apply the results of the section above in the case G = O and £ = 2det v = det y@&det y
(recall that dety was the line bundle over BO which induces dety{ over BO(n) for all n). The
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pullback of dety over the Kazarian space K© is then detv® and so the classifying space of
7O92dety_cohordisms is I'T(v0 @ 2det v°).

Remark 7.1. Note that informally a 79929¢*7_map can be thought of as a “7-map”
f: M™ — P"F+2 with normal bundle of the form vy = v/ @ 2det /. Now this det 2/ coincides
with det vy hence f is a map with such a virtual normal bundle from which two (non-virtual)
line bundles isomorphic to its determinant bundle split off.

The rest of part II is mainly devoted to the proof of theorem II. This will be quite similar to
the proof of theorem I in part I.

Theorem 7.2. For any set T of stable singularities and any manifold Q? there is a long exact
sequence

L Cobif(Q x R™) 7 Cob2(Q x R™) 7 CobP24e07 (@ x Rm) sy

s CobM (@ x R™L)

Proof. Recall the pullback diagram

Bint — S*?

|

BO —215 Rpo

from definition 3.8. The complement of S' in RP> deformation retracts to RP>~2 which
is also a deformation retract of RP>°, hence by pulling back its embedding by the fibration
wi: BO — RP* to the embedding of a space B we get a homotopy equivalence as shown on
the diagram

wi

BO RP>

o o

B ——=RpP>®~2

Next we pull back the bundle K — BO by the homotopy equivalence B — BO to a bundle
K — B, thus we have K = K©O. Then the pullback of the universal virtual normal bundle v©
over K, which will be denoted v, is stably isomorphic to 9.

Take the virtual bundle v over K" C KO (which is the restriction of #©) and the cofibration

S"Tv™(n) = S"TvO(n) — S"Tv? (n)/S"Tvi™ (n)

for any n. The normal bundle of K C K© is induced from the normal bundle of RP*~2 ¢ RP>
by the composition of wy: B — RP>~2 with the fibration X — B. The normal bundle of
RP>~2 is 290, this induces 2dety over B and this finally induces 2det v over the Kazarian
space K, hence the cofibration above has the form

STy (n) — S"TvP (n) — ST (1 (n) ® 2det v°(n)).

Now applying the functor Q*+™I" to the Puppe sequence of this cofibration we get a sequence
of maps

= QPTTY™(n) = QTTTYO (n) — QPTT (WO (n) ® 2det v2(n)) — Q™ 'ITr™(n) — ...
This sequence is infinite to the right by construction, but it is also infinite to the left since

the number n could be arbitrary and we get the same maps by applying Q"+™I" to the n’th
suspensions as by applying Q"I to the (n + 1)’st suspensions. We can now converge with



ANALOGUES OF THE ATIYAH-WALL EXACT SEQUENCES 151

n to infinity since the maps in this sequence commute with the natural maps induced by the
inclusions K2(n) C KZ(n+ 1) (for ¢ = int, O) and so we get a sequence of maps

= QPTTYM 5 QMTTYE — QMTT (V0 @ 2det v®) — QT IDTYM — ...

If we then fix a manifold ) and apply the functor [@, -] to this sequence, then we obtain the
long exact sequence of cobordism groups as claimed. [

Remark 7.3. Similarly to the oriented case, if we had Q = RY, then the same long exact
sequence could be obtained by turning the cofibration

Ty s TVO — TP @ 2det v?)
(cf. remark 4.2) into the fibration

o ITvr

ITve —— =TT (WP @ 2detv?)

by the functor I and taking its homotopy long exact sequence.

T

Observe that the restriction of 2y° over the 1-cell S € RP> is trivial, hence the pullback
of 2dety — BO over Bint will also be trivial which then induces the trivial bundle over the
Kazarian space K" as well. Thus analogously to the proof of theorem 7.2 we get a cofibration

S2Tym s T(WO @ 2detv?) — T(v° @ 4det v?)
and iterating this process yields:

Corollary 7.4. For any set T of stable singularities and any manifold Q1 and integer v > 0
there is a long exact sequence
.= Cobi™(Q x R™27) — Cob2927 47 () x R™) — CobQ®2rtdety (g o« Ry
— Cob™(Q x RM=2r=1) — .

Remark 7.5. It would be tempting to try finding homomorphisms which complete the commu-
tative diagram

... > Cob™(Q x R™) = CobQ®27det7 (9 x RmM+2r) s CohQP2(rtl) dety (g o Rmt2r) o

\ [
| \ \
Al Y
... = Cob™(Q x R™) = Cob2¥27907(Q x R™+25)  Cob2®2( T ety (g 5 Rm+25)

with the dashed arrows for different numbers r and s, however, it seems that such homomor-
phisms do not exist in general.

Now it remains from the proof of theorem II to describe the homomorphisms ¢/, and x/, in
the exact sequence in theorem 7.2.

8. DESCRIPTION OF THE HOMOMORPHISMS ¢/, X7, AND ¥,

Proposition 8.1. ¢/, : Cob™(Q x R™) — Cob?(Q x R™) is the forgetful homomorphism that
assigns to the cobordism class of a Wall map (f,w) the unoriented cobordism class of f.

Proof. This follows immediately since the map between the classifying spaces is just the in-
clusion of T'Tv™ into T'Tv® (see the proof of theorem 7.2). O

Proposition 8.2. x/, : Cob2(Q x R™) — CobP®24°7(Q x R™) assigns to a cobordism class
[f] the cobordism class of f restricted to the Poincaré dual of wi(vs)? which can be represented
by a 2-codimensional submanifold uniquely up to cobordism, the restriction f|pD(w1(Uf)z) has a
normal O ® 2 det y-structure and its cobordism class only depends on the class of f, hence this
assignment is well-defined.
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Proof. This is completely analogous to proposition 5.5. For an unoriented cobordism class
[f] € Cob2(Q x R™) represented by a 7-map f: M — Q x R™ the Poincaré dual of

wi(vy): M — RP™

is represented by the preimage wi(vf) '(RP*~!). Then choosing two distinct hyperplanes
RP°~! and RP;°! in RP™ the Poincaré dual of w;(vf)? is represented by

wi(v) " RPPEY) A () " (RSP = wy(vy) 7 (RP NRESY)
= wi(vy) " (RP72).

Now the same argument as in the proof of proposition 5.5 yields that y/, assigns to the cobordism
class of f the class of f[,, (;)-1@®P>~-2) = fIPD(w:(vy)2)- O

This finishes the proof of theorem II.

Remark 8.3. Although there are no apparent interesting algebraic properties of the homomor-
phism ¢/, : Cob2®24e7(Q x R™) — Cob™(Q x R™~1), it has a nice geometric description. Let

m

q be the dimension of ) and put n := g + m — k. Observe that we have
COb?@?det'y(Qq % Rm) ~ Emb9®2det’y(n o 2’ Q % Rm+r)
~ Embu?@e"eﬂ det v2 (TL —2, Q « Rerr)
and
Cob™(Q7 x R™~1) = Emb®!(n — 1,Q x R™*™)
~ Emb”" % (n - 1,Q x R™T)

where r is sufficiently large, moreover, 1/, is obtained as the boundary homomorphism in the
Puppe sequence of classifying spaces. Hence we can apply lemma 5.1 by setting the K, A, £, B
and ¢ in the lemma to be K9, K, 2detv, K" and v© @ e" respectively. This yields that for any
cobordism class [f] € Cob(T3692 dem(Qq x R™) its image v/, [f] is represented by the mapping of
S&nr (that is, the circle bundle of the 2 det y-part of the normal bundle of f |ar) by the restriction
of a representative of f, together with its natural outward normal vector field.

Remark 8.4. As in remark 5.6 consider again the case Q@ x R™ = R"** where the codimension k&
is large (compared to n). Then for any (non-empty) singularity set 7 we have Cob™ (R"+*) = 91,
and Cob?(R"**) = 91, moreover, we also have Cob?®24*Y(R?+k) = 91, , since for any
embedding i: M2 — R"t* with normal bundle v; = v/ @ 2det ' this det ' coincides with
det v; which is isomorphic to det T M, so this normal structure only depends on M and if &k is
large enough, 2det TM can be embedded into R™** uniquely up to isotopy.

Thus theorem II gives an exact sequence for which the portion where n is sufficiently small
(compared to k) looks like

o=, =N = M > W —

and if we increase k with a fixed n, then the homomorphisms do not change which means that
this sequence is infinite both to the right and to the left. Then the propositions above show
that this sequence can be identified with that in [At, theorem 4.3]. Since the codimension k was
assumed to be large enough, the manifold constructed in [At, theorem 4.4] can also be mapped to
R"™** uniquely up to isotopy which now gives a splitting M,,_o — N, of this long exact sequence
yielding the classical exact sequence (IT), hence theorem II really generalises the sequence (II).
Later, in proposition 9.3 we shall show that such a splitting cannot exist in general.
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Part III. Consequences and applications

In the following two sections we shall apply our two exact sequences for the simplest types of
singularity sets, i.e. for 7 = {X°} (the case of immersions) and

= {EO, 21,0}, = {EO, 21,0, 21,1,0}

and so on (the case of Morin maps). Our first goal will always be to describe how the endomor-
phism ¢, in theorem I acts rationally. By [Sz2, proposition 90] we have

n+k
CobfO(P"*) @ Q = @) Hi(P;Q) @ H'™*(K3°; Q),
i=1
in particular CobEO(R’”‘k) ®Q = H™(K5°;Q), hence in order to understand ¢,, rationally we
only have to know how the involution which induces ¢ acts on the Kazarian space K5°.

After this rational description we shall compute in both cases some cobordism groups of Wall
T-maps for the above singularity sets 7 which is interesting because Wall cobordism groups are
what connect oriented and unoriented cobordism groups. When viewing manifolds abstractly,
the classical sequences (I) and (IT) yield an obstruction for an unoriented cobordism class can be
representable by an orientable manifold, namely that it should be a Wall cobordism class. Now
the forgetful homomorphism ¢/, in theorem II is not always injective but otherwise we have the
same property, namely for an unoriented 7-cobordism class to be representable by an orientable
7-map it should be the ¢} -image of a Wall T-cobordism class.

9. IMMERSIONS

In this section we investigate the case 7 = {X°}, i.e. 7-maps are the k-codimensional immer-
sions. We shall use the notation

Imm? (n, k) := COb?EO}(Rn+k) and Imm?(n, P"*F) = COb?ZO}(P"'*'k)
for any stable normal normal structure o and any manifold P (except that for 0 = G @ £ we
decrease n and increase k by the rank of £). Now the oriented Kazarian space is K ?go} = BSO(k)

and the universal normal bundle over it is 77 and we immediately obtain:

Proposition 9.1. The endomorphism ¢4y, ® Q of Imm®®(n, k) ® Q is the following:
(1) if k = 2m is even and q is the number of non-negative integers ag,ay, ..., ay, such that
m
ap is odd and n = agk + Y. a;4i, then p,1r ® Q is trivial on g generators and the
i=1
multiplication by 2 on the rest of the generators (in an appropriate basis),
(2) if k is odd, then g, ® Q is the multiplication by 2.

Proof. We have
Imm®® (x, k) ® Q = H*(BSO(k); Q) =

_ Qlp1s---,pm,el/(€® —pm), if k=2m is even
| Qlp1, -+, Pl if k=2m+ 1 is odd

where the p; € H*(BSO(k); Q) are the Pontryagin classes and e € H¥(BSO;Q) is the Eu-
ler class of 7©. The identification of Imm®°(n,k) ® Q = 75, ,(ST7$°) with the degree-n
part of this graded ring follows from the stable Hurewicz homomorphism (which is rationally
iso), the universal coefficient theorem and the Thom isomorphism corresponding to the bundle
130 @ el — BSO(k).

By proposition 5.3 (see also corollary 5.2) the involution inducing ¢ acts on this vector bundle
so that it inverts the summand &' and reverses orientation on the summand ~7©, thus the
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Pontryagin classes p; are unchanged by its action and the Euler class e is mapped to —e. Our
claim easily follows from this. O

We can say more about these cobordism groups in those cases where the codimension k is
either small or relatively large.

Small codimensional immersions. First, if the codimension is 1, then the normal bundle of
any immersion f: M™ ¢ P! is induced by w;(vf): M™ — RP> from 9. The classifying
spaces of Imm®°, Imm™, Imm©® and Imm®®?97 are I'Tel, ITC|gp1, TTAC and TT(37°)
respectively and since we have T(kyP|gpm) = RP™F /RP*~1 (for all k and m) these classifying
spaces are 'St TRP?, TRP> and I'(RP>°/RP?) respectively.

Remark 9.2. The group Immo@met'y(n —2, P"*1) is the cobordism group of those immersions
f: M"=2 a5 P! whose normal bundle splits to the sum of three identical line bundles, i.e. the
group Imm®*™ (n — 2, P) of 3-codimensional skew-framed immersions which arise naturally in the
study of framed immersions; see [AE].

Now if we view immersions to Eucledian spaces, then theorems I and II yield the long exact

sequences
oo (n) o () = i (RP?) 5 mf(n—1) — ...
and
oo (RP?) = 78 (RP™) — w8 (RP®/RP?) — 75 (RP?) — ...

of stable homotopy groups (which, of course, could be both obtained in much easier ways too).
This means that in this case our main theorems are not new, however it also shows the following
important property of our two exact sequences:

Proposition 9.3. The composition 1, 04, 1 of the homomorphisms 1, ., in theorem II and
Ym0 theorem I is not always zero.

This is interesting since the classical analogue of 1], | is always zero yielding that the long
exact sequence splits to short exact sequences of the form (II). However, this proposition shows
that the general sequence in theorem II does not split to short exact sequences.

Proof. Consider the case of 1-codimensional immersions of 4-manifolds. Then the combination
of the above two exact sequences gives a diagram

s (RP> /RP2)

lwé
¥s

7°(4) ——> mi(RP?) — > 15(3)

|

7w (RP>)

with exact row and column. Since 7°(4) and 7§ (RP>) are trivial (see [Liu]) we get that g is
epi and 15 is mono and since 7§ (RP?) is Zy (see [Wu]) this means that 5 o 1§ is non-zero. [

Now let us consider immersions of codimension 2. In this case the classifying space of Imm>©

is 'T5© and since 75© coincides with the tautological complex line bundle over C P> this space
is TCP®°. The first few stable homotopy groups of CP* were computed by Liulevicius [Liu] and
Mosher [Mo] and are as follows:

(23|45 |6 7| 8 | 9 (10|11 | 12

m ‘ 2 4 6
|Z|0|Z % |22 | 202 | Zs®Zs | Z | Zs | Z® Ls

1
7 (CP=) [0
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The action of the involution ¢ in theorem I for Imm%°(n,2) = 7% 4+2(CP*°) now immediately
follows for n < 6 from proposition 9.1, hence we have:

Proposition 9.4. The endomorphism ¢,2 of Immso(n,Q) is

(1) 0 on the free part for alln =2 (4) and 2id on the free part for alln =0 (4),
(2) 0 on the torsion part for 0 < n < 6.

Corollary 9.5. The cobordism groups Imm™® (n,2) forn <6 are
n [oJ1|2] 3 | 4 |5 6
Imm™ (n,2) | Zy |0 | Z | Z0Z2 |22 ? 22 | Zo | Z® (2 7 Zo)

where G 7 H denotes the existence of a short exact sequence 0 - G — G 7 H - H — 0.

Proof. Use theorem I to obtain the exact sequence
0 — coker @, 1o — Imm™ (n,2) — ker o, 1 — 0

and apply the proposition above. [

Large codimensional immersions. Let us now turn to cobordisms of k-codimensional im-
mersions such that the dimension of the source manifolds is not much greater than k. The reason
for this is that for n close to k the group Imm?(n, k) is close to the abstract cobordism group
of n-manifolds with normal o-structures; see the works of Koschorke [Ko], Olk [Ol], Pastor [Pa]
and Li [Li] where these groups were computed for k <n < k+ 2 and o = O, SO.

Remark 9.6. For n < k we have Imm®°(n, k) = Q, and Imm®(n, k) = N, since a cobor-
dism between two n-manifolds is at most a k-manifold which, when generically mapped with
codimension k, is immersed.

We shall use the natural forgetful homomorphisms

a0 - Imm®C(n, k) = Q,, o Imm™ (n, k) — 2,,,

imm * imm *

al Imm©(n,k) = M, and aQP2NT ImOP2dety(y 9 k4 2) 50,

imm * imm

that assign to the cobordism class of an immersion f: M™ 9 R™"** (or a germ f:émw— R™+F)
with the appropriate normal structure the abstract cobordism class of M. These homomorphisms
commute with the exact sequences in theorems I and IT and the classical exact sequences (I) and
(IT), that is, we have commutative diagrams

.. = Imm®°(n, k) > Imm®° (n, k) > Imm™ (n, k) > Imm®°(n — 1, k) - ...

o) so int so
l Ximm l Ximm l Yimm l Ximm

Qn Qn mn anl 21

and

.= Imm™ (n, k) - Imm©® (n, k) > Imm°®29°* Y (n — 2 k 4+ 2) > Imm™ (n — 1, k) > ...

int O O®2det v int
laimm lainﬂm lainim ¥imm

0 0
Qﬂn mn mn—2 an—l
where the rows are exact.
Lemma 9.7. The map a2 s an isomorphism Imm©®29t Y (n — 2 k 4 2) 2 N,,_, for all

n<k+1.
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O®2det y

Proof. We define the inverse of ;. in the following way: for a cobordism class [M] €

M,._o represented by M" 2 take the bundle &y := 2det T'M and map it generically to Rk,

let the germ of this map along M be f and assign the cobordism class [f] to [M]. Such a

correspondence would be the inverse of @24y £ it was well-defined since det TM is also the

determinant bundle of the stabilisation of v, ). So we only have to prove that f is an immersion
germ and its cobordism class only depends on that of M.

Let N™~2 be another representative of [M] and let W"~! be a compact manifold with bound-
ary such that 9W = M U N. Then the restriction of (i = 2det TW to the boundary gives
Ev = 2det TM and £x = 2det TN and if f and § are their generic map germs to R"1* as defined
above, then we can extend their representatives f: &y — R"T* x {0} and g: & — R x {1}
by a generic map

F: &w — R % [0,1].
By the dimension condition such a map is stable. Its singular locus
L(F)={peW]|rkdF, <n—1}

is a submanifold of & and a straightforward computation with jet bundles shows that we
have codim¥(F) = k + 1. Now since the dimension of W is at most k we generically have
WNXE(F) = @, that is, the map F in a small neighbourhood of the zero-section is an immersion.
This means that the germ F of F along W satisfies both conditions in definition 6.1, hence both
f and § are O @ 2 det y-immersions and F' is an immersed O @ 2 det y-cobordism between them.
This finishes the proof. [

Proposition 9.8. For all k > 1 we have
(1) Immfm(k,k) =, DZ if k is even,
(2) Tmm™ (k, k) = Wy, © Zy if k is odd.

Proof. By Koschorke [Ko, theorem 10.8] and Pastor [Pa, theorem 3.1] we have
Imm®(k, k) =M ® G and Imm®° (k. k) = Q& G

where G denotes Z if k is even and Z, if k is odd. Now by proposition 9.1 and lemma 9.7 the
two diagrams above lemma 9.7 take the form

00— QQT’; ® G — Imm™ (k, k) —— To(_1) —0

0 e W), To (1) —0
and
Imm™ (n, k) —= M, & G MNi_o 0
0 Wy, Ny Ny —2 0
where T5(€;_1) is the 2-torsion subgroup of Q;_;. The 5-lemma (or the snake lemma) applied
to the first of these diagrams implies that i is epi and its kernel is G and the second diagram

implies that this kernel is also a direct summand. [J

Remark 9.9. Actually the proposition above could also be proved without using theorems I
and IT just by noting that the kernels of a0 and of  are generated by the same object: the

1mim mm

double point set (up to cobordism) of an immersion of S* with one double point.

Proposition 9.10. For all k > 1 we have
(1) ITmm™ (k4 1,k) 2 Wy ©Zy if k=1 (4),
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(2) Imm™ (k+ 1, k) = Wiy ®Z B Zy if k=2 (4),
(3) Tmm™ (k + 1,k) = Wy 1 & Zy if k=3 (4),
(4) ITmm™ (k4 1,k) 2 W11 ©Z D Za ® Zo if k=0 (4).

Proof. The first thing to note (similarly to the proof above) is that by lemma 9.7 and the snake
lemma applied to the second diagram above it we have an epimorphism ker ol — ker o

Moreover, if k& + 1 is not a power of 2 and k # 1, then by [Ko, theorem 10.8] keraQ  is a

mim

direct summand in Imm© (k + 1, k) and so if the image of [f] € ker @™ is non-zero in ker a2,

then [f] is independent in Imm™*(k + 1, k) of the subgroup generated by the a!™ -preimage of
W1\ {0},

In the following we shall always use the first diagram above lemma 9.7 which yields (again
by the 5-lemma) that a2 is epi in all cases. We will also use that by proposition 9.1 the
endomorphism g is 0 on the direct complement of 0 in Immso(k, k) and we obtain the forms

of Imm®° (k+1, k) and Tmm® (k + 1, k) from [Li, theorem 6] and [Ko, theorem 10.8] respectively.

Proof of (1). If k=1 (4), we have

0—— Qpy1 P Zo Hlmmint(qu Lk)—Qu®Zs——0

lid @0 laigfm J{id @0

0 Qi1 W11 Q 0

O

int ; int
hence ker a;ly,  is either Z4 or Zo & Zo. But ker oy .

1mim 1mim
be Z4 which can only be a direct summand.

maps onto ker o & Zy4, so it can only

Proof of (2). If k = 2 (4) and k+2 is not a power of 2, then we have Imm®© (k+1, k) = Qp11 ®©Z4
and by [Li, p. 472] the involution ¢ in theorem I is the identity, hence the cokernel of ¢of 1 is
Qir1 ®Zs. If k+ 2 is a power of 2, then we have Immso(k +1,k) = Qpy1 @ Zs and so in both
cases we get the diagram

00— Vy1 ©Zy —Imm™ (k+ 1,k) —= Q. ®Z —=0

\Lid @0 laigfm lid @0

0 Qpy1 W11 Q 0

which implies that we have ker ol 2 7 ¢ Z,. The Z part cannot be anything else than a direct
summand in ITmm™"(k + 1, k) but the Zy part is also a direct summand since by the proof of
[Pa, theorem 3.2] it is generated by a cobordism class [f] which maps to the generator of the Zs
part of Imm®°(k 4+ 1,k + 1) = Q41 & Zy under the homomorphism induced by the inclusion
R2k+1  R2*+2 and this is non-zero in Immo(k + 1,k 4+ 1) as well, hence the class of f in

Imm® (k 4 1, k) cannot vanish either.

Proof of (3). If k=3 (4), we have

0 skl Imm ™ (k + 1,k) —— O & Zy —> 0
lid la?;;m lid @0
Q
00— 3 W 2 0

hence ker a2t is Zy which can only be a direct summand (even if k + 1 is a power of 2).

1min
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Proof of (4). If k=0 (4), we have

Q1 B Zoy @ Ty - Qpoyy @ Zy @ Zy — Tmm™ (k + 1, k) — To() B Z — 0

lid ®050 ia;fm lid @0

0 Qpp1 W11 T5(Q) 0

and so ker ol is either Z®Zo or Z® Zy D 7o depending on whether the ¢ in theorem I swaps the
two Zg summands in Q41 ®Zo ® Zs or not. Now again the proof of [Pa, theorem 3.2] shows that
one of these summands Zs is generated by a cobordism class [f] which maps to the generator
of the Zs part of Immso(k’ +1,k+1) 2 Qpiq © Zy under the homomorphism induced by the
inclusion R?**1 c R2¥+2_ Since the reflection to a hyperplane commutes with this inclusion we
get ¢[f] = [f] which means that ¢ does not swap the summands.

Hence we have ker ol = 7 @ Zy @ Zo and we can also see that Z is a direct summand in
Imm™ (k + 1, k). Now if one of the Zy’s was not a direct summand in Imm™ (k + 1,k), that
would mean that its generator coincided with 2[f] where [f] is in the preimage under o of
a non-zero element in W1, i.e. f is an immersion M*+1 a5 R24+1 where [M] € W11 is not
zero. This would imply that all elements in the preimage of [M] were of order 4 or co, hence to
see that both Zy’s are direct summands it is sufficient to prove that the preimage under o™
of any element in 201 contains an element of order 2.

By [Wal, section 4] we have that the Zj-algebra 2, is generated by cobordism classes
[P(2" —1,2"s)], [Q(2" —1,2"5)] and [CP?"] (for r, s > 1) of dimensions 27(2s+1) — 1, 2"(2s + 1)
and 2"+1 respectively, moreover, P(2" —1,2"s) and CP?" are orientable while Q(2" — 1,2"s) is
not cobordant to orientable manifolds. The monomials of rank k + 1 formed by these generators
are a basis of the Za-vector space 2y 41. We also have W11 = Q1 & T2(Q4) and in the above
basis the summands Q11 and T5(§2;) are generated respectively by the monomials containing
an even and an odd number of [Q(2" — 1,2"s)]’s since Q1 contains all classes representable by
orientable manifolds.

Now Qp11 C Wy is independent of the Zsy’s in Immint(k‘ + 1, k) which means that all basis
elements of 21 which are representable by orientable manifolds have elements of order 2 in
their aiB® _preimage. Thus it is enough to prove that this also holds for the unorientable basis
elements, that is, any monomial of rank k+1 formed by the manifolds P(2"—1,2"s), Q(2"—1,2"s)
and CP?" such that it contains an odd number of Q(2" — 1,2"s)’s can be immersed into R2%+1
representing a cobordism class of order 2.

Observe that Q(2" — 1,2"s) is even dimensional for all ;s > 1 and k + 1 is odd, hence such
a monomial can be written in the form M™ x N™ with m,n > 1 and m +n = k + 1. We can
assume that m is even and then (1) and (3) yield that there is an immersion f: M™ q» R?m~1
such that 2[f] is 0 in Imm™®(m, m — 1). But then choosing any immersion g: N™ 9 R?" we get
an immersion

fxg: M x N g R?*+L

which represents an element of order 2 in Imm™"(k + 1, k) since we have
2[f x gl =2[fIx[g] =0

%, %) is a bi-graded ring. This finishes our proof. O

and Imm™ (

10. MORIN MAPS

Recall that a stable map f: M™ — P™** induces a stratification of M according to its Thom—
Boardman types (see [Bo]): ¥(f) C M denotes the submanifold consisting of the points where
the rank of derivative of f drops by i, then we have X347 (f) := XI(f si(f)) and so on; this defines
it () for any decreasing sequence iy, . .. ,i,. In the present section we shall consider maps
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which only have singularities of type !, i.e. Morin singularities (besides regular germs) and we
call such maps Morin maps.

Although generally the Thom—Boardman stratification is coarser than the singularity strat-
ification, this is not the case for Morin maps, since a Morin singularity can only be of type
$ir = $h-10 (where the number of 1’s is 7) for some r and each type X! contains precisely
one singularity class; see [Mor]. We shall denote the singularity class in X! also by the sym-
bol ¥!* and note that for 7 < s we have ¥ < X's| that is, Morin singularities form a single
increasing sequence. We call Morin maps with at most 3! singularity 3'7-maps and put

MOI‘Z(n, k) = COb?EO7Z11’.“’217.}(Rn+k)

for any stable normal structure o (except that for 0 = G @ £ we decrease n and increase k by
the rank of £). Here r = oo is also allowed and it means that we put no further restriction on
Morin maps.

The rational cohomology of the Kazarian space K5© of oriented ¥'*-maps (for 1 < r < o0)
was computed by Szfics [Sz2] and we can use this to obtain the form of ¢, rationally:

Proposition 10.1. The endomorphism ¢p41, ® Q of Mory? (n, k) ® Q is the following:
(1) if k = 2m is even, r < oo is also even and q is the number of non-negative integers
m
ag, a1, ..., am such that ag is odd and n = aok(r + 1) + > a;4i, then @nip @ Q is
i=1

trivial on q generators and the multiplication by 2 on the rest of the generators (in an
appropriate basis),
(2) otherwise w1 ® Q is the multiplication by 2.

Proof. Put A:=Q[p1,...,pm] with degp; = 4i. By [Sz2, theorems 6 and 7] we have
Mory® (x,k) ® Q = H" (K% Q) =

T

A, if kK =2m is even and r is odd or co
Alem™/((em™1)2 — prit), if k = 2m and r are both even

= and dege™! = k(r+1)
A, if k=2m —1isodd and r = o0
A/(p[n%i])7 if k=2m —1isodd and r < o0

with p; € H¥(K5°;Q) and "' € H*"+1)(K$9: Q). Now following the action of the involution
inducing the ¢ of proposition 5.3 through the spectral sequences computed in [Sz2] yields that ¢
changes the p; and e"*! here analogously to how it did in the proof of proposition 9.1, that is,
we get p; — p; and e" 1 — —e™ 1. This implies our claim. O

As in the case of immersions, we only have an understanding of the torsion parts of these
cobordism groups if the codimension k is either small or relatively large. In particular we will
investigate the cases when either we have k =1 and 1 < r < oo or k is large compared to n and
ris 1.

1-codimensional Morin maps. Morin maps of codimension 1 were considered by Szics [Sz3]
who computed Morfo(n, 1) for 1 < r < oo modulo small torsion groups. We also note that
Mor® (n, 1) is finite 2-primary for all n and 1 < r < co by [SzSzT, theorem 1]. In the following
we denote by %> the Serre class of finite 2-primary Abelian groups.

Proposition 10.2. The endomorphism pn+1 of MorfO (n,1) is the multiplication by 2 modulo
%> (that is, on the odd torsion and free parts) for 1 < r < oo.



160 ANDRAS CSEPAI

Proof. We proceed by induction on r. Observe that setting r = 0 we get the case of 1-
codimensional immersions where we saw this claim to be true in the previous section. Now
assume it to be true for r — 1 and prove for r.

We use the key fibration [Sz2, section 16] to obtain an exact sequence

Mor®© (n,1) — Mor>°(n,1) — Imm® (n—2r2r+1)

where the first arrow is the natural forgetful homomorphism and the second one assigns to a
cobordism class [f] the cobordism class of its restriction f|s1, () to the most complicated stratum
which is an immersion with normal bundle induced from £3° (the universal normal bundle of
the Yl7-stratum of oriented maps). These both commute with the reflection to a hyperplane
(without changing orientation), i.e. the involution ¢ in theorem I.
By the considerations in [Sz3, section 2.2] for r odd we have Tmmé" " (n—2r,2r+1) € ¢ and

for r even the forgetful homomorphism
7 (n—2r) = Imm™ (n — 2r, 2r +1) — Tmmé" (n—2r2r+1)

(which assigns to the cobordism class of a framed immersion its class as an immersion with
normal bundle induced from ETSO) is a s-isomorphism. Observe that this homomorphism also
commutes with the action of ¢.

In the previous section we saw that theorem I for 1-codimensional immersions is just the

long exact sequence induced by the cofibration S* 2,5 5 RP? (where 2 denotes the degree-2
map), hence in that case the endomorphism ¢, 2,41 of

Imm®(n — 2r,1) = 7*(n — 2r) = Imm"(n — 27, 2r + 1)

is 2id which means that ¢ acts identically on Immfr(n—Qr, 2r+1). By the induction hypothesis ¢ is
the identity modulo %, on MorS®, (n, 1) too, thus it acts identically also on Tmmér (n—2r,2r+1)

modulo %5. But then the exact sequence above shows that ¢ has to be the identity modulo %%
on Mor5°(n, 1) as well which means that ¢, 41 is 2id modulo %,. O

Remark 10.3. Using [Sz3, theorem A], a similar argument as in the proof above also shows
that for r = 1 we have p,,+1 = 2id not only modulo %, but even on the 2-primary part.

int
r

Corollary 10.4. For alln and 1 <1 < oo the group Mor,"(n, 1) is finite 2-primary.

Proof. This is immediate from the proposition above since ¢, 11 is an isomorphism on the odd
torsion part and the kernel and cokernel of ¢, 11 on the free part are 0 and Zs respectively. O

This describes Mor;“_t (n,1) generally. Let us now consider the case r = 1, i.e. the so-called
fold maps and put Fold™ (n, 1) := Mor"*(n, 1). Restricting the exact sequence of theorem I for
fold cobordisms to the 2-primary parts [Sz3, theorem A] yields

ker(As)n—1 —%s ker(Ay)n—1 — Fold™(n, 1) — ker(A)n—2 —os ker(As)n—2
where (Ay)m denotes the Kahn-Priddy homomorphism 78, (RP*°) — 7®(m) which maps onto
the 2-primary torsion part of 7%(m) (see [KP]).

Recalling the first few stable homotopy groups of RP* computed by Liulevicius [Liu] we
obtain

m 0| 1| 2 3 4 15| 6 7 8 9
’/Tin (RPOO) 0 ZQ ZQ Zg ZQ 0 ZQ Zl(‘, ) ZQ (ZQ)B (ZQ)4
e (m) 7 Zg Z2 Zg (S5 Zg 0 0 ZQ ZlG ® Z3 &b Z5 (ZQ)Q (Zg)g
ker()\*)m 0 0 0 0 ZQ 0 0 ZQ ZQ ZQ

using the notation (Z)" :=Zo @ ... @ Zy with r summands. This implies the following:



ANALOGUES OF THE ATIYAH-WALL EXACT SEQUENCES 161

Proposition 10.5. The cobordism groups Fold™ (n,1) for n < 10 are

n o ]1|2]3]4|5 |6 [7][8] 9 | 10
Fold™(n,1) [ Zo |0 0[0]0|Zs [ Z2 [0] 2o | Z2? 2y | Z2 7 Zs

where G 7 H again denotes the existence of a short exact sequence 0 - G -G ? H —- H — 0.

Large codimensional fold maps. In the following we shall consider fold maps of codimension
k such that the dimension of the source manifolds is 2k 4+ 1 or 2k 4 2 and, as we also did above,
use the notation

Fold? (n, k) := Mor{ (n, k)
for any stable normal structure o (except that for 0 = G @ £ we decrease n and increase k by
the rank of ¢). The cobordism groups Fold®°(n, k) and Fold®(n, k) were determined in these
dimensions by Ekholm, Szfics, Terpai [ESzT] and Terpai [Te]?.

Remark 10.6. The analogue of remark 9.6 for fold maps is true for n < 2k + 1: if n < 2k + 1,
then generic maps of n-manifolds and (n + 1)-manifolds with codimension k are stable and a
computation with jet bundles implies that for any such map the codimension of the Xi-stratum
and the Yli-stratum in the source manifold are i(k + i) and i(k + 1) respectively, hence for
n < 2k + 1 a generic k-codimensional map of a cobordism of n-manifolds is fold. Moreover,
n =2k + 1 and n = 2k + 2 are precisely the dimensions where fold cobordisms are not generic
(that is, Fold? (n, k) is a priori not the same as the abstract cobordism group) but they are not
very far from being generic as the only other type of singularity that can generically occur is the
cusp, i.e. TH10,

As for the case of immersions, we will use the natural forgetful homomorphisms
gy Fold®©(n, k) — Q,,, al,: Fold™ (n, k) — 2,,,
aQig: Fold®(n, k) = 9, and  ap? 7 Fold9®29 Y (n — 2,k +2) — M,

that assign to the cobordism class of a fold map f: M™ — R"** (or a germ f:ém — R7HF)
with the appropriate normal structure the abstract cobordism class of M. These again commute
with the exact sequences in theorems I and IT and the classical exact sequences (I) and (II), that
is, we have commutative diagrams

.. > Fold®°(n, k) = Fold®° (n, k) - Fold™ (n, k) - Fold®° (n — 1,k) - ...

SO o) int e}
lafold lafold iafold lafold

Qn 21d Qn Qﬁn an 1

and

.. = Fold™ (n, k) - Fold® (n, k) = Fold®®29° Y (n, — 2,k + 2) = Fold™ (n — 1,k) - ...

int O O@2det v int
J/afuld \Lafold J/afold Afold

0 0
Qﬂn mn mn72 m’ﬂ*l
where the rows are exact.
Lemma 10.7. The map a%i’? e s an isomorphism Fold®®? dcw(n —2,k+2)=MN,_5 for all

n < 2k 4+ 2.

2As Terpai recently noted [Te, theorem 4.a)] is false. We shall elaborate more on this in remark 10.11.
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Proof. This is almost completely analogous to lemma 9.7 by changing immersions to fold maps
and k + 1 to 2k + 2. The only thing we have to add to its proof now is that the generic map

F: &y — R % 0,1]

(where W is a cobordism of (n — 2)-manifolds and &y := 2 det TW) only has fold singularities in
a neighbourhood of the zero-section W and its germ along W satisfies the condition in definition
6.1 that the differential dF restricted to any fibre of &y is injective.

We may assume that the singularity strata intersect W C £y transversally which firstly means
that W is disjoint from the cusp stratum (since the cusp stratum is at most 1-dimensional and
W is 2-codimensional in &y ), hence it is indeed a fold map on a small neighbourhood of W.
Secondly it means that the local trivialisations of &y in a sufficiently small neighbourhood of the
zero-section can be chosen such that for all p € £1:°(F) the whole fibre (in this neighbourhood)
of & containing p belongs to L10(F), that is, both the fibres of &y and the fold stratum are
orthogonal to W.

Now for any point p € XLO(F) N W a coordinate neighbourhood of p has the form
RFHL x R"F=2 x R? where RFt! x R?~%=2 and R"~*~=2 x R? are coordinate neighbourhoods
in W and in ©10(F) respectively. By [RSz, theorem 6] the normal bundle of £1:°(F) is induced
from 7P @72 ® 4 over BGT® with GI© = {(¢, A) € O(1) x O(k) | edet A = 1}. The fibres of
this in the coordinate neighbourhood of p can be assumed to be tangent to R¥T! x {z} for all
x € R"¥72 x R? and can also be identified over all points 2. Thus in this neighbourhood the
map F has the desired form described in definition 6.1. If p was instead in W \ X19(F) then F
is an immersion near p, hence then we also get the desired form of F' and so the first condition
in definition 6.1 is always satisfied. [J

Proposition 10.8. For all k > 1 we have

(1) Fold™(2k + 1, k) = Wopyy if k # 2,
(2) Fold™(5,2) = W5 @ Zy = Zo & Zs.

Proof. We shall use the first diagram above lemma 10.7 and obtain Fold°(2k + 1,k) from
[ESzT, theorem 1].

Proof of (1). If k > 2 is even, then a?o(l)d is an isomorphism in this dimension yielding the
diagram

sz+1 241d> Q2k+l —_— FOldint(Qk + 1, k’) — ng ﬂ> ng

iid lid la‘f:;fd lid iid
2id

i 2id
Qo1 —— Qopy1 ———— Wop1 Qo Qo

and now the 5-lemma implies the isomorphism claimed.
For k odd we have FoldSO(Qk +1,k) =2 Qogy1 P Zze (with an appropriate number ¢) and this
gives

Qo @ Zot -2 Qopi1 @ Zgr —— Fold™ (2k +1,k) —> Qo ——> 0

lid @0 J/a‘fgfd lid

00— Qopq1 Woky1 Qg 0
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thus ker af’t, is Zou for some 0 < w < ¢ depending on how ¢ acts on the Zs: part of
FoldSO(Zk + 1, k). Now applying lemma 10.7, part of the second diagram above it has the form

’ ’
w3k+2 P3k+1

Nop ——= Fold™ (2k + 1, k) —> Nop 11

int .
lafold ild

00— w2k+1 I m2k+1

hence we have Zzu = ker o™, = ker ¢}, 41 = imy; , which is isomorphic to a factor group of

Moy, But Mgy, is 2-primary so this can only happen if u = 0, that is, if i}, is an isomorphism.

Proof of (2). We have Fold®(4,2) = Q4 = Z and Fold®°(5,2) = Qs ® Zy = Zy & Zy and their
endomorphisms ¢g and @7 are both the multiplication by 2, hence we get the diagram

0 — Q5 @ Zy — Fold™(5,2) —— 0

iid @0 ia‘fgfd

0 Qs 205 0

which proves our statement. [J

Proposition 10.9. For all k > 1 we have

(1) Foldfm(Qk + 2, k) is isomorphic to a subgroup of Way1o of index 2 if k # 2,
(2) Fold™(6,2) = e @ Zy = Zo ® Zs.

Proof. We will again always use the first diagram above lemma 10.7 and we know
Fold®©(2k + 1,k) and Fold®?(2k + 2, k)
from [ESzT, theorem 1] and [Te, theorem 4] respectively.

Proof of (1). If k > 2 is even, then af9, is an isomorphism FoldS? (2k 4 1, k) = Qq 1 and the
embedding of FoldS® (2k + 2, k) into Qg4 2 as an index-2 subgroup.

If k£ is odd, then we have Foldso(2k + 1,k) & Qort1 @ Z3e but, as we saw in the proof of
proposition 10.8, the Z3: part is mapped isomorphically by the endomorphism (311, hence it
does not appear in its kernel. Moreover, for k odd af9, embeds Fold®© (2k 4 2, k) into Qoo as
the kernel of the homomorphism Prp [[]: Qort2 — Z which maps a cobordism class [M] to the

normal Pontryagin number pr1 [M]. Now if we take the cokernel of ¢s512, that is, we factor
2
ker pri1[-] by 2ker prr1 [ and Qogpio by 2Q9y42, then the image of Foldso(Qk + 2, k) under this
2 2
quotient map will again become an index-2 subgroup.

Hence both for k odd and for k even we obtain that there is a group G such that the com-
mutative diagram

0 G Fold™(2k + 2, k) Qojoi1 0
£ lo‘ifgltd iid
0 2%:1@122 Wo2 Q2!@-‘,—1 0

holds where the monomorphism from G into Qaj42/202;4+2 has cokernel Zy. This implies our
statement.
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Proof of (2). We have Fold®©(5,2) 2 Q5 @ Zy = Zy ® Zy and Fold®®(6,2) = Qg = 0 which gives
us the diagram

0 — Fold™"(6,2) — Q5 @ Zy — 0

\Laifgfd J{id ®0

0 We Qs 0

proving our claim. [J

Corollary 10.10. For all k # 2 the homomorphism agld embeds FoldO(Qk + 2, k) into Nogyo
as a subgroup of index 2.

Proof. We apply lemma 10.7, the second diagram above it and also that the homomorphism
Lo Fold®®29e Y (2% 41, k+2) — Fold™ (2k+2, k) is zero as we saw in the proof of proposition
3k+3

10.8. Then we have

Fold™(2k + 2, k) — Fold® (2k + 2, k) — Ny —— 0

int o .
io‘fold iafold lld

0——m—— QﬂQkﬁ—‘rQ - m2k+2 ka 0

thus the proposition above implies that agld is a monomorphism with cokernel Z,. [

Remark 10.11. This corollary contradicts [Te, theorem 4.a)] which essentially claims that both
the kernel and the cokernel of

afq: Fold®(2k 4 2, k) — Mop o

are Zo. The problem with this, according to Terpai, is the following: the computations in [Te]
show that here ker a%d appears as the factor by Zs of the group Zs @ Zy of a complete set
of invariants of cusp null-cobordisms of fold maps (recall that a null-cobordism is a map of a
(2k + 3)-manifold with codimension k and such a map generically only has =9 (fold) and X110
(cusp) singularities); one of the summands Z, (which gets cancelled by the factoring) measures
the number of components of the cusp curve of such a null-cobordism modulo 2 and the other
one measures whether the orientation changes over the cusp curve or not. However, if we apply
[Te, lemma 2] correctly, it yields that this second Zs does not appear as the orientation cannot
change over this curve. Hence ker a4 is actually the factor of only Zs by Zs, that is, af, is
mono. Moreover, it is also apparent that its image is the kernel of the Thom polynomial of cusp
singularity (W7, + W,Wk2)[]: Nokt2 — Zz which maps a cobordism class [M] to the normal
Stiefel-Whitney number w3, ,[M] + W Wk12[M].

11. BORDISMS

In this final section we point out that theorems I and II also hold when we change 7-cobordism
groups to general bordism groups (although the set of all possible singularities of k-codimensional
germs generally contains unstable ones which we excluded from 7). This can most easily be seen
by using somewhat more refined forms of the same arguments as in remarks 5.6 and 8.4. This
way we get the following:

Theorem 11.1. For any CW complex Q there is a long exact sequence
o Q) 2,(Q) X W (Q) 2 1(Q) -

and a short exact sequence

0 — W, (Q) “"—%%(Q) iwﬁn_z(Q) —0
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where @, is the multiplication by 2, x,n and ¢, are the forgetful homomorphisms, ¥, assigns to
the bordism class of the map of a Wall manifold f: M — Q the bordism class of f|pp(w,(m))
and x;, assigns to the bordism class of a map g: N — Q the bordism class of glpp(w,(n)?)-

Proof. The n’th bordism groups of any CW complex are the same as those of its (n + 1)-
skeleton, hence for the purpose of this proof we may only take a finite dimensional skeleton
of @ instead of the actual Q. A finite dimensional CW complex is homotopy equivalent to an
orientable manifold (by embedding it into a Eucledian space and taking a small neighbourhood
of it there), and so we may also assume that @ is an orientable manifold of dimension g.

Fix a number n and let r be such that generic maps of (n + 1)-manifolds to r-manifolds are
embeddings. Then we have

2,(Q) = Cob?°(Q x R"), W,(Q) = Cob™(Q xR") and M,(Q) = Cob2(Q x R")
for any set 7 of stable singularities of codimension ¢ + r — n.
Claim. M,_2(Q) = Cob2P24t7(Q x R").

Proof. Let f: M™"™? — @ be any map of an (n — 2)-manifold to @ and put &y := 2detvy.
Now let f: €a7 — Q be any map that extends the map f given on the zero-section of &y (such
an extension is unique up to homotopies fixed on the zero-section) and let i: £,y < R” be any
embedding (which is also unique up to isotopy). Then assigning to the map f: M — @ the germ
of the embedding
fxiiéy— QxR"

along the zero-section is well-defined on bordism classes up to cobordism of embeddings with
normal O @ 2 det y-structure, hence it yields a homomorphism

a: My_o(Q) = CobP¥297(Q x R™).

The inverse of this a can be constructed as follows: a map germ &y; < @ X R” is generically
the germ of an embedding of the form f x ¢ where f is any map to Q and i is an embedding
into R”, and then we can assign to the cobordism class of the germ of f X i the bordism class of
the restriction f |ar. This is again a well-defined homomorphism and it is not hard to see that it
inverts «, thus « is an isomorphism. ©

The above considerations and theorems I and II give two exact sequences

= 0,(Q) 2 0,(Q) X 20,(Q) L 0 1(Q) -

and
n n ¥,
= W (Q) s M (Q) D M2 (Q) —2 W1 (Q) — -
infinite to the right, moreover, keeping n fixed and growing r yields that they are also infinite

to the left. By design the homomorphisms y,, ¥, ), and x}, are as in theorems I and II.

Claim. The endomorphism @, of Q,(Q) is the multiplication by 2.

Proof. We want to see that the involution ¢ of Q,(Q) = Cob%°(Q x R”) is the identity, that
is, composing an oriented embedding e: M™ — @ x R" with the reflection to a hyperplane but
keeping its orientation unchanged will be cobordant to e. Such a reflection does not change the
homotopy class of e, thus there is a map

E: M x[0,1] - Q@ xR" x [0,1]
(mapping M x {t} to @ x R" x {t} for all ¢ € [0, 1]) extending e on M x {0} and its reflection
on M x {1}. Moreover, vg is canonically oriented since the orientations given on the normal
bundles of e and its reflection are identical. Now since FE is generically an embedding, it is an

oriented cobordism between e and its reflection meaning that we have c[e] = [e]. Thus we have
¢n = 2id as we wanted. ¢
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Claim. The homomorphism ¢} : Mp—2(Q) — W,,—1(Q) s zero.

Proof. Tt is enough to show a splitting ¢,,: M,—2(Q) — MN,(Q) of the sequence above. This
is exactly the same as in [At, theorem 4.4], namely we define 0, to assign to a bordism class
represented by a map f: M™ 2 — @Q the bordism class of f o7 where 7 is the projection of the
RP2-bundle P(det TM @&?) (the projectivisation of det TM @&2) over M. The proof in Atiyah’s
paper also works in this setting and gives that o, is well-defined and x/, o o, is the identity. ©

Now the fact that ¢ : ,(Q) — M,(Q) is mono implies that in the definition of
Yr: Wi(Q) = ,-1(Q) we do not have to differentiate between the integer representatives
of the w; class. Thus we have proved everything we wanted. [

Remark 11.2.
(1) The first exact sequence in theorem 11.1 was also obtained by Stong [St, proposition 6.1]
and partly by Conner and Floyd [CF, 1.10 theorem)].
(2) If the @ in theorem 11.1 is an (unorientable) manifold, then the theorem also holds
when we change ,(Q), 20,(Q), ¥, and x, to their normal analogues, i.e. changing
everywhere the tangent w; class to the normal w; class.

Remark 11.3. Part of the results collected in theorems I, IT and 11.1 can also be proved using
methods analogous to those of Wall [Wal] and Li [Li]; the reader is encouraged to try working
them out for themselves.

Lastly we note that the second exact sequence in theorem 11.1 can be obtained directly from
the classical exact sequence (II) because of the following (we note here that this proposition is
essentially due to Terpai):

Proposition 11.4. For any CW complex QQ we have
W, (Q) = @ W; ® H;(Q; Zz).

i+j=n
Proof. We imitate the proof of the fact

M(Q) = P M@ H;(Qi Za);
i+j=n
see [CF]. Let ET be the Atiyah—Hirzebruch spectral sequence for Wall bordisms, i.e. whose
E*°-page is associated to a filtration of 20,(Q). Then we have Ef] = H,;(Q;Z2) ®20; since 200,
is a Zg-vector space.

Now it is sufficient to see that the spectral sequence is trivial. By [CF] this is equivalent to
saying that the homomorphism p,: 20,(Q) — H,(Q;Z2) which maps a bordism class to the
homology class represented by its elements is epi. In other words we want to show that any
Zo-homology class of @) is representable by the map of a Wall manifold to Q.

Thom [Th] showed that any homology class © € H,(Q;Z2) can be represented by a map
f: M™ — @ where M is a manifold; our goal is to show that M can also be chosen to have
integer w; class. Choose a submanifold N"=2 C M™ representing PD(w;(M)?) and obtain
by: B(N) — M by blowing up N, that is, for all points p € N we change the normal disk of
N at p to a Mobius strip; b;,l (p) = S! is the central curve of this Mébius strip and otherwise
bN|B(N)\b;1(N) is a diffeomorphism to M \ N. Then f o by also represents the homology class

x. We claim that B(N) has integer first Stiefel-Whitney class which implies our statement.

A more precise description of B(N) is the following: the normal bundle of N C M is 2§
where ¢ is the determinant line bundle det TN = det TM|x; now N is also a submanifold of the
RP?-bundle P(§ #e?) with normal bundle 26, hence the disk bundle D(2§) appears as a tubular
neighbourhood of N in both M and P(§ @ £2). We have

B(N) = (M\ D(20)) (1 (P(6 &¢*) \ D(29))
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where this denotes the gluing along the boundaries S(24).

To show that wq(B(N)) is integer it is enough to show that the Poincaré dual of its square
can be represented by the empty submanifold. The reason for this is that on one hand the
integer w; class means that wy(B(N)): B(N) — RP> maps to the 1-cell and on the other hand
PD(w;(B(N))?) = @ means that the image of wy(B(V)) is disjoint from RP>°~2 and these two
conditions are equivalent up to homotopy.

We have

PD(wi(B(N))?) = PD(wi(M \ D(26))*) UPD (w1 (P(d & &%) \ D(20))*)

when represented by manifolds matching on the boundaries. Now PD(w;(M)?) is represented
by the intersection N of two transverse submanifolds V' and V' representing PD(w;(M)); then

PD(w1(M \ D(26))) = PD(w1(M)|an\p(25))

is represented by V. N (M \ D(26)) = V' \ D(20) and by V' N (M \ D(20)) = V' \ D(2§) which
means that their intersection representing PD (w1 (M \ D(2§))?) is empty. But we know from
the proof of [At, theorem 4.4] that PD(w;(P(6 @ €%))?) can be represented by N embedded
as the zero section of D(24), hence its intersection with the complement of D(2¢) representing
PD(w1(P(§ @ e?) \ D(26))?) is also empty. This finishes the proof. [

The method of the above proof implies that the forgetful homomorphism
¢nt Wi (Q) = Na(Q)

respects the decompositions

W, (Q) = P Wi®Hj(Q;Zy) and MW(Q) = EP M@ H;(Q:Zo).
i+j=n i+j=n
Thus the second exact sequence in theorem 11.1 is the degree-n part of the tensor product of
the sequence (IT)
0=, =9 = N2 =0
with H,(Q;Z2).
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REFERENCES

[AE] P. M. Akhmet’ev, P. J. Eccles, The relationship between framed bordism and skew-framed bordism,
Bull. London Math. Soc. 39 (2007), 473-481. DOI: 10.1112/blms/bdm031

[An] Y. Ando, Cobordisms of maps with singularities of given class, Algebr. Geom. Topol. 8 (2008),
1989-2029. DOI: 10.2140/agt.2008.8.1989

[At] M. Atiyah, Bordism and cobordism, Math. Proc. Camb. Phil. Soc. 57 (1961), 200-208.
DOI: 10.1017/S0305004100035064

[BE] M. G. Barratt, P. J. Eccles, I'"-structures—I: A free group functor for stable homotopy theory,
Topology 13 (1974), 25-45. DOI: 10.1016,/0040-9383(74)90036-6

[Bo] J. M. Boardman, Singularities of differentiable maps, Publ. Math. LH.E.S. 33 (1967), 21-57.
DOI: 10.1007/BF02684585

[CF] P.E. Conner, E. E. Floyd, Differentiable periodic maps, Bull. Amer. Math. Soc. 68 (1962), 76-86.
DOLI: 10.1090/S0002-9904-1962-10730-7

[Do]  A. Dold, Démonstration élémentaire de deuz résultats du cobordisme, in: Séminaire Ehresmann.
Topologie et géométrie différentielle (Paris), t. 2 (1959), 1-5.


https://doi.org/10.1112/blms/bdm031
https://doi.org/10.2140/agt.2008.8.1989
https://doi.org/10.1017/S0305004100035064
https://doi.org/10.1016/0040-9383(74)90036-6
https://doi.org/10.1007/BF02684585
https://doi.org/10.1090/S0002-9904-1962-10730-7

168

ANDRAS CSEPAI

[ESzT] T. Ekholm, A. Sziics, T. Terpai, Cobordisms of fold maps and maps with prescribed number of

cusps, Kyushu J. Math. 61 (2007), 395-414. DOI: 10.2206/kyushujm.61.395

[GWAPL] C. G. Gibson, K. Wirthmiiller, A. A. du Plessis, E. J. N. Looijenga, Topological stability of

[KP]
[Ka]
[Ko]
L
[Liu]
[Mal]

[Ma2]

[Mor]
[Mo]

[O]]
[Pal

[RSz]

[Ro]
[RS]

[Sal]

[St]

smooth mappings, Lecture Notes in Math. 552, Springer (1976). DOI: 10.1007/BFb0095244

D. S. Kahn, S. B. Priddy, Applications of the transfer to stable homotopy theory, Bull. Amer.
Math. Soc. 78 (1972), 981-987. DOI: 10.1090/S0002-9904-1972-13076-3

B. Kalmar, Fold maps and immersions from the viewpoint of cobordism, Pacific J. Math. 239
(2009), 317-342. DOI: 10.2140/pjm.2009.239.317

U. Koschorke, Vector fields and other vector bundle morphisms — a singularity approach, Lecture
Notes in Math. 847, Springer (1981). DOI: 10.1007/BFb0090440

G.-S. Li, Oriented bordism groups of immersions, Math. Proc. Camb. Phil. Soc. 118 (1995),
467-475. DOI: 10.1017/S0305004100073795

A. Liulevicius, A theorem in homological algebra and stable homotopy of projective spaces, Trans.
Amer. Math. Soc. 109 (1963), 540-552. DOI: 10.1090/S0002-9947-1963-0156346-X

J. N. Mather, Stability of C*° mappings: V. Transversality, Advances in Math. 4 (1970), 301-336.
DOLI: 10.1016,/0001-8708(70)90028-9

J. N. Mather, Stability of C* mappings: VI. The nice dimensions, in: Proceedings of Liverpool
Singularities—Symposium I (1969/70), Lecture Notes in Math. 192, Springer (1971) 207-253.
DOLI: 10.1007/BFb0066824

B. Morin, Formes canoniques des singularités d’une application différentiable, C. R. Acad. Sci.
Paris 260 (1965), 5662-5665 and 6503-6506.

R. E. Mosher, Some stable homotopy of complex projective space, Topology 7 (1968), 179-193.
DOI: 10.1016/0040-9383(68)90026-8

C. Olk, Immersionen von Mannigfaltigkeiten in euklidische Rdume, dissertation, Siegen (1980).
G. Pastor, On bordism groups of immersions, Trans. Amer. Math. Soc. 283 (1984), 295-301.
DOI: 10.1090/S0002-9947-1984-0735423-X

R. Riményi, A. Szlics, Pontrjagin—Thom-type construction for maps with singularities, Topology
37 (1998), 1177-1191. DOI: 10.1016/S0040-9383(97)00093-1

V. A. Rohlin, Buympennue zomonozuu, Doklady Akad. Nauk SSSR (N.S.) 89 (1953) 789-792.
C. Rourke, B. Sanderson, The compression theorem I, Geom. Topol. 5 (2001), 399-429.
DOLI: 10.2140/gt.2001.5.399

R. Sadykov, Bordism groups of solutions to differential relations, Algebr. Geom. Topol. 9 (2009),
2311-2347. DOI: 10.2140/agt.2009.9.2311

R. E. Stong, Wall manifolds, Trans. Amer. Math. Soc. 251 (1979), 287-298. DOI: 10.1090/S0002-
9947-1979-0531980-5

[SzSzT| E. Szabd, A. Szlics, T. Terpai, On bordism and cobordism groups of Morin maps, J. Sing. 1

[Sz1]
[Sz2]
[Sz3]

[Te]

[Th]
[Wal]

[Wa2]

(2010), 134-145. DOI: 10.5427 /jsing.2010.1i

A. Sziics, An analogue of the Thom space for maps with a singularity of type ¥*, Math. USSR-Sb.
36 (1980), 405-426. DOI: 10.1070/SM1980v036n03ABEH001834

A.  Szlics, Cobordism of singular maps, Geom. Topol. 12 (2008), 2379-2452.
DOI: 10.2140/gt.2008.12.2379

A. Szlics, On the cobordism groups of cooriented, codimension one Morin maps, J. Sing. 4 (2012),
196-205. DOI: 10.5427/jsing.2012.4m

T. Terpai, Cobordisms of fold maps of 2k~+2-manifolds into R**2, in: Geometry and Topology of
Caustics-CAUSTICS’06 (Warsaw), Banach Center Publ. 82 (2008), 209-213. DOI: 10.4064 /bc82-
0-15

R. Thom, Quelques propriétés globales des variétés différentiables, Comment. Math. Helv. 28
(1954), 17-86. DOI: 10.1007/BF02566923

C. T. C. Wall, Determination of the cobordism ring, Ann. Math. 72 (1960), 292-311.
DOI: 10.2307/1970136

C. T. C. Wall, Differential topology, Cambridge Stud. Adv. Math. 156, Cambridge University
Press (2016).


https://doi.org/10.2206/kyushujm.61.395
https://doi.org/10.1007/BFb0095244
https://doi.org/10.1090/S0002-9904-1972-13076-3
https://doi.org/10.2140/pjm.2009.239.317
https://doi.org/10.1007/BFb0090440
https://doi.org/10.1017/S0305004100073795
https://doi.org/10.1090/S0002-9947-1963-0156346-X
https://doi.org/10.1016/0001-8708(70)90028-9
https://doi.org/10.1007/BFb0066824
https://doi.org/10.1016/0040-9383(68)90026-8
https://doi.org/10.1090/S0002-9947-1984-0735423-X
https://doi.org/10.1016/S0040-9383(97)00093-1
https://doi.org/10.2140/gt.2001.5.399
https://doi.org/10.2140/agt.2009.9.2311
https://doi.org/10.1090/S0002-9947-1979-0531980-5
https://doi.org/10.1090/S0002-9947-1979-0531980-5
https://dx.doi.org/10.5427/jsing.2010.1i
https://doi.org/10.1070/SM1980v036n03ABEH001834
https://doi.org/10.2140/gt.2008.12.2379
https://doi.org/10.5427/jsing.2012.4m
https://doi.org/10.4064/bc82-0-15
https://doi.org/10.4064/bc82-0-15
https://doi.org/10.1007/BF02566923
https://doi.org/10.2307/1970136

ANALOGUES OF THE ATIYAH-WALL EXACT SEQUENCES 169

[We] R. Wells, Cobordism groups of immersions, Topology 5 (1966), 281-294. DOI: 10.1016/0040-
9383(66)90011-5

[Wu] J. Wu, Homotopy theory of the suspensions of the projective plane, Mem. Amer. Math. Soc. 162
(2003), no. 769. DOI: 10.1090/memo/0769

ANDRAS CsEpal, EOTVOS LORAND UNIVERSITY, INSTITUTE OF MATHEMATICS, PAZMANY PETER SETANY 1/,
BubpAPEST, H-1117 HUNGARY
Email address: csepai.andras1123580@gmail.com


https://doi.org/10.1016/0040-9383(66)90011-5
https://doi.org/10.1016/0040-9383(66)90011-5
https://doi.org/10.1090/memo/0769

	Part 0. Introduction
	1. Classical results
	2. Cobordism groups of singular maps

	Part I. The oriented case
	3. Cobordism of int-maps
	4. A long exact sequence
	5. Description of the homomorphisms m, m and m

	Part II. The unoriented case
	6. Cobordism of G-maps
	7. Another long exact sequence
	8. Description of the homomorphisms 'm, 'm and 'm

	Part III. Consequences and applications
	9. Immersions
	Small codimensional immersions
	Large codimensional immersions

	10. Morin maps
	1-codimensional Morin maps
	Large codimensional fold maps

	11. Bordisms
	References

	Bibliography

