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UNIPOTENT NEARBY CYCLES AND NEARBY CYCLES OVER
GENERAL BASES

ANDREW SALMON

ABSTRACT. We show that under some conditions, two constructions of nearby cycles over gen-
eral bases coincide. More specifically, we show that under the assumption of W-factorizability,
the constructions of unipotent nearby cycles over an affine space in [2] can be described using
the theory of nearby cycles over general bases via the vanishing topos. In particular, this ap-
plies to nearby cycles of Satake sheaves on Beilinson-Drinfeld Grassmannians with parahoric
ramification.

1. INTRODUCTION

Let S and X be schemes of finite type over an algebraically closed base field F equipped with a
map f: X — S. Over X, we may define D%(X, k), the bounded derived category of constructible
sheaves with k coefficients. We will mostly restrict to the case that k is a finite extension of Q
or Fy, with ¢ invertible in F, or an algebraic closure thereof, where the corresponding derived
categories of sheaves can be defined via the adic formalism. If S is one-dimensional with generic
point n and special point s, the classical theory of nearby cycles gives a functor between derived
categories of constructible sheaves from a generic fiber to a special fiber of X over S. In particular,
if  is a generic point of S and s is a special point, let X,, resp. X, be the fibers of X over these
points. There is a nearby cycles functor ¥: D%(X,,, k) — Db(X,, k), which is t-exact with respect
to the perverse t-structure and admits an action of the local inertia group. In [3], Beilinson gave
a construction of unipotent nearby cycles, where the action of local inertia factors through tame
inertia and the tame inertia acts unipotently.

For some applications, it is desirable to have a version of nearby cycles over a base S that
is not one-dimensional. Two such approaches exist that supply such a theory. The first is a
generalization of Beilinson’s construction to an arbitrary base, introduced in [8] and subsequently
generalized in [19, Section 4], [6, Section 4.6], and [2]. When defined, for a perverse sheaf K on
a scheme X over A™ this produces a perverse sheaf YT (K) on the special fiber of X over 0 € A™.
More generally, Achar and Riche show that for any map «: P, — Q4 of pointed finite sets, there
is a (conditionally defined) perverse sheaf on X x 4r,5A? x 0 that is written T*(K). The second
approach is the theory of nearby cycles over general bases using the vanishing topos, as in [13].
This approach works over a general base S, not just affine space, and the study of monodromy
of these nearby cycles is more complicated. For any étale sheaf K on X and any specialization
s — t of geometric points on the etale topos of the base S, there is an object R(¥).K in the
derived category of étale sheaves.

In Corollary 16 and Corollary 17, we give conditions under which T*(K) can be understood
as coming from R(V).K. In particular, setting S = AF| surjective maps a: Py — Q4 as above
allows us to choose a specialization F(«) in the étale topos. Assuming that (f, K) satisfy a
condition called W-factorizability, then (V) p(o) K[|Q|—|P|] is perverse, and there is a canonical
subobject

(i) re KRl =Pl = (Y1) po) KTIQ| = [P]]-
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Under an additional assumption that (f, K) is universally locally acyclic when restricted to
GP = AP, Corollary 17 gives an isomorphism
THEK) = (Y] ro K[lQ - P[]

To motivate the notion of W-factorizability, in geometric representation theory, one might
consider a one-parameter family, the Beilinson-Drinfeld Grassmannian ramified at a closed point
x on a smooth curve C. Satake sheaves naturally exist away from the closed point which
categorify elements of a spherical Hecke algebra, and their nearby cycles at the closed point
give a categorification of central elements in the affine Hecke algebra, realizing the Bernstein
isomorphism [7]. One hopes, then, to show that the nearby cycles functor is a central functor
from a tensor category to the monoidal affine Hecke category. Checking that this functor satisfies
braiding relations, expected of a central functor, requires the use of a two-parameter degeneration
of a Beilinson-Drinfeld Grassmannian over a two-dimensional base, and one must show that
nearby cycles commute with one another [8]. Since there is no natural map from ¥;¥5 to
Uy, one must really construct an object that naturally maps to both, which is a nearby
cycle over a two-dimensional base, in which case these maps are naturally isomorphisms. -
factorizability generalizes this situation where we require that maps to iterated nearby cycles
are an isomorphism, and its definition requires the existence of an isomorphism 2.4 for any
composition of specializations of geometric points along the base.

There is an interesting analogy to be made to the factorization structure that Satake sheaves
exhibit, whereby specialization to the diagonal on the Beilinson-Drinfeld Grassmannian, that is,
the fusion product, is the same as the convolution product. The centrality of the construction of
nearby cycles sheaves in the affine Hecke category [8] is a ramified version of this property and
can be viewed as a generalization of this property in light of the result of Richarz that the Sa-
take sheaves over the Beilinson-Drinfeld Grassmannian are universally locally acyclic [15]. That
is, under the assumption of local acyclicity, taking nearby cycles is the same as restriction to
the fiber, and so commuting nearby cycles would then encode commutativity of the convolution
product in the Satake category. We note that Satake sheaves on an iterated Beilinson-Drinfeld
Grassmannian over A" with parahoric ramification at 0 € A! satisfy the assumptions of Corol-
lary 17. In fact, Corollary 19 shows that certain “fusion” maps constructed in this setting also
agree. Such fusion isomorphisms have found use in the Langlands program, where they play a
role in showing cases where the shriek pushforward of IC sheaves on the moduli space of shtukas,
which is not proper over the base, nevertheless commutes with nearby cycles [18, Theorem 4.12].
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to thank Simon Riche for careful readings of drafts of this paper and for many comments that
improved the paper’s correctness, clarity, and quality. I would also like to thank an anonymous
referee identifying several points where the paper had gaps or needed to be improved.

2. NEARBY CYCLES OVER GENERAL BASES

2.1. Review of nearby cycles over general bases. Consider morphism f: X — S between
schemes of finite type over an algebraically closed field F, two geometric points with a special-
ization t — s on the base S that gives a morphism ¢t — S(,) to the étale localization, and a
bounded-below complex of sheaves K € D1 (X;,k). In this context, we will define nearby cycles
functors.

Definition 1. The shredded nearby cycle R(¥¢)s: DV (X;, k) — D (X,,k) is the functor i* Rjy,
where j X — X(S) and i: Xs — X(S)

To simplify notation, we will freely drop the structure map and write R(¥); when f is clear.
Let = be a geometric point of X such that f(x) = s. Recall that the Milnor tube is the scheme
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X(z) X8y St)- In this setting, there is a natural identification between the stalks of nearby
cycles and the cohomology of the Milnor tube. That is,

(2.1) (B(¥ )i K)z = RU(X(a) X5,y Stt)s Klxoy x5, S )-

We must make a comment about the meaning of derived categories such as D°(X, k) here. If
k is torsion, we may use D?(X,k) to denote the bounded derived category of étale sheaves. In
the case when k is a finite extension of Q; or an algebraic closure thereof, instead of the étale
topology, we really want a topos containing the constructible /-adic sheaves, thereby allowing for
limiting constructions. Such a topos has been constructed by Bhatt and Scholze and is known as
the pro-étale topology [5]. Thus, we let D(X, k) be the derived category of all pro-étale sheaves.
Inside this category there is a bounded below subcategory of pro-étale sheaves DT (X k), a
bounded derived category D?(X, k), and a bounded derived category of constructible sheaves,
which we denote D?(X,k). We may also consider the category of abelian sheaves on a topos,
which we denote Ab(X) and its derived category D(X). When X is a point (the topos Set) and
R is a ring, we denote the derived category of sheaves of R-modules D(X, R) as just D(R).

When we need to make the distinction between étale and pro-étale categories, we write Xg; for
the étale topos and X6 for the pro-étale topos. One preliminary result is that the shredded
nearby cycles functor has finite cohomological dimension.

Proposition 2. For a map f: X — S be locally of finite type whose fibers have dimension at
most N. Let K be an étale, resp. pro-étale sheaf of k-modules. Then R*(¥);K =0 for i > 2N.

Proof. The finite cohomological dimension of ¥ is due to Gabber in the case of torsion coeflicients
in the étale topology [13, Proposition 3.1] by reduction to the Milnor tube. The proof follows
word for word in the pro-étale setting. ([

Gabber’s proof in [13, Proposition 3.1] suggests a technique to transfer results from the étale
topology to the pro-étale topology, and we follow the strategy in [5, Section 6.5] for direct image
functors. Let R be the ring of integers in k, temporarily assumed to be a finite extension of Qy,
and let m be the maximal ideal so that R = lim R/m™. For M € D(R), write M as its pullback
to a sheaf on D(X, R). For a sheaf K € D%(Xr0ct, R), we may write

K ®r M = RIim(K, ®pjmn Mp).
We form a map
R(V){ (K ®r M) — R(V);(K) @r M
the adjoint of the composite map
G RIm(K, ®@p e M) = R jiu(Kyy @t M)
— Rlimiyi*jy (K Qpg/mr Mn)
~ iy R1im ¥ jy (K @pgjmn M)
The following is an analogue of [5, Lemma 6.5.11.(ii)].
Proposition 3. Let K € D%(Xproet, R) and M € D~ (R). The map
(2.2) RW); (K ®n M) — R(D); (K) @ M
is an isomorphism.
Proof. 1t suffices to check this property on stalks, i.e. on the cohomology of the Milnor tube,
where it becomes the map
(2.3) RF(X(m) XS(S) S(t)7K®R M) - R]lmRF(X(I) XS(S) S(t)7 Kn ®R/mn %)
Write 7: X(,) X5, Sty = X(s) X5, S(t)- Then for a sheaf L, we have
RF(X@) XS(S) S(t)a L) >~ RF(X(S) XS(S) S(t), RT*L) >~ RF(Xt, (RT*L”X,)
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where the last isomorphism follows by proper base change [5, Lemma 6.7.5]. Now, 7 has coho-
mological dimension 0 and global sections of X; has cohomological dimension at most 2N, so [5,
Lemma 6.5.11.(ii)] implies that the map

RT(Xy, (R4 Rlim(Ky, ®pjmn Mn))|x,) = Rlim RT(Xy, (R Kn ®p/mn Ma)lx,)
is an isomorphism. O

The most basic pathology of the definition of shredded nearby cycles is the failure of con-
structibility. For example, let S = P? over an algebraically closed base field, and let X be the
blow-up of S at a point 0 € P2. Let K be the constant sheaf Z/n on X, and take our specializa-
tion t — s to be a specialization from a geometric point over the (two-dimensional) generic point
of S to the point 0. Then R(¥); K is not constructible, as shown by Orgogozo [13, Section 11].
To correct this situation, the theory of nearby cycles over general bases considers the topoi X

and S and uses the vanishing topos X ;5 S, which is a 2-categorical construction for topoi [10,

Exposé 11]. The vanishing topos is equipped with a geometric morphism ¥: X — X % s S, and
we may consider nearby cycles as pushforward along this geometric morphism RU; = (¥¢),.

—

The shredded nearby cycle above is then recovered by pulling back along X, xst — X xg S.

For the vanishing topos, there is a natural base change property with respect to maps
S’ — S which leads to the concept of a pair (f, K) being W¥-good. For h: S — S, let
X =X xg8, h: X' - X, and f': X’ —» S’ be defined by pullback. We may form the
diagram [9, Equation 1.4.2]

X —" . x

i\llf/ l\yf
- WXnh <
X' X g S =2 X xg S

together with a base change morphism (A’ X h)*RY; — RU ¢ (h')*.

Definition 4. We say that the pair (f, K) is U-good if for any map h, the base change morphism
is an isomorphism.

We remark that U-goodness is automatic for a 1-dimensional base, either a smooth curve or a
henselian discrete valuation ring. We will use various properties of ¥-goodness which have been
proven for étale sheaves.

Proposition 5. Let (f, K) be W-good and let K € D%(X,k) be constructible. Let a: t — s be a
specialization in S. Then R(¥;); K € D5(Xj, k).

Proof. The constructibility is essentially due to Orgogozo and appears as [13, Theorem 8.1] in
the torsion coefficients case.

These results may be transferred to the pro-étale setting. Constructibility for a complex
K of R-modules on X6 as in [5, Definition 6.5.1] involves an m-adic completeness and the
property that K ® R/m is obtained by pulling back along the geometric morphism Xpro6, — Xat-
Completeness follows by identifying the inverse systems

{R(V){(K) ®r R/m"} ~ {R(V){ (K @r R/m")}.
By applying Proposition 3 with M = R/m, R(¥){(K ®r R/m) = R(V);(K) ®r R/m is con-

structible by Orgogozo’s theorem. We conclude that R(¥); preserves constructible pro-étale
complexes analogous to [5, Lemma 6.7.2]. O

We remark that K is universally locally acyclic relative to f if and only if the pair (f, K) is
U-good and K is locally acyclic relative to f [9, Example 1.7(b)] [16, Proposition 2.7(2)].
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For a composition of specializations s — ¢t — u, there is a natural map
(2.4) R(Up) K — R(Wy)y R(Ty) K.

Following [18, Definition 2.7], we say that a pair (f, K) is WU-factorizable if (f, K) is U-good and
the above map is an isomorphism for any such composition of specializations. The motivation for
the terminology of W-factorizability was to unify two sorts of “factorization structures” appearing
in the study of Satake and affine Hecke categories: the commutativity of the convolution product
on Satake sheaves with the centrality of the central sheaf functor into various parahoric affine
Hecke categories under a single construction. Let G be a parahoric group scheme over a curve
C over F, and let Grg, 1 be the Beilinson-Drinfeld Grassmannian with I = {1,...,n} legs [19,
Definition 2.2] over the base
qr: GI‘G’] i CI.

We note that if |[I| = 1 and G has parahoric ramification at a point z, then the corresponding
fiber of the Beilinson-Drinfeld Grassmannian over z is a partial affine flag variety. Let

{z1,...;,2m}=NcC

be the locus of parahoric ramification and C\N the unramified locus. There are Satake sheaves
Syl .. XSy, over Grg s xcr (C\N)!, and we can !-extend them to sheaves over Grg,; via

j: GI‘G,I Xor (C\N)I g GI‘G,I.

The follgwing proposition is then a special case of [18, Proposition 3.14], announced there in the
case of Q; coefficients but whose proof extends to general choices of k, including characteristic £
coefficients.

Proposition 6. The pairs (q7,j1(Sv,X. .. XSy, )) are U-factorizable.

On the other hand, Gabber and Abe have announced that W-factorizability is already implied
by W¥-goodness. The following result was announced as [1, Theorem 4.5] in the case of étale
sheaves.

Congjecture 7. If (f, K) is ¥-good, then (f, R(¥f)!,K) is U-good and (f, K) is W-factorizable.

u

For the remainder of the paper, if we will assume that the above holds for pro-étale sheaves,
then all instances of W-factorizability can be reduced to those of ¥-goodness. For the pro-étale
case, we do not expect new ideas will be needed beyond the étale case.

2.2. Nearby cycles over an affine space. We now specialize to the case that S is an affine
space. For a finite set P, let A” be the affine space of maps P — Al, as a contravariant functor
in finite sets P. For a finite set P, let P, denote the pointed finite set P u {*} with % ¢ P,
and let FinS be the category of finite sets and FinS, be the category of pointed finite sets. Let
f: X — AP = S be a separated scheme of finite type. We may sometimes consider f as defining
a map over the base A™ under the identification A" =~ AP x 0 — AP* where 0 is the obvious
geometric point over the closed F-point 0 € Al*} (recalling that our base field is algebraically
closed).

For a map of pointed finite sets, there is a generalized diagonal A, : A?* — AP*_ By choosing
a geometric point 7g over the generic point n% of A?, we produce a geometric point of AP*. A
map of pointed finite sets factors as the composition of a surjective and injective map, and we
will mostly consider the case when « is surjective, remarking that in the case that « is injective,
this geometric point would map to a geometric generic point over A” as well. More generally,
if £ — S(4) is a specialization coming from a map of geometric points ¢ — s, the corresponding
nearby cycles functor R(¥); is simply pullback along the fiber X; — X.

In the case that « is surjective, we now specialize the theory of nearby cycles over general
bases in relation to our setting where S = A¥. Let FinS{" be the category of pointed finite sets
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and surjective maps. Let Tp be a geometric point over the Zariski-dense point n” € AF, and
let 0 be a F-valued geometric point over 0 € A = Al*}. Let 775 x 0 be the geometric point in
APx_ For every surjective map of pointed finite sets P, — Qy, this defines a geometric point
A, (Mg x0) in AP* and we can compatibly choose specializations 7p x 0 — A, (g x 0) in AP* so
they are compatible with composition in FinS}" and therefore define a functor from the under
category P, /FinS}" to the category of geometric points and specializations in the étale topos of
APx. Denote this functor by F, so F(a) is the specialization in the étale topos.

A specialization map s — t in the étale topos of S determines a map on the fibers of X over
étale neighborhoods of S. Letting X,y be the fiber over the étale localization S(y) of s, then the
specialization defines a map X,y — X(4). In the case of a geometric point 7 over a generic point,
Xn = Xy Let jo be the map X7 5 — X(Aa( , and define nearby cycles with respect to
the specialization F(«) with the notation

75 %0))

. Aq (Mg x0) o
(2.5) R(¥s)p(a)K = R(¥p) 2 02" = igjas K.
We may choose geometric points to be compatible with composition with respect to maps out
of Py. In particular, there is an adjunction map

Apa (MTRX0 Ao (g x0
(2:6) R(¥p) g K — R(T 7)1V R(W )2 O K

coming from [18, Construction 2.6].

We say that a specialization F'(«) is one-dimensional if the corresponding surjective morphism
of finite sets a: Py — Q4 satisfies |P| — |Q| = 1. For a one-dimensional specialization, we must
have |a~!(g)| = 2 for a unique g € Q or |a~*(*)| = 2. If F(«) is one-dimensional, then A, (7g % 0)
is a geometric generic point over the generic point of a divisor D of AT. As a result, the étale
localization S( A (TG x0)) is a henselian trait and the corresponding nearby cycles are classical
one-dimensional nearby cycles (without shift). It is a classical fact, due to Gabber, that for one-
dimensional F(c), the functor K — R(¥)p (o) (K)[—1] is t-exact for the perverse t-structure.

Proposition 8. Let f: X — AT = S be the structure map, separated of finite type, and assume
that the pair (f, K) is W-factorizable with K a perverse sheaf. For any surjection a: Py — Qy,
the object R(V) (o) K[|Q[ — | P[] is a perverse sheaf.

Proof. For a surjective map a: Py — @4, we may write F'(«) as a composition F(ay)o---0F (ay)
of one-dimensional specializations, where n = |P|—|Q|. By inducting on n, the W-factorizability
of (f, K) implies that the map

R(W)pa)K = R(¥)p(ay)  B(Y) pla,) K

is an isomorphism. On the other hand, the right side is a composition of classical one-dimensional

nearby cycles, so the result follows by the t-exactness of the one-dimensional nearby cycle functor.
O

Every map a: Py — Q4 admits a unique factorization o® o a*. Here, a*: Py — (P\a (%))«

is defined by
. |
am):{’ i¢a(x)

*  otherwise,

and a®: (P\a"!(x))s — Q4 is defined by

In the case a = o™, we wish to perform a deeper study of the Galois action. The Galois group
m1(n",mp) acts on R(V)p ) K by automorphisms of the geometric generic point. There is a
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surjective map
! (nPa 777P) — M (773 ﬁ)P

which is not in general an isomorphism. That is, for p € P, the projection to m(n,7) arises from

mapping the automorphism of 77p to the automorphism of 77 induced by the projection along
AP — AL,

Proposition 9. Let f: X — AP = S be the structure map, separated of finite type, and assume
that the pair (f, K) is W-factorizable with K a perverse sheaf. For any surjection a: Py — Q4
that is a bijection outside a=!(*) n P = {p1,...,pn}, there is an isomorphism

R(W) pa) K = R(V)p, - R(V)y, K,

where R(¥),, is a one-dimensional nearby cycle with respect to the projection A” — Al pro-
jecting to the p; copy of Al.

Moreover, this map on nearby cycles is equivariant with respect to the Galois action of
71(n",MF) on the left mapping to the action of 7 (n,7){P1 P} on the right.

Proof. Write o = avp, © - -0 e, Where o, 1 Pe\{Pit1,...,0n} = Pi\{pi,...,pn} defined by

Oépi(p) _ {* p=Di

p  otherwise.

By inducting on W-factorizability, we may conclude that the map
R(V)pa)K — R(¥)p(a,,) B(Y) p(a,, ) K

is an isomorphism. We next argue that each nearby cycle R(¥) Flayp,) s a one-dimensional nearby
cycle R(¥),,. Let Q; = P\{p;,....pn} and let B; = a; 0-- -0, : Py — (Qi)s with 8, = a,, and
B1 equal to the map «. The specialization F(«,,) can be viewed as a specialization

Aﬂz‘+1 (77@1'+1 X 6) - Aﬁi (TQz X 6)
in the étale topos of S. We note that the specialization map

P

M1 X 0= Aa, mx0)

factors as the composition of

AQH—l

— w0 P
Qi X 0= Ax ety ~ Ao, (75x0)

where the second map is a closed embedding. Therefore, the sheaf R(¥)p(,,) can be viewed as

nearby cycles for the first specialization in the composition above, viewed as a specialization in

the étale topos of AQi+1. On the other hand, A?&“ (5-x0)) is a henselian discrete valuation ring,
and projection to the p; coordinate gives a map o

Qit1

A(Aai (Mq; x0))

1
)

so this specialization can be viewed as the specialization for nearby cycles on the localization of
0 in A'. The identification in the first part now follows by noting that classical nearby cycles are
independent of the choice of geometric points over the generic and special points of a henselian
trait. The action of local inertia on classical nearby cycles comes from the action of the Galois
group of the geometric generic point via projection. (I

As a consequence of the Galois equivariance in the previous proposition, the action of
71 (n,7)P1-Pn} on R(¥) () K is independent of the choice of decomposition a = ay, 0---0aqy, .
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3. RELATION BETWEEN UNIPOTENT NEARBY CYCLES AND NEARBY CYCLES VIA THE
VANISHING TOPOS

Since we primarily work with the perverse t-structure on the derived category of constructible
sheaves, we will often drop the derived functor notation and write instead

Jx = Rjss (Y1) p(a) = R(¥f)ra),

etc. As a rule, all functors will be derived in the derived category of constructible sheaves and
perverse cohomologies will be noted explicitly when taken.

3.1. The definition of Achar and Riche. For a map a: P, — @, in FinS,, and K a perverse
sheaf on X, Achar-Riche have conditionally defined an object Y (K) [2, Definition 2.3]. We recall
their definition of T?(K ). This diagonal A, induces a pullback map

ixa: X x,ur,gA? x0— X.

We often suppress the X where the structure map f: X — A” is understood. Let j be the open
embedding of X x,r (G,,)Y — X. More generally, we write jx to specify the dependence of j
on the scheme X over A”.

On these affine spaces we can define extensions of certain unipotent local systems, and we
recall the setup of [2, Section 2.5]. First, on G,, = A\{0}, there are unipotent local systems
%,, indecomposable of rank a. These are unique up to isomorphism, %} is the constant local
system, and for a < b, there is an exact sequence

0—-> % -4 - ZL—a—0.

These local systems %, come from representations of the tame inertia group 7 = I, £p Ly
that send a topological generator to an indecomposable a x a Jordan block. We call these
representations L.
For a map a: P = {py,...,pn} — Z=1, we form a local system .%, on G as an external

product

Lo = Loy B B Zap,)-
Under the map f, we may pull this back to a local system on X. Similarly, we form representa-
tions

La = La(p1) ce La(p").
The set of such maps a form a poset, and %, and L, are functors from this poset into local
systems on G and representations of Z%'| respectively.

Definition 10. Let K be a perverse sheaf on X x,r G k. Let THK) € DP(X,,k) be the
pro-étale complex of sheaves

(3.1) lim 500 (K ® f*Za)[1Q| — |P]

a: a H(%)NP—>Zx1

where the limit is taken over the poset of maps a~!(*) N P — Z=;. For K € D%(X k), we may
also write T¢(K) where we implicitly restrict to X x,r GP.

Later, we will relate the functorial description above to Achar and Riche’s original definition.
If K is perverse, Achar and Riche define T§(K) as

(3.2) im ALK @ £ ),
a: a~1(%)nP—>Zx1

conditional on two conditions, the first of which stating that the limit stabilizes for a sufficiently
large and the second stating that the maps outside perverse degree |Q| — |P| vanish for a suffi-
ciently large. We will see later in Corollary 17 that if K is perverse and (f, K) is ¥-good and
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universally locally acyclic over G2 | then these definition agree in the sense that T‘}‘(K ) is a
constructible sheaf and its shift by |Q| — | P| is perverse.

3.2. Tame and unipotent nearby cycles via the vanishing topos. We keep the notation
of the previous section. In particular, o will always be a surjective map of pointed finite sets
that factors as a® o a* where o* is a bijection outside the preimage of *. We will often handle
maps « that induce such bijections separately and denote this condition as o = o*.

For the localization of A! at 0, the corresponding Galois group (7, 7) is the local inertia,
and it has a distinguished quotient Z’, where Z' = [], 4p L 1s the Galois group of the inverse

limit of Kummer coverings @; — G,,. We will choose a topological generator of Z’ along each
coordinate p € P, which we denote T,,. Let W denote the wild inertia, the kernel of the map
7m1(n,7) — Z'. The previous proposition shows that if o = o* and if (f, K) is ¥-factorizable with
K a perverse sheaf, we may consider R(V¥)p ) K as a perverse sheaf equipped with an action
of ﬂl(n,ﬁ)‘fl(*)”‘P. Since Wo ()P ig a pro-p group, it is meaningful to take W  ()nP_
invariants as a perverse sheaf.

Definition 11. Let a = o™ be a surjective map Py — Q. If (f, K) is U-factorizable and K is
perverse on X, we define tame nearby cycles as the perverse sheaf

(3.3) (T Py K = (¥p) pay K

The action of 71 (n,7)® )P further factors through the quotient (Z')® ()P on this sub-
object. We define unipotent nearby cycles as the subobject of (\Ifzc) F(ay K for which T}, act

)Wa*(*)ﬂp'

unipotently for all p € a=!(x) n P. To be more explicit, the space of endomorphisms of
a perverse sheaf is finite-dimensional. Therefore, we may consider (\IJ’}) F(a)K as a module
over k[T},,...,Tp,]. Analogous to [14, Lemma 1.1}, [12, Proposition 1.1] which deals with
the case of a one-dimensional base, this submodule decomposes into a part supported over
(1,...,1) € Spec(k[T1, ..., T}]), which we denote (¥%)p(q), and a part supported away from
this point, which we denote (\I/jfl) F(a) K, yielding a canonical direct sum decomposition into
generalized eigenspaces

(3.4) (V) pa) K = (V) p(o) K @ (V7 1) p(oy K-

As a consequence of Proposition 9, for a=!(¥) n P = {p1,...,pn}, if (f, K) is U-factorizable,
there are canonical isomorphisms

(\I/?)F(G)K - (‘I/t)m Tt (\I’t)ana

where tame nearby cycles over a curve (U'),, L are understood as the wild inertia invariants
(W), L)Y, Similarly, under the same assumptions there are canonical isomorphisms

(‘I/?)F(a)K - (\I'u)pl T (‘I'u)an-

In particular, for such pairs (f, K), iterated tame and unipotent nearby cycles are independent
of the choice of permutation, so that, for example,

(\I]u)pl T (\Ilu)an = (mu)pau) T (\Ilu)ina(n)

for any permutation o of {1,...,n}.
In the study of unipotent nearby cycles over a one-dimensional base, there is a fundamental
exact triangle

(1-7)

i R Ryv !

where i and j are the inclusion of the fiber over 0 — A! and the complement, respectively. We
will want a version of this exact triangle over the base A”. One important difference is that the
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complementary open embedding to i, is not affine. As a result, we may not apply the results of
[4, Section 4.1] directly. The following lemmas substitute for the necessary results.

Lemma 12. Let f: X — A" separated of finite type over an algebraically closed base field with
K a perverse sheaf on X such that the pair (f, K) is U-factorizable. Let o = a*: P, — Q4 be
a surjective map. Then

PN K () K

“l(x)nP

factors through (¥*)p(q) K and defines an isomorphism onto the (Z')* -invariant part.

Proof. By [2, Lemma 2.6], i¥j, K lives in perverse degrees > |Q| — | P|.

On the other hand, we may relate this complex to derived global sections in a way parallel
to [17, Section 1.2]. Let ¢ be the generic point of the localization of A” at A, (7g x 0). Let I
be the Galois group Gal(£/¢), noting that we may choose £ to be identified with the geometric
point 7g. We have the following commutative diagram:

_ T J _ =
e P g — » Alanmaxoy i Dalig < 0)

(3.5) lh ) Jh

GE — AP . Aa(A9)

1o

where 7 has Galois group I and all other maps are natural ones, with the notation h used for the
vertical maps, by abuse of notation. When we pull back the above diagram along f: X — A
nearby cycles can be considered as a functor (V) po)7* K = i} (j¢ )« T 7* K, so taking the derived
I-invariants give the identification

RU(I,(9) p(oym™ K) = ig,(je)« K.

If (f, K) is W-factorizable, then the action of I factors through the power of inertia on each copy
of one-dimensional nearby cycles and gives

RU(I, W p(oym*h* K) = i} (je )« h* K = h*iajs K,

where the last isomorphism follows by writing the localization as the inverse limit of étale maps
and applying the smooth base change theorem [20, Lemma 59.89.3].

Since (V) p(a) K [|Q|—| P[] is perverse, in perverse degree |Q|—|P|, the I-action factors through
the 7~ (*)-power of the local inertia of A%o)' Therefore, the I-invariants of (V)pq)K are the

same as (Z/)™  (*)-invariants of () po K. O

For the next lemma, we introduce some notation for the relevant maps. For a map
a: Py — Q4, we define the a-generic part of A”, AP as the subset of AP such that zp, #0
for all a(p) # *. Define j,: AL — AF as the open embedding and jx, . to be the pullback of
this map to any X over AT, For any X over AT we also define X, = X x,r AL equipped with
structure maps X, — AL — AP, For surjective maps a = a*: Py — Q4 and 8 = B*: Q4 — Ry,
a composition S o «;, the map iAga,ﬁoa factors as

R iAg,B 0 iAga,a P
(3.6) Gn, — Ay —— A5,

m
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so there is a diagram
R
G,

i
R
J

A

Q
(3.7) GQ — A

iAg o liAgm o
P LIS S
L Ba
GP — Ag —_ Aga

m

Lemma 13. Under the same assumptions as Lemma 12,

Lx)np

P K = (TY) pray K) @)

Proof. We induct on |a~1(x)| and handle the case of a composition Ba with both 8 = £* and
a = a*. We note that the one-dimensional case |a~!(*)| = 2 was proved by Beilinson [3].
Diagram 3.7 produces a diagram

% site lnn, sk —— it (u0)it ,(ar)ek

(3.8) l l

iZgﬁinga(jAg’wa)*(jAg)!*K E— iZ§7ﬁ(jAg)*iZ§,a(jA§)!*K

where the top horizontal arrow is an isomorphism. The inductive hypothesis implies that
i G KTIQ| — |P]
is perverse, so we may make sense of
i Uity o (ap e K11G] = P
as the i;‘;Q 8 pullback of the image of perverse sheaves defining the intermediate extension in the

ﬁ k)
right arrow. Since the diagram commutes, we conclude that i*ji, K =~ i*

On the other hand, this object is

(T r) (PF) Fa) K

A?ﬁ (jAg)!*iZ§’a(jA§)!*K~

)(Z/)a”(*)mPX(Z/)ﬁ*(*)ma) (B)"L(x)nP

= ((‘Iﬂf)F(ﬁa)K)(Z)

3.3. Relation of the two definitions.

Lemma 14. The pair (1,.%,) is U-factorizable, where 1 is the identity map. If a(p) = 1 for all
p¢ a"t(x) n P, there are isomorphisms,

(3'9) (\I/l)F(a) (ga) = (\Iﬂf)F(a)(vfa) =La
as representations of (2’)0‘71(*)”13 generated by T, for p e a= () n P.

Proof. Since %, is an external product, this reduces to the one-dimensional case by the Kiinneth
formula [9, Theorem 2.3] [18, Proposition 2.10]. O

We now arrive at the connection between (V%) p(q)# and T¢(K). This will generalize [12,
Proposition 3.1].
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Proposition 15. Let (f, K) be U-factorizable with K a perverse sheaf. Let a = a*: P, — Q4
be surjective with a=1(x¥) " P = {p1,...,pn}. Let a: a=1(x) n P — Z=;. Then

(3.10) (| ker((1 = T0)*®, (T}) p(a)K)
lea=1(x)nP
is isomorphic to
(3.11) (1 ker(L—To, (¥Y) oy (K ® f*Za)).
lea=1(x)nP

Proof. To make sense of the right hand side as a perverse sheaf, we note that the fact that the
pair (f, K ® f*.%4,) is U-factorizable follows by the projection formula [11, Example 4.26 (5)] [9,
Proposition A.6].

For a given p € P, we define

, a(j) J#p,
aw(j) = 429
1 j=0n.
Identifying the space of maps a: P — Z with Z% with addition and letting e, be the unit vector
in the p coordinate, there is an exact sequence
0— % — ate, > “Zal®) — 0.
Using this exact sequence, we first establish an isomorphism
(UF)r(a) (K ® f*La) = (VF)p(a)(K) ® La.

In the base case a(p) = 1 for all p this is a tautology, while the inductive step is built from the
commutative diagram

( )F(a (K) Q@Ly — (\P?)F(a) (K ® f*ga)

|

(3.12) (U9 pa)(K) ® Laye, — (V%) p(a) (K ® f*Late,)

l

(‘I’f)F(a ( )®La(1’) — (W;)F(a)(K®f*$a(P>)a

noting that the horizontal arrows are compositions of canonical maps coming from pullback and
tensor product, as well as Lemma 14. Since the vertical columns are distinguished triangles and
the top and bottom rows are isomorphisms, we conclude the middle row is an isomorphism as
well.

We are now ready to prove the proposition. There is a vector v of L, such that, as a vector
space, L, is generated by [[(1—T},)7*v :=vj,,. ;. for 0 < j; < a(p;). This gives a distinguished
basis vj, ... ;. of La as a vector space.

Define & map 7: (%) p(ay (K) — (9%) (o) (K) @ La by

a(p1)—1 a(pn)—1 / n
(3.13) )= D - )] (H( (1—1T,,))2P)~ 1—%) Oy

Jj1=0 Jn=0 i=1

We note that « is injective because the coefficient of va(p,)—1,.. a(p.)—1 15 . A straightforward
computation shows that (1 — T;)y(z) is equal to

(3.14) Z (n (=1 - T, ))a(pb) o (—(1- T[))a(@)x> Uj1,esfie—150,0041503dm *

J1seesde—1,00415030n \Pi#EL
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By considering when this expression is equal to 0, we may show that x is in the kernel of
(1 — T)2® if and only if v(z) is in the kernel of (1 —Ty).

To show the isomorphism, it suffices to show that «y surjects onto the intersection of the kernels
of (1 =1Ty) for £ € a™'(x) n P. Writing £ = p; and y € (V%) p(a)(K) ® La a8 X, @jy. .5, Vi, jn s
the condition that y is in the kernel of 1 — T} is equivalent to relations

Aj1,efiot,dit Ljitrsendn — _(1 - T@)ajhu-,jn
and aj,,.. 4 1,04is1,jn = 0. If y is in the intersection of all the kernels of 1 — T for
¢ € al(*) n P, then y is in the image of v(x) as y can be determined uniquely by the sin-
gle coefficient aa(p,)—1,....a(p,)—1 a0d ¥ = Y(Ga(p,)—1,...a(pn)—1)-
So v restricts to an isomorphism between the kernel of (1 — T;)2(®) in (V) F(ayK and the
kernel of (1 —Tp) in (V%) p(a) (K ® f*Za). O

Corollary 16. Let (f, K) be U-factorizable and let @ = a*: P, — @ be surjective. Then
@p%‘Q|_|P|iij* (K ® %) exists as a perverse sheaf, stabilizing for a sufficiently large (one
of the two necessary conditions in [2, Definition 2.3]). Moreover, this quantity coincides with
TH(EK) = (V5)rK[IQ — P[]

Proof. We first prove the isomorphism. The left hand side in Equation (3.10) must stabilize
for a sufficiently large and equal (V%)) K[|Q| — |P|] for a sufficiently large. After taking this
intersection, the right hand side in Equation (3.11) is the same as taking invariants under the
action of (Z')®" (2P 5o becomes P.7#1Q1=I1Pli* j, (K ® %) for such a by Lemma 12, isomorphic
also to i j1. (K ® Za)[|Q] — | P|] by Lemma 13. Therefore, for this choice of a,

THEK) i) (K ® Za) = (V) po) K.
We also note that for a: a=!(*) n P — Zx, sufficiently large, there is an isomorphism

T§(K) = PN (K @ £* 2a)
so the relevant limit stabilizes at a finite level. (]

Recall now that for general a: Py — Q4 surjective, i}, factors as i*, oi¥,. A priori, the
functor i*,[|Q| — [P\a~*(*)|] is not t-exact for the perverse t-structure, but only right exact.
However, under the assumption that (f, K) is universally locally acyclic over G | we can recover
the perversity of T¢(K).

Corollary 17. Let (f, K) be U-factorizable and universally locally acyclic with respect to the

restriction of f over G — AT, Let a: P, — Qs be surjective. Then li_r)np%@‘*'P'iij* (K®Za)
coincides with Y4 (K) = (V%) p) K[|Q| — |P]].
Proof. This follows from Corollary 16 if we show that the map
P TFE)Q] = [P\a™ ()] = (¥5) pas) TFHE)IQ] = [P\a™ (+)]]

= (Us)paa) (YY) pax K[IQ — |P]]
is an isomorphism. To see this, the right side of this arrow is perverse since it is isomorphic to an
iterated one-dimensional specialization along successive Henselian discrete valuation rings and

using the t-exactness of one-dimensional nearby cycles. By applying Corollary 16, this implies
that

(3.15)

iZAp%IQ\—\P\a’l(*)IiZ*j* (K® f*%)
is concentrated in perverse degree |a~!(%)| — 1 for sufficiently large %, and is isomorphic to
p%IQ\—IPIizj*(K ® f*fa)~

We now show the desired property in Equation 3.15. We write Q LU a () as a disjoint
union, picking new representatives if there is a nonempty set-theoretic intersection. We may
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write o = a® o a* = @* o@® where @*: Py — Q ua~!(x) so that @® (i) = a(i) if (i) # * and

1 otherwise. Then the diagram

AQ et AP
(3.16) lia* li“*
AQuaTl(#\(x) 1=t 4P
is Cartesian. As a result, using W-goodness, the diagram

AU pany K ——— (V) pax)ita K

(3.17) l l

(W p) K ——— (V) p@+) (V) paa) K

[e3

commutes where the top horizontal arrow is an isomorphism by ¥-goodness, the bottom hori-
zontal arrow is an isomorphism by W-factorizability, and right vertical arrow is an isomorphism
by the local acyclicity over G . After taking invariants under Wwe N and applying Corol-
lary 16, we conclude that Equation 3.15 is an isomorphism. O

We now note that the factorization of o into o o a* is compatible with composition of maps
of finite pointed sets, so that igq)a = iza oiga. The previous corollary gives an isomorphism

izkﬁa)A (\P?)F((ﬁa)*)K = T?a (K)
For a composition, Achar and Riche construct a map
(3.18) I (K) = ThTG(K).
On the other hand, if (f, K) is W-factorizable, we get an isomorphism

where 8: (P\a (%))
that a(i) # = but Ba(i) =
map

(3.20) 150108 (V) re) (V) piam K = 154 (Y so) pianioa (V) pox) K,
where f¢ is the pullback of f along the map i,a. There is an isomorphism
(3.21) 50 (W) panita (W) pan) K = T7.TG(K),

coming from two applications of Corollary 16. The following proposition shows that the above
maps are compatible with each other.

\(Ba)"1(x))4 is the map sending all i to itself except for i such

)
(3.19) iga)a (W) F((Baye) K = 15154 (Y p) p(an (W) p(ax) K,
— (P
#. There is a canonical base change map for nearby cycles giving a

Proposition 18. Let (f, K) and (f*,i%a(V})r(ax)K) be WU-factorizable and universally locally
acyclic over GZ and G%, respectively. Let a: Py — Q4 and 3: Q4 — Ry be maps in FinS,.
Then Y¢(K) is W-good, and the following diagram commutes where the vertical arrows are
isomorphisms coming from Corollary 16:

17(K) Y7 TS (K)

(3.22) l l

saya (TE) p(ayn) K —— 154 (Via) (g ina (V) pax) K.

Moreover, the bottom row is an isomorphism, so the map T?Q(K) — T?a T¢(K) is an isomor-
phism.
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Proof. We explain how to make sense of the vertical arrows in Diagram 3.22. Since (f, K) is
W-factorizable, it follows that YT¢(K) = i*A(V})p#) K. Since the pair (f, (¥f)pa) K) is
W-factorizable, the right vertical arrow is an isomorphism. The left vertical arrow is also an
isomorphism by the W-factorizability.

We may choose ¢: P — Z= sufficiently large so that

r?a(K) > i% s (K ® f* Z0)

and c is fa-special, i.e. ¢(p) =1 for fa(p) # *. Defining

alp) = {c(p) ap) =% o _ {c(p) a(p) # *

1 a(p) # *, 1 a(p) = *,
and
b'(g) = e (@) +1+ >, b
pea~1(q)

the construction of Achar and Riche produces a map

B0dx (K ® Ze) — 1575 (157x(K © Za) ® L)

(3.23) l” lw

TINK) ————————— TLYHK).

Here j¢ is the map X x,r (G,,)¥ — X x4» AQ. The construction of the map in Equation 3.19
amounts to an adjunction, which yields a commutative diagram in conjunction with Corollary 16,

i?;aj* (K®$a®$b) — izaj*(ia*)*ii*j*(K®$a®$b)

(3.24) l l

ifg0ya (WHE ——————> Baifa (V§)r(e) (V) pan) K
with ¢ chosen large enough so that the vertical arrows are isomorphisms. Since jg = i¥, j«(ia% )+,
there is an isomorphism
0% (lax )l ju (K @ La ® L) = 15,215 7515405 (K ® Lo @ L).
Since %, =~ % ® 4,, we may form a commutative diagram

i;aj*(ia*)*ii*j*(f(@fc) B iﬂjf(izj*(K@)ga) ® Lyy)

! |

i;;AiZA(\I/?)F(ﬂ/)(\IJ ) (a*)K E— 1 (\ija)F(,B’)laA(“II?)F(a*)K'

A diagram chase shows that the composition of the arrows in the above diagrams lines up with
the construction of [2, Section 2.10], thus proving the relevant commutativity. ([

In the case of the Beilinson-Drinfeld Grassmannian, we assert that the hypotheses in the
previous theorem that use Conjecture 7 are already known in the product situation and can be
transported along proper pushforward and smooth pullback, as in the construction of Satake
sheaves. Thus, we may state the following corollary without relying explicitly on Conjecture 7.

Corollary 19. The isomorphisms in Proposition 6 and [2, Theorem 3.2] agree.
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Proof. The Satake sheaves Sv,x...zv;,, on a Beilinson-Drinfeld Grassmannian over AT with para-
horic ramification along a point 0 € A', satisfy the assumptions of Proposition 18, so all the
arrows in Proposition 18 are isomorphisms. The universal local acyclicity property is a theo-
rem of Richarz [15]. Gaitsgory’s theorem that the local Galois group acts unipotently on central
sheaves [7, Proposition 7] allows us to write (V) p() K as the full nearby cycle. Gaitsgory’s work
on central sheaves allows us to write the object i*4 (V) p(a) K as SwXZ | ga—1(x)~r On the special
fiber of the Beilinson-Drinfeld Grassmannian Grg, 1 x 47 (G2 x 0), where W, = Rjea—1(q) Vi and

V@ NP .. @V, where {p1,...,pn} = a~}(x) n P, considered as a constant sheaf
(with monodromy automorphisms). When we shriek extend to the Beilinson-Drinfeld Grass-
mannian Grg,; x 4» A9, the proof of the W-factorizability from [18, Proposition 3.14] generalizes
to handle this case as well. (]
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