





Journal
0

Singularities

Volume 5
2012

Proceedings of the International Conference on Singularity Theory and
Applications
Hefei, China, July 25-31, 2011

Editor:
Laurentiu Maxim

ISSN: # 1949-2006



Journal of Singularities

Managing Editors:
Victor Goryunov

Lé Dung Trang
David B. Massey

Associate Editors:
Paolo Aluffi

Lev Birbrair
Jean-Paul Brasselet
Felipe Cano Torres
Alexandru Dimca
Terence Gaffney
Sabir Gusein-Zade
Helmut Hamm
Kevin Houston
[lia Itenberg
Francoise Michel
Andras Némethi
Mutsuo Oka

Anne Pichon
Maria Ruas

José Seade

Joseph Steenbrink
Duco van Straten
Alexandru Suciu
Kiyoshi Takeuchi

(©2012, Worldwide Center of Mathematics, LLC






The International Conference on Singularity Theory and Applications was held at the
University of Science and Technology of China (Hefei, China), during July 25-31, 2011.
The conference was focused around recent developments in Singularity Theory, including
topics such as: fundamental groups of algebraic varieties, topological and Hodge-theoretic
aspects of singularities, characteristic classes of singular varieties, etc. The meeting was
attended by about fifty participants from all over the world.

The papers in this volume cover the various subjects discussed during the conference.
All manuscripts have been carefully peer-reviewed. I would like to express my gratitude to
the authors for their contributions, as well as to the referees for the high quality job. I also
thank all the participants — especially the speakers — who made the meeting both successful
and fruitful. T am very grateful for the financial support received from the National Research
Foundation, as well as from the Department of Mathematics of the University of Science
and Technology of China. Last, but not least, I would like to thank Xiuxiong Chen and
his staff for a flawless organization of this conference.

May 2012
Laurentiu Maxim, Editor
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MULTIDIMENSIONAL RESIDUE THEORY
AND THE LOGARITHMIC DE RHAM COMPLEX

A.G. ALEKSANDROV

Abstract. We study logarithmic differential forms with poles along a reducible hyper-
surface and the multiple residue map with respect to the complete intersection given
by its components. Some applications concerning computation of the kernel and image
of the residue map and the description of the weight filtration on the logarithmic de
Rham complex for hypersurfaces whose irreducible components are defined by a regular
sequence of functions are considered. Among other things we give an easy proof of the
de Rham theorem (1954) on residues of closed meromorphic differential forms whose
polar divisor has rational quadratic singularities, and correct some inaccuracies in its
original formulation and later citations.

Keywords: logarithmic de Rham complex; regular meromorphic forms; multiple
residues; complete intersections; weight filtration

CONTENTS

[nfroductionl

.

The logarithmic de Rham complex]

2. Logarithmic forms with poles along reducible hypersurfaces

|3. A decomposition of meromorphic forms along complete intersections|

[A7"The multiple residue map|

[5.__Regular meromorphic differential forms|
|6. !]u tiple residues of ogarltﬁmlc forms|

|8. I 1;16 weight filtration|

osed differential forms and the image ot the residue map|

[References]

INTRODUCTION

o Ut W W =

Nej

13
14
17

The term “residue” (together with its formal definition) appeared for the first time in an article by
A. Cauchy (1826), although one can find such a notion as implicit in Cauchy’s prior work (1814) about
the computation of particular integrals which were related with his research towards hydrodynamics.
For the next three-four years, Cauchy developed residue calculus and applied it to the computation of
integrals, the expansion of functions as series and infinite products, the analysis of differential equations,
and so on.

Though it was already transparent in the pioneer work by N. Abel, a major step towards the elabo-
ration of the residue concept was made by H. Poincaré who introduced in 1887 the notion of differential
residue 1-form attached to any rational differential 2-form in C? with simple poles along a smooth
complex curve. Such rational form can be considered as the simplest prototype of differential forms
called logarithmic in the modern terminology. Subsequently E. Picard (1901), G. de Rham (1932/36),

2010 Mathematics Subject Classification. 32525, 14F10, 14F40, 58 K45, 58K 70.
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2 A.G. ALEKSANDROV

A. Weil (1947) obtained a series of important results about residues of meromorphic forms of degree 1
and 2 on complex manifolds; such developments were associated with cohomological ideas, leading to
the formulation of a cohomological residue formula, and therefore to explicit computations of integrals
of rational forms (in the spirit of Cauchy or Abel) along cycles.

Among other things Poincaré has also proved that the residue is, in fact, a holomorphic 1-form. A
simple generalization of his construction to the case of a complex analytical variety M of dimension
m > 2 leads to the following exact sequence of Oys-modules

rés
0— Q) — QN (D) — QR — 0,

where Qf; (D) is a sheaf of meromorphic differential forms of degree m on M with poles of the first order
on the smooth divisor D C M, and QF; and Q’Bil are sheaves of regular holomorphic forms on M and
D of degrees m and m — 1, respectively.

In the fifties further cohomological ideas were pursued by G. de Rham (1954) and J. Leray (1959)
who defined and studied residues of d-closed C*°-regular differential forms on the complement M \ D
with poles of the first order along a smooth hypersurface D in complex manifold M. Thus, for any such
g-form w there exists locally the following decomposition

dh

where h is the germ of a holomorphic function determining the smooth hypersurface D, and £,n are
germs of regular forms. Moreover, the restriction of £ to D does not depend on a local equation of the
hypersurface; it is globally and uniquely determined and closed on D. The differential form & } p Is called
the residue-form denoted by rés(w). If w is holomorphic on M \ D, then the differential form §’D is
holomorphic on D.

In 1972, J.-B. Poly showed that Leray decomposition as well as the residue form are determined
correctly for the so-called semi-meromorphic forms (not necessarily closed) if both they and their total
differentials have poles of the first order along D (see [I6]). Such meromorphic forms were called by
P. Deligne (1969) differential forms with logarithmic poles along Dj; in fact, he considered the case of
divisors with normal crossings. The corresponding coherent sheaves of Op/-modules are denoted by
Q%,(logD), ¢ > 1. It is not difficult to see that in these notations there are exact sequences of Ops-
modules

rés
0— Q9 — Q% (logD) — Q4" — 0,

where Q%_l, q > 1, are sheaves of regular holomorphic differential forms on D.

In 1977, making use of decomposition with a multiplier, K.Saito introduced the notion of residue
res.(w) for a meromorphic form w on M with logarithmic poles along a reduced divisor D with arbitrary
singularities (see [19]). Somewhat later the author proved (see [I], |2]) that in this case for all ¢ > 1
there are exact sequences

res.
(2) 0— Q% — Q%,(log D) — qu’l — 0,

where w,, ¢ > 0, are sheaves of regular meromorphic ¢-forms on D. Further generalizations of these
results are investigated in [3], [4].

For completeness it should be remarked that the original concept of residue is, in fact, a local notion;
the classical local residue is given by a variant of Cauchy formula for several complex variables. In
the focus of the global theory of residue is the residue formula. For rational differential 1-forms defined
on a compact complex algebraic curve it is one of the fundamental results in the classical analytic and
algebraic geometry (see [2I]). In the multidimensional case, that is, for meromorphic differential m-forms
given on an m-dimensional complex manifold many variants of the residue formula in various situations
and different contexts are known (see, for example, [§]). Such a form w is closed, dw = 0, by reason of
dimension. In this case only meromorphic forms with polar singularities, namely logarithmic differential
m-forms, enter non-trivial contributions in the residue formula.

The paper is organized as follows. In the first two sections some elementary properties of logarithmic
differential forms with simple poles along a divisor are considered. Then in the third and fourth sections
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we discuss properties of multiple residues of logarithmic differential forms with poles along reducible
hypersurfaces. In particular, it is proved that the residue map determines exact sequences similarly
to the above for divisors whose components are defined locally by regular sequences of function
germs. The proof is based essentially on the theory of logarithmic and multi-logarithmic differential
forms and some properties of the multiple residue studied earlier in [I], [2], [3]. In the next two sections
the kernel and image of the multiple residue map are described. Some applications are considered in two
final sections, then the obtained results adapt for computing residues of logarithmic differential forms
of principal type and for description of the weight filtration on the logarithmic de Rham complex for
divisors whose components are defined by a regular sequence of functions. In particular, this allows
to compute the mixed Hodge structure on cohomology of the complement of divisors of certain types
without using theorems on resolution of singularities or the standard reduction to the case of normal
crossings. Among other things in Section [7] we also give an easy proof of the well-known theorem goes
back to de Rham (1954) which asserts that the residues of closed meromorphic differential forms whose
polar divisor has rational quadratic singularities are holomorphic on the divisor, and correct also some
inaccuracies in its original formulation and later citations.

The author thanks the organizing committee, especially Laurentiu Maxim for a complimentary in-
vitation to participate in the conference as well as all colleagues from Mathematical Department of
the University of Science and Technology of China for well provided and excellent organization of this
unforgettable meeting.

1. THE LOGARITHMIC DE RHAM COMPLEX

Let S be a complex analytical variety of dimension m > 1, and z = (z1,. .., 2m) be a local coordinate
system in a neighborhood U of the distinguished point € U C S. Further, suppose that a hypersurface
D C S is defined by a function h € Oy. We will also assume that h has no multiple factors so that the
hypersurface D is reduced, that is, the divisor D does not contain multiple components.

Let w be a meromorphic differential g-form on U with poles along D. Then w is called logarithmic or
g-form with logarithmic poles along D if hw and hdw are holomorphic on U.

Let us also denote by S = (S, z) = (C™,0) the germ of S at the distinguished point x. For simplifica-
tion in the record identical notations for the spaces and their germs at this point are often used without
additional comments when the sense is clear from the context. Throughout the paper we also use the
term divisor for (locally principal) Cartier divisors D in a manifold.

The localization of the concept of logarithmic forms leads to the definition of Os,,-module QF , (log D)
which consists of the germs of meromorphic g-forms on S with poles along D such that hw and hdw are
holomorphic at the point z, that is, h - Q‘é’x(log D) C Q%’x and h - dQ%’m (log D) C Q‘é:‘;l. Evidently, the
second condition is equivalent to the inclusion dh A Q%’x (log D) C Q%Txl. The corresponding coherent
analytic sheaves of logarithmic differential forms are denoted by Q% (log D), ¢ > 0. It should be remarked
that Q¢,(log D) = Osa(dz1 A ... A dzm/h). By definition, Q%(log D) = Og, and there are natural
inclusions Q¢ C Q%(log D) for all ¢ > 1 which are, in fact, isomorphisms Q% , = Q& (log D) for all
x ¢ D.

The family Q%(log D),q > 0, endowed with differential induced by the de Rham differentiation d
of Q% defines an increasing complex called the logarithmic de Rham complex. Further, the sheaves of
logarithmic differential forms are Os-modules of finite type, and their direct sum @4 Q% (log D) forms
an Og-exterior algebra closed under the action of d.

Recall that Og-module of vector fields logarithmic along D C S consists of germs of holomorphic
vector fields V € Der(Os) on S such that V(h) belongs to the principal ideal (h)-Og. In particular, V
is tangent to D at its non-singular points. This module is denoted by Derg(log D). There is a perfect
pairing

Ders(log D) x Qg(log D) — Os

induced by the contraction of differential forms along vector fields (see [20]).
Let us also remark that in general Q%(log D) % A?Qg(log D). However, for all ¢ > 0 there exist
natural inclusions A? Qg(log D) — Q%(log D). All these inclusions are isomorphisms if Q% (log D) or,
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equivalently, Derg(log D) is locally free. In this case D is called the free hypersurface or Saito free
divisor.

2. LOGARITHMIC FORMS WITH POLES ALONG REDUCIBLE HYPERSURFACES

Let D = Dy U...U Dy, be any irredundant (not necessarily irreducible) decomposition of a reduced
divisor D. It is clear that there are natural inclusions
k
> Qi(log Di) = Q% (log D), ¢ > 0.

i=1
Analogously, if D; is the union of all elements of the decomposition excluding D;, that is, a =
D1U...UDi,1UDi+1U...UDk, then
k —_
> Q4 (log D;i) < Q% (log D),

i=1
and Q§  (log D;) = Q%  (log D) are isomorphisms for all x € D; \ (D; N E), and so on.

Claim 1. Assume that divisors D, defined by function germs h;, i = 1,...,k, are components of a
locally irredundant decomposition of D. Then there is a natural isomorphism

Ders(log D1) N ...N Derg(log Di) 2 Derg(log D).

PrOOF. It is clear, that the left side of the relation is contained in the rightist. Conversely, take
V € Derg(log D). Then V(h) = Zle(hl B hi)V(h;i) = fh, where f € Os. After division by h; the
both part of the latter equality one obtains that the function (hq - - - B hi)V(hi)/h; is holomorphic,
that is, h; divides V(h;). Hence, V(h;) € (h;)Os, i =1,..., k. QED.

The following assertion one may consider as a dual variant of the above statement.

Claim 2. Under the same assumptions let us suppose that Qg (log D) is generated by closed forms. Then
one has an isomorphism
Qs(log D1) + ...+ Q5 (log Dy,) = Qg (log D).

PrOOF. Due to Theorem 2.9 from [20] the conditions of closeness of generators of Q(log D) is
equivalent to the isomorphism S°F_| O dh}ii + 0% =2 QL (log D). On the other side, dhhii € Q3 (log D;) and
there is a natural inclusion Zle Q4 (log D;) — Qx(log D). This completes the proof. QED.

Proposition 1. Under assumptions of Claims above there exist natural inclusions
hiQ%(log D) C Q%(log D;), dhs AQ%(log D) C Q% (logDy), i=1,... k.

In other words, the external product by total differentials dh; as well as multiplication by functions h;
7dissipates” poles of w € Qg (log D) located on D;.

PROOF. Let us first examine the case k = 2. Let us set i = 1, then take x € D; N D2 and show that
h2Q%(log D) C Q%(log D1). By assumptions, hi(how) = hw € Q%. Further,

dh N (hzw) = hadhi N (hzw) + hidhs A (hzw) = hadhi N (hzw) + dha A (hw)

Since the differential form dhAw is holomorphic then dh A (how) is also a holomorphic form. Analogously,
dha A (hw) € Q% and, consequently, hadhi A (how) = h2dhi Aw € Q%. Set dhi Aw = ﬁ/hg, where 9 € Qg.

Let us note that dhhll € Q%(log D), so that % Aw € Qg(log D) in virtue of A-closeness. Therefore,

dh—hll Aw = hll’%h% € Q%(log D), that is, h% € (h)Q%(log D) C Q%. Hence, ¥ € (h2)Q% and dhi Aw = ¥ /ha,
where ¥’ € Q%.

Thus, ha(dh1 Aw) = dh1 A (how) € Qg, that is, dh1 A (how) is a holomorphic form. It does mean that
haow € Q% (log D1). This completes the proof of the first inclusion.

The second inclusion can be proved in the same style. Really, hi(dhs Aw) is a holomorphic differential
form because it is equal to the difference dh A w — hadhi A w, where the first form is holomorphic by
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assumptions, while the holomorphicity of the second form is established similarly to the proof of the
first inclusion. Further,

dhy A (dhe Aw) = d(hidha A w) + hi(dh2 A dw).
Since the form hjdhs A w is holomorphic then its total differential is also holomorphic. At last,
hi(dh2 A dw) = dh A dw — ha(dh1 A dw).

The differential form dh A dw is holomorphic by hypothesis since the external algebra Qg (log D) is closed
relative to the de Rham differentiation d, so that dw € Q%(log D). As in the proof of the first inclusion
one obtains that h2(dhi Adw) is a holomorphic form. This implies that hi (dha Adw) as well as hq(dha Aw)
are holomorphic forms. Thus, dhas Aw € Qg(log D1) as required. The general case k > 2 is considered
analogously. QED.

REMARK 1. By the same reasonings one can see that for all j =1,...,k there are inclusion

(ha by hi)Q%(log D) € Q%(log Di),  d(ha -+ hi -+ hy) AQ%(log D) C Q¥ (log D;).

Similar relations are also valid for divisors obtained by the exclusion of any collection of components of
the decomposition.

Claim 3. Assume that components D;, i = 1,...,k, of an irredundant decomposition of a reduced divisor
D are defined locally by elements of a regular Og-sequence (hi,...,hy). Then

Q%(log D1) N ... N Q%(log Dy) = Q2,
and there is an exact sequence of complexes

0— Q% — @ Q%(log D;) — > _ Q% (log Di) — 0

ProOF. It is sufficient to prove the first relation. Clearly, the right side of the relation is contained
in the leftist. Conversely, let us take a differential p-form w from the left side. Then (h1---h; - hi)w €

Q% i=1,...,k. Hence,w € 792, or, equivalently, hw € (h1)Q%N...N(hy)Q%. Elementary
properties of regular sequences 1mp1y that the latter intersection is equal to (hq - - )Qg, that is, w € Q3.
QED.

3. A DECOMPOSITION OF MEROMORPHIC FORMS ALONG COMPLETE INTERSECTIONS

Let D = Dy U...U Dy be a reduced reducible hypersurface. We will denote the Os-modules of
meromorphic dlfferentlal g-fo forms, ¢ > 1, formed by differential g-forms with simple poles and with poles
of any order on the divisor D =D1U...UD; 1UD1+1U .UDy, by Q4 (D ) and by Q4% (*D ),i=1,...,k,
respectively. When k = 1 we set D; = (), so that Q%(Dl) = QS(*Dl) = QL.

Let us further assume that the complex analytical space C'= Dy N...N Dy is a complete intersection.
This means that the ideal J defining C' C U is locally generated by a regular Oy-sequence (h1, ..., hx)
and dimC' = m — k > 0. We also suppose that C' = Cleq is a reduced space when dim C' > 0. In other
words, the ideal 7 = v/J is radical. In particular, these conditions imply that the differential k-form
dhi1 A ... Adhy is not identically zero on every irreducible component of C. The following statement and
its proof are slightly changed versions of considerations from [3], [4].

Theorem 1. Suppose that in a neighborhood U of x € C all irreducible components D;, i = 1,... )k,
of D are defined by elements of a reqular Oy-sequence (hi,...,hi). Assume also that a meromorphic
differential form w € QF, (D) satisfies the following conditions

k
(3) dhj Awe Y Qi (D), j=1,... .k

i=1
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Then there is a holomorphic function g, which is not identically zero on every irreducible component
of the complete intersection C, a holomorphic differential form & € Q‘gj_k and a meromorphic q-form
ne Zle Q% (D;) such that there exists the following representation

dm dhy,

PROOF. In a neighborhood of x € U the differential form w is represented as follows:

1
w = m Z OJ(Z)'CZZ]7

[I|=q

where I := I? = (i1,...,4q), 1 < id1,...,ig < m, is a multiple index, dzr = dzi; A ... Adz,, and
ar(z) € Oy is the set of coefficients, skew-symmetric relative to I. It is clear that conditions are
equivalent to inclusions

k
dh; AN ar(z)-dzr € Y he QT j=1,...k
I

=1

These inclusions give us the following system of relations between the coefficients a; and the partial
derivatives of h; :

q
_1 Ohj .
(5) > (-1 1327 api, = bjrhi + . 05 b, G=1,.k,
=1 *e
with holomorphic functions bjl-l, ey b?l e Oy.

Let us fix a multi-index J? = (j1,...,7p), 1 < j1,...,4p < m, 1 < p < k, and denote the corresponding
minor of Jacobian matrix Jac(hq, ..., hi) = ||0h:/0z;|| by

Ajgp = 5j1,_.jp = det H8er e
We will prove by induction on index p that the following relations are valid:
19
(6) Ajrars = Z Sgn<K7lq\K>AKa(Jp,Iq\K) (mod(ﬂ)), p=1,...,k,
KCI4,|K|=p

where J C Oy is generated by the regular sequence (hi, ..., hx).
First let us assume that p = 1 and set J' = j1 = 4, I = (4,I%) = (4,41, ...,4q) in formula . Then
one gets the following relation

Ohy _ 1 -1 Ohy
—_—ara = ;(—1) D21, ar\q, (mod (j)),
which coincides with relation @ for p = 1.

Let us suppose that @ is true for p — 1 and prove it for p as follows. The cofactor expansion of

determinant A jr along the p-th row gives the identity:

P

Ajpa[q = Z(—l)pie % Ap71¢ arq.

— 82][ J1.--Je--Jp

By the induction hypothesis there is the congruence

Iq
B rngy 01 = Z S8\ K7, 19\ K Axrag, 5 gy 1aviry (m0d (9)).

K/cr1q
|K/|=p—1
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Let us substitute this expression in the previous identity. Changing then the order of summation, one
obtains

_ I 5 —¢ Ohy
Agraje = Z sgn <K’,Iq \ K’) Agr Z(—l)l’ azjz a(jlmjAg“Ajp,Iq\K') (mod (j))

K'cr14 (=1
|K'|=p—1
The second sum consists of p terms containing in formula with j =p, I = (j1,...,7p, 17\ K').
It is not difficult to rewrite this expression in the form of the sum which contains the remaining
q — p+ 1 terms with opposite signs and an element from the ideal (h1,...,h;)Ou. Hence, one obtains
the congruence modulo J :

I 1 i 1\k") Oh
(7) Agrajs = Z sgn <K’ T4 \ K/> AK,(_l)P Z (_1)#(z \ )T;a(jl“‘jpﬁ T\K'\i))

K/CI4 ’ ieI\K' ¢

|K/|=p—1

where #(i; I\ K') is equal to the number of occurrences of the index i in the set I\ K’. At last, let us
put in order all pairs (K',7) in such a way that the multi-index K’ U {i} coincides with the given one
K C I. For any such pair the corresponding coefficient a(j, . j,, rnx\i) is equal to a(j, 1\ k). Then the
contribution of the above ordered set to relation @ is equal to the following:

_ 17 i i) Oh
a(JpJq\K)(il)p IZSgn<K\i Lo\ K Z> (71)#(71\(1(\ ))87;7 Agvi =
ieK ’ ’ v

I
= sgn K, 11\ K ajr 19\K Axk.

This completes the proof of relation (6) for p > 1.

It remains to show that it is possible to choose the function g in such a way that g #Z 0 on each
irreducible component of the complete intersection C. For this we examine ideal § of the ring Oy
generated by all minors A;; . ;, of the maximal order of Jacobian matrix Jac(hi,...,hi). Since dhi A
... A\ dhy, does not vanish identically on each irreducible component of the complete intersection C,
then the image § of the ideal G in the ring O¢ o is not equal to Ann O¢ . Thus, it is possible to use
Theorem 2.4. (1) from [6] which yields that Oc¢,o-depth of the ideal § is not less than one. Hence, there
is an element g € O¢,o with the property required by Theorem |1} QED.

REMARK 2. It is not difficult to verify that formula @ implies the following identity

Niy iy Y ardzr =dha A Adh A (Y ag i dzr) v,

[1]=q |I"|=q—k

where v € Zle h;jQ7F. Therefore, by analogy with the case of hypersurface (see [20], Lemma (2.8))
the maximal minors of Jacobian matrix Jac(hi, ..., h) can be considered as universal denominators for
the complete intersection C.

If m = k, that is, dim C = 0 and C is non-reduced then the latter formula implies that there exists
representation with a function g equal to an element of the one-dimensional socle of the local algebra
Oc¢,0 generated over the ground field by the determinant of the Jacobian matrix Jac(h) (see [23]). In
this case the notion of multiple residue of meromorphic differential forms of degree m coincides with
the so-called multidimensional residue; in the context of Grothendieck local duality theory it can be
expressed in terms of projection of elements of a certain finite dimensional vector space to this socle (cf.

8])-

Corollary 1. Let w € Q%(log D) be a differential form with logarithmic poles along a hypersurface
D and let C = D1 N...N Dy be a complete intersection. Then there exists representation with a

differential form n € 3.F_ Q% (log E)
PrOOF. Since for the logarithmic form w conditions are fulfilled in virtue of Proposition (1| from

—

Section [2| then there is decomposition with n € Zle Q% (D;). For the sake of simplicity, let us
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examine the case k = 2. Then n = n1/h1 + n2/h2, where n1,72 € Q‘[ZJ. Taking the external product by
dh of both parts of representation 7 one concludes that the differential form

dh dh
dh A =dh A (B + Y = dho Ay + dha A+ ha S Ay 4+ ha T2 A
hi  he h1 ha
is holomorphic. Hence, the sum of the both last terms is also holomorphic. Now let us reduce all the

terms of the sum to the common denominator. This gives the inclusion
h3(dhi A1) + hi(dha A1) € (h1h2)Q%,

i.e., h3a + hiB = hihay, where , 3,7 € QY. Therefore, h3a + (h18 — hay)h1 = 0. Since (h1, h2) is a
regular sequence, then, comparing the coefficients of the corresponding form for every fixed collection of
differentials, one obtains that o = h1a’, o’ € Q%. Hence, dhi An1 € (h1)QY, that is, 71 /h1 € Q%(log D1).
By the same reasonings one can check that n2/h2 € Qg(log D2). The general case k > 2 is investigated
analogously. QED.

Corollary 2. Under conditions of Theorem representation exists if and only if there are analytical
subsets Aj C Dy, j = 1,...,k, of codimension not less than 2 such that the germ w at any point
x € Ule(Dj \ Aj;) belongs to the space

k
dh dhi _ —
i=1

PrOOF. Taking A; = D;N{g =0}, j =1,...,k, one obtains the decomposition of Theoremwhich
implies the desired statement.

The converse is true in view of the following reasonings. If there exists representation for a
meromorphic form w, then hw is, in fact, holomorphic outside of subsets A, C D;, i = 1,...,k, of
codimension not less than 2. Consequently, according to Riemann extension Theorem, the differential
form hw is holomorphic everywhere so that hjw € QF, (B\J), j=1,... k.

Further, dh; A w is represented as the sum of meromorphic forms w;, each of which is singular not
more than on k — 1 components of divisor B\Z and on the subset A; C D; of codimension not less than 2.
Again, applying Riemann Theorem to (hy - - - f/L\Z -+ hi)w;, one obtains that the differential form w; has
singularities only on D;. As a result dhj Nw € Zle Q%(EL j=1,...,k. QED.

REMARK 3. If one takes a decomposition of a reducible divisor D of length k = 1, so that C' = D,
then representation (4 looks like this

dh .
9) ngf/\ﬁ-i-n, &,m € Qy;

it coincides with representation of the basic lemma by K.Saito (see [20], (1.1), i)).

4. THE MULTIPLE RESIDUE MAP

Let us now discuss the concept of multiple residues of meromorphic forms which satisfy conditions of
Section [3] In notations of Theorem [1]it is not difficult to see that the function g from representation
is a non-zero divisor in Oso/(hi,...,ht)O0s,0 = Oc,0. Therefore the restriction of the form £/g to the
germ of complete intersection C' = D1 N...N Dy is well-defined.

DEFINITION 1. The restriction of differential form £/g to the complete intersection C' is called the
multiple residue of the differential form w; the corresponding map is denoted by Resc, so that

Resc(w) = g .
9lc
REMARK 4. The multiple residue of w is contained in the space Mc ®o, Qqc_k = Mg Qog Q‘gk,

q > k, where C is the normalization of C.

Proposition 2. The multiple residue map is well-defined, that is, its values do not depend on represen-

tation .
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PROOF. Let us assume that ¢ > k and a differential g-form w have two local representations

‘c]gw:dh—hll/\.../\Glh—h:/\.&—i—ne7 {=1,2.
Then
dhi Ao Ndhi A (g1€2 — g261) = ha - - hi(gim2 — gam) € (ha, ..., hi)QE.
Consequently,

dhi A ... ANdhg A\ (9152 — 9251) =0 (mod (hl, cey hk))
Then the first part of the main Theorem from [18] (the generalized de Rham Lemma) with R = O¢p,
M:Q}S)O(X)OC,Q, €; = Zi, 1= 1,...,m, Wy :dh]',j: 1,...,k,p:q—k ZO, implies that
G (g162 — g261) Cdh AQEL T+ 4 dhe AQE T 4 (B, he)QE S, e €2y,

where the ideal § C 0Os,0 is generated by all minors A;, .., of maximal order of Jacobian matrix
Jac(hi,...,hx). As in the end of the proof of Theorem We note that the image § of the ideal G in the
ring Oc,o is not equal to Ann Oc¢ o, since the germ C' is reduced. Therefore Oc o-depth of the ideal § is
not less than 1. Consequently, there is an element A € §, a non-zero divisor in O¢,p such that

Ae(glfg - 9261) € dhy A Qqs;)kil +...+dhe N Qquokil -+ (hl, e hk)QqS;)k
Therefore the class of the element A®(g1€2 — g2&1) in QqCTOk is equal to zero. It does mean that both

1 1 _
elements —¢&; and —&2 determine the same class in Mc,0 Qo , Qqc Ok. QED.
g1 g2 ’ ’

Lemma 1. The kernel of the multiple residue map coincides with the space S5, Q'S(/D\Z)

ProoOF. It is clear that the kernel contains this sum. It remains to prove the converse inclusion.
Suppose that Resc(w) = 0 for a certain ¢g-form w, ¢ > k. Then there exists a function g in representa-
tion of Theorem [1| such that the restriction of meromorphic form £/g to C vanishes. Consequently,
E=g>"hi& + > dh; NEL), where &;, & € QF, and

1 .
hw =dha A ... Ndhi A (D hi&) + g(z hini), mi € Q%.

Since hw and the first term in the right side of the identity are holomorphic, then g divides > h;n; in
Q%, that is, gno = >_ hini, no € N%. On the other hand, (h1,...,hx) is a regular sequence and ¢ is a
non-zero divisor in Oc = Og/(h1,...,hi)Os. Therefore, examining coefficients of the differentials dzy
in the coordinate representation of the holomorphic form > h;n;, one obtains that no € (h1, ..., ht)Qs.
This yields w € 3%, Q%(D;). QED.

5. REGULAR MEROMORPHIC DIFFERENTIAL FORMS

Let M be a complex variety, dim M = m, and let X C M be an analytical subset in a neighborhood
of x € U C M defined by a sequence of functions f1,..., fi € Oy. We denote by Q%, ¢ > 0, the sheaves
of germs of regular holomorphic differential g-forms on X; they are defined as restriction to X of the
quotient module

Q% = Q% /(i f)QL +dfs AQE + .+ dfy /\Q‘{fl)’X

Then the usual differential d endows this family of sheaves with structure of a complex; it is called the
de Rham complex on X and is denoted by (Q%,d).
Throughout this section we assume that X is a Cohen-Macaulay space and dim X = n. Then

wi = Extgy’ " (0x, Q%)

is called the Grothendieck dualizing module of X.
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DEFINITION 2. For any ¢ > 0 the coherent sheaf of Ox-modules w% is locally defined as the set of
germs of meromorphic differential forms w of degree ¢ on X such that w An € wk for any n € Q% % In
other words (see [9]),

w2 Homo , (%%, wi) 2 Extg " (%9, Q7).

Elements of w% are called regular meromorphic differential g-forms on X. There are also other equiv-
alent definitions of such forms in terms of Noether normalization and trace (see [13], [5]), in terms of
residual currents (see [3]), and so on. Here are some useful properties of regular meromorphic differential
forms.

1) w% =0,if ¢ <0 or ¢ > dim X;

2) w% has no torsion, that is, Torsw% =0, ¢ > 0;

3) de Rham differential d acting on w% is extended on the family of modules w%, 0 < ¢ < n, and
endows this family with structure of complex (w%, d);

4) there exists an inclusion w% C j.j"Q%, where j: X \ Z — X is the canonical inclusion and
Z = Sing X; moreover, if X is a normal space, then w% 2 j,j°Q%;

5) if : X — X is a finite morphism of the normalization of X, then the mapping of direct image
T : w}{ — w¥ is injective; if moreover the germ of the normalization is smooth and the codimension of
the set of points, in neighborhood of which 7 is a local isomorphism, is not less than two, then mapping
. is surjective (see [5]). This means that w} and wk are isomorphic and, in particular, Q% = w¥.

6) if X is a simple rational singularity of type Ay, Dy, E¢, E7 or Fs, then the complex (wk,d) is
acyclic in positive dimensions (see [11]), that is, w% is a resolution of the constant sheaf Cx.

Let us now assume that X = C is a complete intersection given by a regular sequence of functions
fi,-.., fr € Oy in a neighborhood U of a point z € C. Then n = m — k and

wz’,z = Eth}ﬂyz(OC,ﬂm Qﬁ,z) = OC,OC(WO)7

where wq is the uniquely (modulo dfi, ..., dfx) determined meromorphic differential n-form in j.j*Qg ,
for which there is a representation wo Adfi A ... Adfy, = dz1 A... Adzm in juj* (5} . ® Oc,) with local
coordinates zi,...,zm in U. Thus, the dualizing module w¢ is a locally free Oc-module of rank one.
Furthermore, there are isomorphisms of O/-modules

wg = Homo,, (57, Oc) = Eth}M Q¢ Om), 0<g<n

Changing by places the arguments of the extension group Ext”, one obtains another useful description
of regular meromorphic forms [5].

Lemma 2. Let a subspace C C M be a complete intersection. Then there is an exact sequence of
Oc-modules

k
e
(10) 0 — w? -5 Exth (0c, QIFF) — (ExtéM (Oc, Q‘}Jk“)) , q¢>0,
where wl C j.j*Q%, the morphism € is the multiplication by the fundamental class C, and the mapping
& is locally defined by E(e) = (e Adfy, ..., e Adfy).

Corollary 3. Let C = Cy U---UC, be an irredundant decomposition of a complete intersection space
C. Then there is a canonical inclusion of complexes of reqular meromorphic forms
we, @ Dwe, = we.

Proor. It is sufficient to examine the case 7 = 2. Thus, let C = C’ U C” be the union of two sets
which consist of irreducible components of C and have no common elements. One can apply the functor
Exty,, to the short exact sequence

0—0c — 0 ®0cr = Ocgracr — 0,

then use Lemma [2] and standard properties of functor Ext. QED.
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6. MULTIPLE RESIDUES OF LOGARITHMIC FORMS

As already mentioned before (cf. Corollary for logarithmic differential forms with poles along
a divisor satisfying assumptions of Section there exists representation , and, consequently, the
restriction of multiple residue map Resc to the subspace of such logarithmic forms is well-defined.

Lemma 3. Let w € Q%(logD) be a differential form with logarithmic poles along D and let C =
DiN...N Dy be a complete intersection. Then the multiple residue map commutes with de Rham
differentiation.

PRrROOF. Let us apply differentiation d to representation for w:

Corollaryimplies that the form 7 is logarithmic as well as its total differential dn. Thus, Resc (dw) =
d(§)|c. This completes the proof. QED.

The following assertion in the case k = 1 has been obtained in [I] (see also [2]); we give a proof in
general case k > 1 similarly to the proof of Theorem from [3].

Theorem 2. In notations of Section[3| let C = D1N...N Dy be a complete intersection. Then forp > k
there is an exact sequence of Os-modules

E o p — » Reso
0— >, Q%1og D) — Q%(log D) — wg ¥ — 0.

PROOF. Let us first compute the kernel of the restriction of the multiple residue morphism Res¢c to
Q% (log D). In view of Claim [3|from Section |2 and Lemma from Section 4] it is sufficient to verify that
for all j =1,...,k one has

Q5 (log D) N Q5(D;) = Q3 (log D;).
Since Qg(log B\J) C Q%(log D) then the right side is contained in the leftist. To prove the converse
inclusion we examine in detail the case k = 2. Thus, take w € Qfg(a) = Q%(Ds) = %Qg, that is,
w=¢&/ha. If w € Q%(log D), then hw = hi1& € Q% and

dh Aw =dhi A&+ dhe A (hw) € Q5.

This implies that dhe A (hiw) € Q%, that is, dhe A (h1€) € (h2)Qg. Therefore, hidha A § = han, where
n € Q%. Since h; and hs form a regular sequence, then, comparing coefficients of the differential forms
dha N € and 7, one obtains that hq divides n, and, therefore, dha A € € (h2)Q%, dha Aw € QF, that is,
w € Q(D2) = Q:g(ﬁl) as required. The general case k > 2 is analyzed analogously. QED.

Now we are going to describe the image of morphism Resc, following the scheme of the proof from
1], § 4. Thus, it suffices to check everything locally. Let us first note that the image of Resc is an
Oc-module, since in view of Proposition |1] of Section [2| there are inclusions h;Q%(log D) C Q?S(logl/);)
for all j = 1,...,k. In particular, the ideal J = (h1,..., hi) annihilates this image. Further, Remark 2
yields that

N, ..ip, - Resc Q% (log D)|U - ngk|CmU’
for maximal minors Aj, 4, , (i1,...,%) € [1,...,m] of Jacobian matrix Jac(hi, ..., hx). Since wg o =
Oco(dziA...ANdzptk/dhi A...Adhy), then by definition of regular meromorphic forms one obtains that
Resc (Q% ,(log D)) C Q‘éfok. Let now Ke(h) be the usual Koszul complex associated with the regular
sequence h = (h1,...,hg) :

dg—1 dy k-1 do d_y
0— Os7o<60 VAR 6k71> _ ... — ZOS,Q<€Z'> e Os,o —_— OC,O — 0,
=0
where g{k(ﬁ) = OS,O<€O FANAAN ek,1>, e fK1(h) = OS’0<60> + ...+ OS,0<€k—1>7 Ko(h) = OS,O, do(ei) =

his1,i=0,...,k—1,d_1(1) = 1.
The dual exact sequence implies an isomorphism

Exté g (0c0, Q%) = Homog o (K (h), Q&4")/d* " (Homo o (Kk-1(h), Q).
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Thus, any element from the space Ext’és ,(Oc0, Q?’LOI) can be represented as a Czech (k — 1)-cochain

(more precisely, as a (k — 1)-cocycle) as follows:

v 1y Ay rk—1 1
e € Homog , (Ku(h), Q%) = Oy (Q5),
where v € Qqsﬁ)l. Let us consider an element v € Qqsﬁ)l such that the meromorphic form
v )
m/\dh] EEthS,O(OC’()’ Q%-:)Q), J = 17...,](}7

corresponds to the trivial element.
This means that for any 5 = 1,..., k the differential form v Adhj/hi - - - hy is determined by a certain
element from the space d"~* (Homog , (Kr—1(h), Q‘gf)). Hence, one gets

k
vAdhy €Y hQLT j=1,...k
=1

or, equivalently,

k
wAdhj € ;Q?Z(Di), j=1,...,k, where w= o he
As a result, the differential form w satisfies conditions of Theorem [l It remains to use exact se-
quence of Lemma as follows.

Let # = €@ *(v/h1---hg). Then €(#) corresponds to Czech cocycle v/hy ---hy such that v = & A
dhi A--- Adhg. Making use of the description for wg, in terms of multiplication by the fundamental class
C C S in exact sequence , one can take v = ¥, w = v, since €(v) corresponds to Czech cocycle w/h
such that w = v Adhi A --- A dhg. This implies

W=DAN—"AN--N—, Resc(w) = Resc Y _)=u
hy---he

Thus, for any element 7 € w?~* there exists a preimage relatively to the residue map Resc represented
by w =v/h1 - - hi such that the differential form hw is holomorphic, and dh Aw = 0. In particular, this
means that w € Qg(log D) as required. QED.

REMARK 5. In notations of Remark 3 let us take £ = 1, and C' = D. Then Resc = Resp; it is, in
fact, the residue map res. introduced by K.Saito [20]. In this case there is (see [I]) an exact sequence

res.
(11) 0— Q%4 — Q%(log D) — wh ' — 0, ¢ > 1,

supplementing diagram (2.5) of [20] from the right side. Thus, Theorem [2[ can be considered as an
extension of this sequence for the multiple residue map.

Corollary 4. Under the same assumptions there is a natural isomorphism
Hp r(Q25(log D)) = Hhp (wh),

where Hpgr is the functor of cohomologies of complexes endowed with de Rham differentiation d. In
particular, Q% (log D) is acyclic in dimensions p > 1 when D is a simple rational singularity of type Ay,
Dy, Es, E7 or Eg of dimension n > 2.

PrOOF. The residue map is compatible with differentiation d. Hence, exact sequences for all
qg > 1 are composed in the exact sequence of the corresponding complexes. This yields the desired
isomorphism. Further, it is known (see [11], Bem. (4.8), (2)) that for rational singularities the complex
(wh,d) is acyclic in positive dimensions; this implies the second part of the statement. In addition,
since the dimension of K% g (w)) is equal to the number of irreducible components of D [loc. cite, (4.1)],
then K} r(Q8(log D)) = C under our assumptions. For completeness, it should be mentioned that these
results can be also obtained by direct computations (see [10]).



RESIDUE THEORY 13

7. CLOSED DIFFERENTIAL FORMS AND THE IMAGE OF THE RESIDUE MAP

As was discussed before the image of Poincaré-Leray residue map consists of holomorphic forms on a
smooth hypersurface D; in this case Q3 and w}, are naturally isomorphic. Let us prove in the context
of the theory of logarithmic differential forms the following statement for singular hypersurfaces due to
G. de Rham [I7] (see also [14], p.83).

Theorem 3. Let D be a hypersurface in a manifold S, dim S = m > 3. Assume that Sing D consists of
isolated double quadratic points and w is a holomorphic d-closed p-form on S\ D with a pole of the first
order on D. Then the residue-form resp(w) is holomorphic at singular points of D if and only if either
p < m, or p=m and the functional coefficient of m-form w(z)h(z) vanishes on Sing D.

PROOF. At first remark, that Q% (D) = Q& (log D), and dw = 0 for all w € Q% (D). By assumptions,
for any p < m the differential p-form w € Q% (D) is closed, dw = 0. Thus, dh Aw = d(hw) is holomorphic
at x € S. That is, w is logarithmic, w € ngz(log D).

In view of Remark 3 for such differential form w there exists locally representation @D with a holo-
morphic function g, a non-zero divisor of Os../(h)Os,z, where x € Sing D and h is equal to the sum of
squares of local coordinate functions, h = 2% 4+ ...+ 22, in a suitable neighborhood of z. Moreover, hw
is a torsion element of 27, and there is an exact sequence (see [1], [2])

0— Q% , + % AQE— Q% (log D) ~" Tors Qf ., —0.
Since m > 3 and Sing D consists of isolated double quadratic points, then D is a normal irreducible
hypersurface. Hence, Tors Q%,z = 0 for all p < codim(Sing D, D) = m — 1, and for such p one has
w € % A Qg;l + Qg’x, that is, the function g in representation @ is snvertible at x. Consequently,
resp(w) = f’D is holomorphic on D.

When p = m, then w = ¢pdz1 A... Adzn/h, where ¢ is a holomorphic function germ. The vanishing
of ¢ at x € Sing D yields that hw = dh A £. Hence resp(w) = §|D, where ¢ is holomorphic at x € S and
vice versa.

It remains to analyze the case p = m — 1. In this case one has Tors Q’g;l = Qp , # 0. To be more
precise, if z1,...,2m is a local coordinate system at © € S, z = 0, then Tors Q’g;l is generated over C

by the Euler differential form 9 = Z(—l)hlze dziN... N cf;?e A...Adzm, the result of contraction of the
canonical generator of Tors Q. = QF , = C(dz1 A ... A dzp) along Euler vector field. The differential
form ¥/h is not closed, since d(9/h) = (m — 2)dz1 A ... A dzm/h. Since Op, is a domain, then all
partial derivatives Oh/0z¢, £ = 1,...,m, are non-zero divisors. Therefore one can take the multiplier in
representation @D equal to any z,. Explicit calculations show that for g = 2z, one has

m

€ = L ST (-)sgn(G-Ozda A Adz A Adz AL A dz,
J=1, £t
n o= (=1)"'der A Adze A Adem.
It is clear that z, does not divide &; hence, the differential (m — 2)-form resp(¥9/h) = §|D is not

holomorphic on D. Let us describe conditions under which a logarithmic form w = n; + % A&+ go%
with holomorphic 71,£1 and ¢, has a holomorphic residue on D. Without loss of generality one can
suppose that the above differential forms and functions are homogeneous at the distinguished point
x. If ¢ is invertible at x, then resp(9/h) = —%|D is holomorphic at z; this contradicts to the above
computations. Moreover, in such a case w is not closed. Otherwise, if dw = 0, then there is an identity

dz1 A ... Ndzm
gt DT

dh
dn — —— ANdé + (m —2) h

=0
h ’

or, equivalently,

hm —dh ANdér+ (m — 2)pdzr A ... Adzm = 0.
However, it is impossible, since h and dh vanish at x, while ¢ is invertible. Finally, let suppose that ¢
is not invertible, that is, ¢ is contained in the maximal ideal of Op .. In this case go% is contained in
ng;l + 4 A QE;Q in view of the above calculations. As a result, w has a holomorphic residue on D. In
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particular, we also obtain that all closed logarithmic (m — 1)-forms are contained in Qgﬁ;l —+ d—: A Qg’f;Q,
and, obviously, their residues are holomorphic on D. QED.

REMARK 6. It is useful to examine also the case m = 2 separately. Thus, h = 2% 4+ w?, that is, D is a
node; it is a divisor with normal crossing in a plane. The module Qé(log D) is generated by differential
forms dh/h and 9/h, where ¥ = —wdz + zdw. It is not difficult to verify that d(¥/h) = 0 in contrast
with the case m > 3 considered in the above Theorem. Furthermore, resp(¥/h) = —%|D = i‘D is
not holomorphic on D. Simple considerations show that this residue is, in fact, a weakly holomorphic
function on D, that is, it is holomorphic only on the normalization D of D. Really, changing coordinate
system, one gets h = zw, and Qf(log D) is generated by two closed differential forms dz/z and dw/w
whose residues are holomorphic on D, but not on D (see [I8], (2.11)). In fact, this phenomenon occurs
not only for divisors with normal crossings (see [loc.cite, Th. (2.9)]). Curiously that in the original
formulation of the theorem as well as in its later citations the restriction m > 3 is omitted (cf. [14], pp.
84, 103, or [9], § 5).

More generally, in a similar style one can describe the image of the multiple residue map for divisors
with normal crossings. In this case this map coincides with the multidimensional Poincaré residue
considered in [7], (3.1.5). To be more precise, residues of logarithmic p-forms along the union of any
collection D;, U ... U D;, of irreducible components of D consist of restrictions to the intersection
D;, N...N D;, of differential (p — £)-forms holomorphic on the ambient space. Hence they are regular
holomorphic on the intersection as well as on its normalization since the map of direct image m. is an
isomorphism in view of property 5) of Section

The next example is a simple modification of the above. By definition, Og-modules of logarithmic
differential p-forms of principal type Q%(D), p > 0, are defined as follows:

k P
dh;
03(D) = 05, O(D) =055 +95, Q4D) = AQK(D), p>2.
i=1 v

One can easily verify that the family Q% (D), p > 0, forms a subcomplex of the logarithmic de Rham
complex Qg (log D) closed under the external differentiation and external product by dh;/h;, 1 <i < k.
Clearly, for divisors with normal crossings the equality Q% (D) = Q% (log D) holds for all p > 0. Further,
any logarithmic form of principal type has decomposition of Theorem [1| with an invertible multiplier
g. Similarly to the case of divisors with normal crossings, multiple residues of such forms are holomorphic
on the corresponding complete intersection.

More generally, if D is a divisor such that there is an isomorphism Q% (D) = Q% (log D) for certain
p > k, then the image of the multiple residue map can be characterized as above. A special class of
such divisors considered in cohomology theory of the ”twisted” de Rham complex can be described as
follows (another examples are also studied in [15]).

Let hj, j =1,...,4, be non-constant homogeneous polynomials on S. Denote the ideal generated by
all minors A;,. ;. of maximal order of Jacobian matrix Jac(hs,,...,h;.) and polynomials h;,,...,h
by Gi,...i, C Osy0.

ir

Claim 4. Assume that for any 1 < r < min{l,m — 1}, the algebraic set defined by the ideal G, .. i,
is either empty or the origin, and h;,, ..., hi, is a regular sequence for 1 < s < min{¢,m}. Then any
logarithmic differential p-form, 0 < p < m — 2, has decomposition of Theorem with an invertible
multiplier g, and there are isomorphisms Qo (D) = Q% (log D).

PROOF. It is a slightly modified version of considerations from [12] or [I5]. QED.

8. THE WEIGHT FILTRATION

The concept of weight filtration on the logarithmic de Rham complex for divisors with normal cross-
ings on manifolds was introduced by P.Deligne [7] for computation of the mixed Hodge structure on
the cohomologies of the complement. The case of divisors with normal crossings on V-varieties was
examined by J.Steenbrink [22]. In this section we construct the weight filtration on the logarithmic de
Rham complex for divisors whose components are defined by a regular sequence of functions. In partic-
ular, this allows to compute the mixed Hodge structure on cohomology of the complement of divisors
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of certain types without using theorems on resolution of singularities or the standard reduction to the
case of normal crossings.

Let X be an analytical manifold, D C X be a reduced divisor with irreducible decomposition D =
Dy U...U Dg. It is also assumed that D has no components with self-intersections. For any ordered
collection I = (i1 -+ in), 1 <41 < ...<in <k, of length n = #(I), let us consider the following germs:

D = D(i1~-in) = Di1 U...uU Din, CI = C(ilmin) = Di1 n...N Din

We denote by C™ an analytical subspace of X given by the union of Clirin) for all permissible
collections so that ) = D, % = ¢l1%) = ¢ and so on. Let us also set Dy = C° = §.

DEFINITION 3. The weight filtration, or filtration of weights W on the logarithmic de Rham complex
Q% (log D) is locally defined as follows:

07 n<0,
9%17 ’rL:O7
W BGog D) = | X Pog D0, nzp0<pki
#(I)=p
Z Qg{,m(IOgDI), otherwise,
#(I)=n

where k, is the number of irreducible components of D passing through the point = € X.

First non-trivial elements of the weight filtration in the case k = 3.

Wo QL Qi Qi Q%

! ! !

Wi Y Qx(log Dy) 0% (logD) > Qx( D;) > Q% (log D:)

i { { 4 4

Wa > Qk(logDi) > Q% (log(D; UDy)) > Q% (log(Di UDy)) > Q% (log(Dsi U Dy))
i { { 1 1

Ws S Qk(logDi) > Q% (log(Di U Dy)) > Q% (log D) ZQS%D)

{ i ¢ ¢

Thus, W, (Q% ,(log D)) = Q% ,(log D), if n > p > k.. Further, W is an increasing filtration and, in
view of d- and A-closeness of Q% (log D), there exist the following natural inclusions

d(Wo (2% (log D)) € Wa(% (log D)),
Wi (2% (log D)) A We(Q% (log D)) € Wi(2(log D))

for all entire numbers p, ¢, n, £. It should be remarked that for any n < p the module W, (Ql)’(’x(log D))
contains all differential forms of principal type from Q% (D) considered in Section :

dh; dh; , ,
hl ~~Ah”AQ§j 1<iy<...<ie<k 1<t<n,
i1 ip
where hi,, ..., h;, are local equations of the corresponding components of divisor D passing through the

point € X. In general,
Vi (D) N5 CWo(Q% . (log D)) C Q% .(log D) ANQ5 M, n€Z, p>n.

For divisors with normal crossings two complexes Q% (D) and Q% (log D) are equal. Therefore, both
inclusions in the latter formula are, in fact, equalities and the weight filtration on the complex Q% (D)
is given as follows:

W (Q5% (D)) = Q% (D) AQE ™, n € Z.

The following assertion can be considered as a generalization of isomorphism (3.1.5.2) from [7] valid
for divisors with normal crossings to the case of divisors whose components are given by a regular
sequence of functions.



16 A.G. ALEKSANDROV

Let m: C™ — C™ be a morphism of normalization so that C™ coincides with the non-connected
sum of normalizations CU1in) for all possible collections of length n > 1. We denote by ¢ the projection
C™ in X, so that « = i o, where i: C™ — X is a natural inclusion.

Proposition 3. Let us assume that a divisor D satisfies assumptions of Theorem[I] and the morphism
of mormalization induces an isomorphism of complexes s : wé(n) = w;(n). Then the multiple residue
map

Resy : W, (Q% (log D)) — L*wé(n) [—n],
induces an isomorphism of complezes of Ox-modules

Gr) (2% (log D)) = e &y [—7).

PROOF. Let firstly note that the morphism of normalization induces the isomorphism of direct image
7, if condition 5) from Section [5|is fulfilled. Furthermore, it suffices to prove our assertion locally, for
the germ (X, z) and for all n < p.
For any ordered collection I = (i1 4n), 1 < 41 < ... < in < kg, accordingly Theorem [2| with
D = Dy there exists an exact sequence of complexes of O x ;-modules
n _ Rescr
0— Y Q% (og(Dr)i,) — Q% .(log D1) — wer ,[-n] — 0.
=1
From basic properties of regular meromorphic differential forms it follows that w%,, is isomorphic to
the direct sum wg, taking through all permissible collections I = (i1 ---i,). Further, any differential
form w € W, (2% (log D)) is decomposed into the sum of elements w; € 2% (log Dr). Let us denote the
sum of Rescr(wr) by Resg(ny (w). One then obtains an exact sequence of Ox-modules

Res )
0 — Wy _1(Q% (log D)) — Wa(Qx(log D)) —  tewmy [—n] — 0.

This yields the existence of required isomorphisms. QED.

Corollary 5. Under conditions of Proposition there are natural isomorphisms of cohomology spaces
3" (Gryy (Q% (log D)) 2 3" (wgn ) [,

where 1> 1 and 1 <n <k.

PROOF. Since the normalization 7 is finite and, therefore it is an affine morphism then
H (mewgn) 2 H (Wem), i 2 1,

and the desired assertion follows from Proposition above. QED.

REMARK 7. Analyzing a more general situation where complexes wém) and wz,(”) are non-isomorphic,
the corresponding isomorphisms in the formulation of Proposition [3]should be replaced by epimorphisms.

REMARK 8. Suppose that a (finite) group G acts on a manifold X. Then it is not difficult to verify
that the residue mapping Resc is compatible with the action of this group in the usual sense. In this
case the complex of regular meromorphic forms w$% /e on the quotient variety X /G is a resolution of
constant sheaf [IT]. Making use of simplest properties of sheaves Q% (log D), Q% and the corresponding
subsheaves invariant relative to action of G, one obtains the isomorphism of Lemma (1.19) from [22] for
divisors with normal crossings on a V-variety.

Let us examine a simple application. The canonical decreasing Hodge filtration F' on the logarithmic
de Rham complex Q% (log D) is defined as follows:

Q% (log D), n <p,
(% log D)) = { XY
0, n > p.
Suppose now that D is a reduced divisor as before and the natural inclusions
(12) > 0% (logDr) — Q% (log D)
#(I)=p
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are isomorphisms for all 1 < p < k;. Then W, (2% (log D)) = Q% (log D) for all n > p similarly to
the classical case of divisors with normal crossings (see (3.1.8) in [7]). Hence, under assumptions of
Proposition [3| one can define a natural morphism « from the complex Q% (log D) endowed by Hodge
filtration F' into the same complex with decreasing filtration W given as W" = W_,,.

Corollary 6. Under the same assumptions the above morphism « is a filtered quasi-isomorphism if
H(wgny) =0 for i # 0.

PROOF. Analogously to the proof of (3.1.8.2) in [7]. QED.

REMARK 9. Of course, for divisors with normal crossings inclusions are isomorphisms for all
p > 1. A special class of divisors with Ele QX . (log D;) = QX ,(log D) is considered in Theorem 2.9
by [20] (see Section [2])

REMARK 10. The vanishing condition of Corollary@ means that the complex of regular meromorphic
forms on the normalization C™ is acyclic in positive dimensions. Besides the case of divisors with
normal crossings examined in [7], another types of varieties satisfied this condition are known. Among
them there are rational normal complete intersections, quotient singularities of smooth varieties with
action of a finite group (see [I1]), V-varieties (see [22]), and so on.

REMARK 11. If two complexes Q% (log D) and Q% (D) endowed with standard Hodge filtration are
quasi-isomorphic (see, for example, [10]), then the morphism 8 from Proposition (3.1.8) of [7] is a quasi-
isomorphism. If additionally the condition of the previous Corollary@ is satisfied, then « is also a quasi-
isomorphism. This means that in all cases mentioned in Remark above there are isomorphisms (3.1.8.2)
of [7]:

R"5,.C 2 H"(j. Q%) 2 H" (2% (log D)),
where X is a manifold, X* = X \ D, j: X* — X is the canonical inclusion.

Further analysis shows that under standard assumptions on the ambient manifold X (smooth, Kéhler,
complete) the bifiltered complex (Q% (log D), F, W) can be used (similarly to [22], p.532) for computation
of the canonical mixed Hodge structure on the cohomology of complements H*(X \ D,C) as well as
on the local cohomology HE (X, Q% (log D)) without the using of resolution theorems or a standard
reduction to the case of divisors with normal crossings.

In conclusion we note that the differential d is strictly compatible ([7], (1.1.5)) with filtration W at
degree k + 1, that is,

dQY% (log D) N W, (5 (log D)) = d(W,.(Q% (log D)), n € Z.
Consequently, the weight filtration on the canonically truncated logarithmic de Rham complex
T>k Q% (log D)

is also well-defined; in its turn, it induces the weight filtration on the complex of regular meromorphic
differential forms on a complete intersection with the help of the multiple residue map.
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CHERN CLASSES OF FREE HYPERSURFACE ARRANGEMENTS

PAOLO ALUFFI

ABSTRACT. The Chern class of the sheaf of logarithmic derivations along a simple normal crossing
divisor equals the Chern-Schwartz-MacPherson class of the complement of the divisor. We extend
this equality to more general divisors, which are locally analytically isomorphic to free hyperplane
arrangements.

1. INTRODUCTION

For us, an arrangement in a nonsingular variety V is a reduced divisor D consisting of a union
of nonsingular hypersurfaces, such that at each point D is locally analytically isomorphic to a
hyperplane arrangement. We say that the arrangement is free if all these local models may be
chosen to be free hyperplane arrangements. It follows that D is itself a free divisor on V: the sheaf of
logarithmic differentials Q3 (log D) along D is locally free. Equivalently, its dual sheaf of logarithmic
derivations, Dery (—log D) := Q4,(log D)V, is locally free. Free hyperplane arrangements in P" and
divisors with simple normal crossings in a nonsingular variety give examples of free hypersurface
arrangements.

In this note we extend to free hypersurface arrangements a result that is known to hold for these
examples.

Theorem 1.1. Let V be a nonsingular complex variety, and let D C V be a free hypersurface
arrangement. Then

¢(Dery(—log D)) N [V] = csp(lvp)

Here, csm(Ly < p) is the Chern-Schwartz-MacPherson class of the constructible function 1y p,
in the sense of [I3], see also [9], Example 19.1.7.

For simple normal crossing divisors, the equality of Theorem was verified in [10] (Proposi-
tion 15.3) and [2]. For free projective hyperplane arrangements, it is Theorem 4.1 in [5], where it
is obtained as a simple corollary of a result of Mustata and Schenck ([I4]). Theorem will be
obtained here by considering the blow-ups giving an embedded resolution of D. Each blow-up will
be analyzed by using MacPherson’s graph construction, showing (Claim that the Chern class of
the corresponding sheaf of logarithmic derivations is preserved by push-forward. The theorem will
then follow from the corresponding behavior of the Chern-Schwartz-MacPherson class and from the
case of normal crossing divisors.

In particular, this will give an independent proof (and a substantial generalization) of the case of
free hyperplane arrangements treated in [5].

The term ‘hypersurface arrangement’ is often used in the literature to simply mean a union of
hypersurfaces (nonsingular or otherwise). This is a substantially more general notion than the one
used in this note. The statement of Theorem [I.1]is not true in this generality, even for free divisors.
For example, if V is a surface (so that every reduced divisor is free in V'), a condition of local
homogeneity is necessary for this result to hold, as observed by Xia Liao (cf. [12]).

The paper is organized as follows: in we recall the basic definitions and reduce the main
theorem to showing that Chern classes of sheaves of logarithmic derivations are preserved through
certain types of blow-ups. This is proven in §3] using the graph construction. In §4] we offer a simple
example, and show that the theorem is equivalent to a projection formula for Chern classes of certain
coherent sheaves.
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A word on the hypotheses: the freeness of the divisor is used crucially in the application of the
graph construction; its local analytic structure is less essential, but convenient in some coordinate
arguments. It is conceivable that the proof given here may be generalized to divisors satisfying a
less restrictive local homogeneity requirement.

The result in this note generalizes Theorem 4.1 in [5]. I presented the results of [5] in my talk at
the Hefei conference on Singularity Theory, and I take this opportunity to thank Xiuxiong Chen and
Laurentiu Maxim for the invitation to speak at the conference and for organizing a very successful
and thoroughly enjoyable meeting. I also thank the referee for valuable suggestions.

2. SET-UP

2.1. We work over an algebraically closed field of characteristic 0; the reader is welcome to assume
the ground field is C. (Characteristic 0 is required in the theory of Chern-Schwartz-MacPherson
classes. See [11] or [3] for a discussion of the theory over algebraically closed fields of characteristic 0.)

Chern-Schwartz-MacPherson classes are classes in the Chow group of a variety V' defined for
constructible functions on V', and are characterized by the normalization requirement that cgy(1y) €
A,V equals ¢(TV) N [V] if V is nonsingular and the covariance property

axcsm(p) = csm(asp)

for all proper morphisms « : V' — V' and all constructible functions ¢ on V. Over C, the push-
forward of a constructible function is defined by taking weighted Euler characteristics of fibers: for
a subvariety Z C V, a,(llz)(p) = x(Z Na=!(p)). Thus, csy determines a natural transformation
from the functor of constructible functions to the Chow functor. The existence of this natural
transformation was conjectured by Deligne and Grothendieck, and proved by MacPherson ([13]).
Interest in these classes has resurged in the past few years; comparison with other classes for singular
varieties gives an intersection theoretic invariant of singularities generalizing directly the Milnor
number. A recent survey may be found in [16].

The interested reader may consult Example 19.1.7 in [J] for an efficient summary of MacPherson’s
definition; an alternative construction is presented in [3]. In any case, the details of the definition
of these classes are not needed for this paper: only the key covariance property recalled above will
be used. Note that if Vi and V5 are constructible subsets of V', then

esm(lviuvy) = esm(y;, + Ly, — Tyav,) = esm(lyy) + esm(lvy) — esm(Tvyinve)
the Chern-Schwartz-MacPherson classes satisfy ‘inclusion-exclusion’; for example, they are additive

on disjoint unions. Also, if V' is complete, so that the constant map x : V' — pt is proper, then by
covariance

rxcsm(Ly) = esm(hxlly) = csm(x(U)1pe) = x(U)|[pt]
for any constructible U in V. This says that the degree of csy(llyy) equals the Euler characteristic
x(U), generalizing the Poincaré-Hopf theorem to singular and/or noncomplete varieties. (This was
one of the motivations for the original definition of these classes by M.-H. Schwartz, cf. |17, [18].)

2.2. The covariance property of Chern-Schwartz-MacPherson classes has the following immediate
consequence. Let V' be a variety, and let X C V' be a subscheme. Let p: V — V be a proper map,
and let X’ C V be any subscheme such that p restricts to an isomorphism VX' =V~ X. Then
pxesm(Ly ) = csm(lyx)
Indeed, p. (1 /) = Ly x.
In particular:
Lemma 2.1. Let V' be a nonsingular variety, and let D C 'V be a subscheme. Let p : V>Vbea

proper morphism such that V is nonsingular, and the support D' of p~1(D) is a divisor with normal
crossings and nonsingular components. Then

csm(Ly<p) = p«(c(Dery(—log D')) N [YN/])
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Proof. As recalled in §1| since D’ is a simple normal crossing divisor in V, then

csm(Ly_p) = c(QL (log D)) N [V] = ¢(Der(—log D')) N [V]
This is proved in e.g., [2], Theorem 1; we quickly recall the argument, for the convenience of the
reader. Let D, i =1,..., N be the components of D’. Since D’ is a divisor with normal crossings,
C(Q%/(log D)) equals ¢(TV)/T],(1 + D}) (as is well-known, and easily verified). Now the stated
equality is clear if N = 0. For N > 0:

o(TV) — c(TV) ( LDy ) _«1v) c(TDy) - Dy
I1

1+ DYy wn(1+ D) TLon(+ D)

[L(A+D) TIL.y0+D)
and therefore
o(TV) A7 = o(TV) " 7] «(TDY)
[L(A+D;) [Licn(1+ D)) [Licn(1+Dj)
Arguing by induction on NN, the first summand equals the cgyr class of the complement of the union
of the first N — 1 components, and the second equals the cgy class of the trace of this complement
on the N-th component. The equality follows then by the additivity of Chern-Schwartz-MacPherson
classes on disjoint unions.
The equality implies the formula stated in the lemma, by covariance:

N [Dy]

esm(lyp) = pecsm(ly_p,) = pu(c(Dery(—log D)) N[V]).
O

2.3. Now let V be a nonsingular variety, and let D be a hypersurface arrangement, as in In
particular: at every p € D, there is a choice of analytic coordinates z1, ..., z, such that the ideal of
D in the completion k[[x1, ..., z,]] is generated by a product of linear polynomials Y \;x;, defining
a central hyperplane arrangement 47,.

Lemma 2.2. The divisor D is free on V if and only if each <), is a free central hyperplane arrange-
ment.

Proof. Recall that a divisor in a nonsingular variety V is free if and only if its singularity subscheme
is empty or Cohen-Macaulay of codimension 2 in V at each p € D. It follows that a central
hyperplane arrangement is free if and only if its singularity subscheme is empty or Cohen-Macaulay
of codimension 2 at the origin. (Cf. [20], Proposition 2.4.)

The statement then follows from the fact that a local ring is Cohen-Macaulay if and only if its
completion is ([7], Corollary 2.1.8). O

Under the hypotheses of Theorem Dery (—log D) is locally free. With p : V — V as in the

statement of Lem Dery; (—log D’) is also locally free, as D’ is a divisor with simple normal
crossings. Lemma reduces Theorem to proving that if D is a free hypersurface arrangement
in V,and p:V — V is as in the statement of Lemma then
%) p.(c(Dery,(~log D')) N [V]) = c(Dery (~ log D)) N [V]
2.4. Next, we observe that an embedded resolution p of a hypersurface arrangement D may be
obtained by blowing up along the intersections of the components of the arrangement, in order of
increasing dimension, and that these intersections are all nonsingular. In order to verify (*), it
suffices to verify that the stated equality holds for each of these blow-ups. More precisely: Given a
hypersurface arrangement D in a nonsingular variety V', let Z be a component of lowest dimension
among the intersections of components of D; let 7 : V — V be the blow-up of V along Z; let E
be the exceptional divisor of this blow-up; and let D’ be the divisor in 1% consisting of E and the
proper transforms of the components of D.

Lemma 2.3. With notation as above, if D is a free hypersurface arrangement, then so is D’.
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Proof. We can work analytically at a point p € V', so we may assume that D is given by a product of
linear forms cutting out the center Z at p. We may in fact assume that there are analytic coordinates

Z1,...,T, at p so that Z is given by 1 = --- = x, = 0, and the generator of the ideal of D is a
homogeneous polynomial F(xy,...,2,) =[] Li(z), with L; linear.
Let ¢ € V be a point over p. We may choose analytic coordinates (&1, &a,...,4,) at ¢ so that

21 = 0 is the exceptional divisor, and the blow-up map is given by

(!,Cl, ce ,xn) = (5%1752'1.’2'27 N 7i'1i'r,:i‘r+1, RN ,xn)
The ideal for D’ at ¢ is then generated by
le(lai‘Qa"wi‘T) ;

omitting the factors in F(1,#s,...,4,) that do not vanish at ¢, we write the generator for D’ at q
as

i'l Q(L%QV'WQA?T) 9

where @ is a product of linear forms. In particular, D’ is a hypersurface arrangement in V. We have
to verify that it is free.
Note that the divisor defined by Q(Zs,..., %) is free at ¢: indeed, the hyperplane arrangement

defined by F(z1,...,z,) is free by assumption, and Q(zo, ..., ,) generates the ideal of this arrange-
ment at points (¢,0,...,0) with ¢ # 0. By Saito’s criterion ([I5], Theorem 4.19), Q(&s, ..., &) is the
determinant of a set of n— 1 logarithmic derivations s, ..., 60, at g. Since 02(%1) = --- = 0,(Z1) =0,
these derivations are logarithmic with respect to &1 Q(Z2, ..., Zy).

On the other hand the Euler derivation 8; = &1 8/0%1 + &3 0/0%a+ - - - + &, 0/ 0%y, is logarithmic
with respect to 1@ as this is homogeneous (cf. [15], Definition 4.7), and det(6;,...,0,) is a unit
multiple of #1 Q(&,...,Z,). This shows that D’ is free, again by Saito’s criterion. g

2.5. By Lemma Dery, (—log D') is locally free if Dery (—log D) is, and we may consider its
ordinary Chern classes. We have reduced the proof of Theorem to the following statement.

Claim 2.4. Let D be a free hypersurface arrangement on a nonsingular variety V; let m : VoV
be the blow-up of V' along a component of lowest dimension of the intersection of components of D,
and let D' = (771(D))eq, as above. Then

7, (¢(Dery, (—log D)) N [V]) = ¢(Dery (—log D)) N [V]

The next section is devoted to the proof of this claim, and this will complete the proof of Theo-

rem [T 11

3. PROOF OF THEOREM [L.1]

3.1. We will prove Claim as an application of MacPherson’s graph construction. Given a
homomorphism ¢ : & — F of vector bundles on a variety Y, consider the graph of Ao for A € k,
as a subbundle of & @ #. For all A, this defines an embedding of Y in the Grassmannian G =
Grass,k (& @ F), such that the pull-back of the universal subbundle ¢ of G is isomorphic to &. The
graph construction describes the limit ‘as A — oo’ of this embedding as a cycle in G, using which
one may compare the Chern classes of & and .%. We refer the reader to Example 18.1.6 in [9] for
the details and key properties of this useful construction. We will use the fact that if o restricts to
an isomorphism on a subbundle JZ of & over a subvariety E of Y, then J# embeds as a subbundle
of {|g over the cycle at infinity; and an analogous dual statement concerning epimorphisms. These
facts are straightforward consequences of the construction.
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As in §2] we denote by Z the center of the blow-up, E the exceptional divisors; and the natural
morphisms as in this diagram:

E—1-V

VA — Vv
By assumption Z is a nonsingular subvariety of V'; we let r be its codimension. In a neighborhood
of Z, Z is the transversal intersection of » components of D: indeed, if Dy,..., D, cut out Z at a

point, then Z is contained in a connected component of Dy N ---N D,, so it must be equal to it as
Dy N---N D, is nonsingular by our hypothesis on D. The key lemma will be the following;:

Lemma 3.1. Under the hypotheses of Claim[2.]):

o There is a vector bundle homomorphism o : 7* Dery (—log D) — Dery,(—log D) that is an
isomorphism in the complement of E.
e The restriction of o to E induces a morphism of complexes of vector bundles

Op——— 7* Dery (—log D)|g — p* Deryz

e

Op——— Dery,(—log D')|g —= p* Deryz

The monomorphisms and epimorphisms shown in this diagram will be defined in the course of the
proof of Lemma in §3.3} the monomorphisms will be monomorphisms of vector bundles.

Claim [2:4] follows from Lemma [3.1] as we now show. Applying the graph construction to o yields
a cycle 3, a;[W;] of dimension n = dim V in the Grassmannian

G = Grass, (7" Dery (—log D) & Dery, (—log D"))

over V. The details of the construction of the subvarieties W; are immaterial here; the key property
of this cycle is that since ¢ is an isomorphism off F,

¢(m* Dery (—log D)) N [V] — ¢(Dery, (—log D)) N V] = Z a;ini«(c(Q) N [W;])
W,—E

where n; : W; — V are the maps induced by projection, and ( is the rank-n universal bundle on G.
(See (c) in Example 18.1.6 of [9].) Pushing forward to V, and since Dery (—log D) is assumed to be
locally free,

¢(Dery (—log D)) N [V] — m.(c(Dery (—log D)) N V) = Z a; s (c(C) N [W;])
W,—E

Therefore, in order to verify Claim it suffices to prove that m.n.(c(¢) N [W]) = 0 for every
component W = W; projecting into £ via n = n;. We let n be the morphism W — E:
’r]l

L

Z——V

w

We have mon =1opon. Thus it suffices to show that
pn, (c(C) N [W]) =0
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The component W lies in G|g = Grass, (7* Dery (—log D)|g @ Dery, (—log D')|g), and ( restricts to
the universal bundle ¢|g on G|g; ¢(¢) N [W] = ¢(¢|g) N [W] by functoriality of Chern classes. By
the second part of Lemma the restriction of (|g to each component W is the middle term in a
complex of vector bundles

Og“——(|g —>>p*Dery ;

this follows from the facts recalled at the beginning of this section. We obtain then that ¢({|g) =
c(p* Dery) c(§), where £ = ker(¢|g — p* Derz)/0g is the homology of this complex. By the projec-
tion formula,

p«n, (c(Q) N [W]) = ¢(Derz) Npsn, (c(§) N[W])

Since dim W = dim V' and £ has rank = codimz V' — 1, the nonzero components of ¢(£§) N [W] have
dimension > dim Z, and therefore p.n (c(&) N [W]) = 0. It follows that m.n.(c({) N[W]) = 0 as

Lk

needed. O

3.2.  We are thus reduced to proving Lemma[3.1] Recall that Z denotes the codimension 7, nonsin-
gular center of the blow-up. We will use the following notation:
e By assumption, there exist r components D1, ..., D, of D such that Z is a connected com-
ponent of Dy N---N D,. We will denote by DT the union of Dy, ..., D,. Note that DT is a
divisor with normal crossings in a neighborhood of Z.
e D will denote 7~ 1(D), so that D’ = Died.
e Similarly, Dt will be #=(D™).
Remark 3.2. The difference between a divisor and its reduction is immaterial here (in characteristic
zero). For a divisor A in a nonsingular variety V', the sections of the sheaf Dery (—log A) may be

defined as those derivation which send a section F' corresponding to A to a multiple of F: in other
words, there is an exact sequence

0 —— Dery (—log A) Dery O4(A)

where (locally) the last map applies a given derivation to F' (see e.g. [8], §2). It is straightforward
to verify that if O is a derivation, and Fi.q consists of the factors of F' taken with multiplicity 1,
then 9(F) € (F) if and only if 9(Fieq) € (Frea). Thus Dery (—log A) and Dery (— log Ayeq) coincide
as subsheaves of Dery. Therefore, we may use D in place of D', and we don’t need to make a
distinction between Dt and its reduction. J

Remark 3.3. We recall the following useful description of Dery (—log D) (cf. [I5], Proposition 4.8):
if D is the union of distinct components D;, then Dery (—log D) = N; Dery (— log D;) within Dery .
Indeed, it suffices to prove that

Dery (—log(AU B)) = Dery (—log A) N Dery (— log B)

if A and B have no components in common. This amounts to the statement that if F' and G have no
common factors, then (FG) € (FG) if and only if O(F) € (F) and 9(G) € (G) for all derivations
0, which is immediate. J

Remark 3.4. In particular, if a divisor A consists of a selection of the components of D, then
Dery (—log D) C Dery (—log A). Therefore, we have inclusions
Dery (—log D) C Dery (—log D*) ,  Dery (—log D) C Dery, (—log Dt

Further, the monomorphism Dery (—log D) < Dery (—log DT) of locally free sheaves remains a
monomorphism after pull-back via 7: the determinant of this morphism is nonzero on V', and it
remains nonzero on the blow-up V. 3

Lemma 3.5. The (reduction of the) divisor D is a divisor with normal crossings in a netghborhood
of E, and 7* Dery (—log DV) = Dery,(—log DT).
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Proof. The first assertion is a simple verification in local coordinates (cf. Lemma . The second
assertion only need be verified in a neighborhood of E, so it reduces to the case of normal crossings,
where it is straightforward. More details may be found in Theorem 4.1 of [6]. (Also cf. Lemma 1.3
in [4].) O

We may use the isomorphism obtained in Lemma to identify 7* Dery (—log D*) and
Dery, (—log ﬁ*) Via this identification, we will verify that 7* Dery (—log D) is contained in
Dery, (— log ﬁ) The corresponding monomorphism of locally free sheaves 7n* Dery (—log D) —
Dery, (—log D) = Dery,(—log D’) will give the homomorphism ¢ whose existence is claimed in
Lemma [3.11

Note that the sought-for o appears to go in the wrong direction. The differential of m maps Dery,
to 7* Dery, and restricts to a homomorphism Dery, (—log D) — 7* Dery (—log Dt). This is an
isomorphism as observed in Lemma|3.5] and the claim here is that its inverse restricts to a morphism

o : 7 Dery (—log D) — Dery, (—log D)
which will then clearly be an isomorphism off E as needed in
Lemma 3.6. Via the isomorphism m* Dery (—log DT) = Dery, (— log D), we have the inclusion
7" Dery (—log D) C Dery, (—log D).
Proof. By definition of Dery (—log D) there is an exact sequence
(1) Dery (—log D) — Dery (—log D") —— 0p(D)

where the first map is a monomorphism, and the second applies a given logarithmic derivation to a
section F' defining D. Pulling back to V' gives a complex

(1) 7* Dery (— log D) — 7* Dery (— log DT) 2 Der, (— log D) — 7*0p(D) = 6 (D)

The first map remains a monomorphism (Remark , and maps 7* Dery (—log D) into the kernel
of the second map, which is Dery, (—log D) by definition of the latter. O

This completes the proof of the first part of Lemma Note that ¢ is a monomorphism of
sheaves, not of vector bundles.

Ezample 3.7. Let V = P2, and let D be the divisor consisting of three distinct concurrent lines. We
blow-up at the point of intersection p:

X1
In affine coordinates centered at p, we may assume D has equation F = x1xo(x1 + 22) = 0. We
choose coordinates %1, 2 in an affine chart in the blow-up V so that the blow-up map is given by

1 =r1 , T2=T1T2

the exceptional divisor E has equation #; = 0, and D is given by the vanishing of F' = 235 (1 + 22)
(the fourth component is at co in this chart); it is a divisor with normal crossings.

We work in the local rings R, R at (0,0) in both V' and V. We can let D* be the divisor z1z2 = 0,
so that D has ideal (#}22). Bases for Dery (—log DF), Dery, (—log D*) are

(2101, 2209) , (8101, 820s)
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where 9; = 9/0x;, 0, = 0/0%;, and, as the reader may verify, the isomorphism
7* Dery (—log D) = Dery, (—log D)

maps 7 (2101) to 710 — @20 and 7 (2202) to #2805, A derivation a1(x)x101 + az(x)x20s is in
Dery (—log D) iff

(a1(x)2101 + ag(2)0)(z129(21 + 22)) = a1 (2)F + a1 (2)23xs + az(x)F + ag(x)z125 € (F),
that is, iff
ar(x)z1 + az(z)z2 € (1 + 22)
Tt follows that a basis for Dery (—log D) is
(€101 + 2202, (21 + x2)x202)

and we may represent sequence (1) at (0,0) as

1 0 2x2 mlmg
R®R <lw1+wz> ROR (951 ) R/(F)

Tensoring by R gives the corresponding sequence (i):

1 0
REBR (1 501(1+562)) R@é (8322 2723) R/(ﬁ)

which realizes 7* Dery (— log D) as a submodule of
Dery (—log D) = ker((#3i,  #123)) = im Lo
v 12 1 1+

In these coordinates, a matrix representation for 7* Dery (—log D) < Dery, (—log ﬁ) is evidently
10
(0 21 ) 4

Remark 3.8. Example illustrates the general local situation: dualizing Proposition 4.5 in [19],
one sees that one may always choose local coordinates and bases for Dery (—log D), Dery, (—log D)
so that the matrix of 7* Dery (—log D) < Dery, (— log D) is diagonal, with entries given by powers
of the equation for the exceptional divisor. This will not be needed in the following, but it is a useful
model to keep in mind in reading what follows. 4

3.3. We are left with the task of proving the second part of Lemma [3.1] which amounts to the
existence of a certain trivial subbundle and an epimorphism to p* Dery for both 7* Dery (—log D)
and Dery, (—log D). We will prove that there is a commutative diagram of locally free sheaves on E:

OgC DerV(—logﬁ)|E

7* Dery (—log D)|g p* Dery

such that the composition &p — p* Dery is the zero morphism. The top horizontal morphism will be
a monomorphism of vector bundles, and it follows from the commutativity of the diagram that so is
the leftmost slanted morphism. Similarly, the bottom horizontal morphism will be an epimorphism,
and it follows that so is the rightmost slanted morphism. Thus, the full statement of Lemma [3.1
follows from the existence of this diagram.
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3.3.1. We deal with the epimorphism side first. According to our hypotheses, the center Z of the
blow-up is the transversal intersection (in a neighborhood of Z) of the r components of DT, and is
contained in the other components of D. As Z C V., we have a natural embedding of Dery = TZ
as the kernel of the natural map from Dery |z 2 TV |z to the normal bundle Nz V.

Lemma 3.9. There is an exact sequence of vector bundles

0 03" Dery (—log D1)|z —— Dery |z NzV 0
In particular, there is an epimorphism Dery (—log DT)|; — Dery.

Proof. We have (see Remark an exact sequence

0 — Dery (— log D*) Dery Op+ (DY)

The image of the rightmost map is the ideal of &'+ (D) defined locally by the partials of a generator
for the ideal of D*. Near Z, where Z is the complete intersection of D1, ..., D,, it is easy to verify
that this ideal is isomorphic to @]_, Op,(D;). Thus, tensoring by &z gives an exact sequence

0— TOI‘l(ﬁz, EB::lﬁDi (Dz)> — Del‘v(— log D+>|Z — Derv |Z — @:Zlﬁpi (Dz)|Z —0

(The leftmost term is 0 as Dery is locally free.) The term @®!_,0p,(D;)|z is NzV, and the map
from Dery |z is the standard projection TV|z — NzV. The Tor on the left is the direct sum of
Tor1(Cyz, Op,(D;)), and it is easy to verify that each such term is = &, as claimed. O

Remark 3.10. We can choose local parameters x1,...,x, for V at a point of Z such that z; is a
generator for the ideal of D; for i = 1,...,r. Then Dery (—log D) has a basis given by derivations

2101, .o, 20, Opgry oo, Op

where 0; = 9/0x;. With the same coordinates, 9,41, ...0, restrict to a basis for Dery, and the
epimorphism found in Lemma [3.9acts in the evident way. The kernel is spanned by the restrictions
of 2;0;,1=1,...,r; these are the r trivial factors appearing on the left in the sequence in Lemma|3.9

Also note that the ‘Euler derivation’ 101 + - - - + .0, spans a trivial subbundle &, — ﬁ?r of
the kernel. Thus, we have a complex of vector bundles

07— Dery (—log D")|z; —= Dery
on Z. Pulling back to F, this gives a complex of vector bundles on E:
Op——— 7* Dery (—log D")|p —= m* Dery
We have to verify that the same occurs for 7* Dery (—log D) and Dery, (— log D). J
Consider Dery (—log D). We have (Remark inclusions
Dery (—log D) C Dery (—log DT) C Dery,
Restricting to Z, and in view of Lemma [3.9] we get morphisms
Dery (—log D)|z — Dery (—log D)|z —— Deryz
Claim 3.11. The composition Dery (—log D)|z — Dery is an epimorphism.

Proof. Working with local parameters as in Remark [3.10] it suffices to note that the derivations
Or+1,-..,0pn are in Dery (—log D): this is clear, since by assumption D admits a local generator of
the form

12y G(T1, ..oy Ty).
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Pulling back to E and using Lemma [3.6] we get morphisms

7* Dery (—log D)|g ale Dery, (—log D)|g — n* Dery (—log D1)| g —= p* Derz

and this yields the commutative triangle on the right in the diagram at the beginning of the section.

3.3.2. Finally, we have to deal with the triangle on the left.

Lemma 3.12. Let A be a nonsingular hypersurface of a monsingular variety V.. Then there is an
exact sequence of vector bundles

0—— 0s ——> Dery(—log A)|4 —> Dery ——0
Proof. This is a particular case of Lemma |3.9 O

Remark 3.13. Applying this lemma to E C V gives a distinguished copy of &g in Dery, (—log E)| k.
Adopting local parameters at a point of Z as in Remark [3.10] we can choose coordinates

L1, T2, ooy Ty Tpgly --- 5 T

at a point of E in a chart of the blow-up V so that the blow-up map is given by

r1 =21
T, =12 1=2,...,1
T; =T, j=r+1,....n

The exceptional divisor is given by #; = 0. Then a basis for Dery, (—log £) at this point is

#101, 02, ..., On

where ; = 8/9;. The distinguished copy @ C Dery (—log E) found in Lemma is spanned by
10 5

Now recall (Remark that Dery, (—log D) cC Dery (—log E).
Claim 3.14. The distinguished Or C Dery,(—log E)|g is contained in Dery, (— log D)|g.

Proof. We work in coordinates as in Remark and By hypothesis, D is given analytically
by the vanishing of F = z1---z, - G(x1 -+ - z,), where G is homogeneous. In the chart considered
above in the blow-up, D is therefore given by the vanishing of

F=iléy- &, G, 2,...,4)

where m is the multiplicity of D along Z. We then see that

(#2100 F = maTiy -2, G(1,&a,...,2,) = mE € (F)
this shows that &,9; € Dery, (—log D), as claimed. O

Since Dery, (—log D) C Dery,(— log D), and the latter is = 7* Dery (— log D*), we can view the
distinguished 0z as a subsheaf of 7* Dery (—log D)|g. Chasing coordinates, it is straightforward
to check that

101 — 2101 + -+ + 2,0,
that is, this copy of O corresponds to the ‘Euler derivation’ identified in Remark Further, we
see that it is also contained in 7* Dery (— log D)|g: indeed, since in the chosen analytic coordinates F
is homogeneous (up to factors not vanishing along Z), the Euler derivation acts on F' by multiplying
it by its degree.
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At this point we have the following situation:

Op—— 1* Dery (—log D)|g e DerV(—logf))|E — m* Dery(—log DV)|p

This yields the commutative triangle on the left in the diagram at the beginning of the sec-
tion. (The above construction shows that the monomorphisms from O to Dery (—log D)|g and

7* Dery (— log D"’)\ g are monomorphisms of vector bundles, as needed.) The composition with the
projection to p* Deryz is 0 as noted in Remark [3.10] so this completes the proof of Lemma
Claim [2:4] follows from Lemma [3.1] as shown in §3.1] so this concludes the proof of Theorem [I.1}

4. FURTHER REMARKS AND EXAMPLES

4.1. An example. We illustrate Theorem[I.I]by computing the Chern class of a sheaf of logarithmic
derivations in a simple case. Any value Theorem [I.I] may have lies in the contrast between the
standard computation, by means of the basic sequence defining the sheaf, and the computation
using Chern-Schwartz-MacPherson classes, which has a very different, ‘combinatorial’ flavor.

We assume D consists of m > 2 nonsingular components D;, each of class X, meeting pairwise
transversally along a codimension-2 nonsingular complete subvariety Z.

—COMPUTATION USING csy-CLASSES. As D = U; D;, and since all components meet along Z,
we have

Ip=1z+ ZﬂDi\Z = (Z Ip,)—(m—-1lz ,

and hence
Iy p =1y - Z]lpi +(m—1)1g

Since V, all D;, and Z are nonsingular, the basic normalization property of cgy classes (§2.1) gives
csm(lvp) = c(TV) N [V] =Y e(TD;) N [Di] + (m — 1)e(TZ) N [Z]

We are assuming that all components have the same class X, and hence Z has class X - X. Thus,

this gives

m 2
cs(lyp) = o(TV) (1 -3 gt 1)(1f)()2> A V]
According to Theorem this class equals ¢(Dery (—log D)) N [V]. That is,
(TV)(1 = (m—2)X)

(1+X)?
STANDARD COMPUTATION. The basic sequence recalled in Remark may be completed to

¢(Dery (—log D)) =

0 —— Dery (—log D) Dery Op(D) —— Ojp(D) ——0
where JD is the singularity subscheme (or Jacobian subscheme) of D. Therefore,
_ c(Dery) _(TV)
¢(Dery(—log D)) = 6o (D)) ce(Oyp(D)) = ) e(O5p(D))

In the case at hand, we are assuming that D is defined by a section fi - f,,, of O(mX); Z is defined
by (say) fi = f2 = 0, meeting transversally at every point of Z; and f; = (a;f1 + bife) for i > 3,
without multiple components. Thus, f1--- fn = P(f1, f2) for a homogeneous polynomial P(s,t)
with constant coefficients. As the differentials df; and dfy; are assumed to be linearly independent
everywhere along Z, the ideal of JD is generated by %—I:( f1, f2) and %—It)( f1, f2), and these have no
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component in common. It follows that JD is a complete intersection of two sections of &((m—1)X),
so O;p is resolved by a Koszul complex:

0— ﬁv(72(m — 1)X) — ﬁv(f(m - l)X) &) ﬁv(f(m — 1)X) — Oy — Ojp —0
and twisting by Oy (D) = Oy (mX) gives the exact sequence
0—=0y((-m+2)X) —= Ov(X)® Oy(X) —= Oy (D) —= Oyp(D) —=0

Thus
c(Oy(D))c(O(—(m —2))X 1+D)(1—(m—-2)X
c(ﬁJD(D)):(V( ))(((2 NX) _( )( (2 )X)
c(Ov (X)) (1+X)
Taking this into account in the expression for ¢(Dery (—log D)) given above, we recover the result
of the cgy computation. J

While this may be largely a matter of taste, the standard computation appears to us to involve
subtler information than the alternative combinatorial computation via csy classes afforded by
applying Theorem[I.1] The point is that the cgy class already includes information on the singularity
subscheme JD: see [I] for the precise relation. Computing the cgy class, which is straightforward

for a hypersurface arrangement, takes automatically care of accounting for the total Chern class
of ﬁ]p (D)

4.2. A projection formula. If & is a vector bundle on a scheme X, and a : Y — X is a proper
morphism, then for any class A in the Chow group of Y we have

ax(c(a*&)NA) = (&) Nas(4)

This is a basic result on Chern classes, see Theorem 3.2 (¢) in [9]. On a nonsingular variety, a
notion of total Chern class is available for all coherent sheaves: this follows from the isomorphism
Ko(V) = K%(V) for V nonsingular ([9], §15.1) and the Whitney formula. However, a straightforward
projection formula as in the case of vector bundles does not hold for arbitrary coherent sheaves.

Example 4.1. Let V be nonsingular, let X,Y < V be irreducible hypersurfaces, and let i : X — V|
be the inclusion. From the exact sequence

0—— ﬁv(—X) ﬁv ﬁX 0
it follows that ¢(0x) = 1%, and similarly ¢(0y) = 5. As i*(Ox) = Ox, we see that
) o , . X
i2(eli” 0x) N X]) = i2(1X]) # e(0x) N1 (X)) = T

the projection formula does not hold in this case. On the other hand, i*(0y) = Oxny, and X NY
is a divisor in X with bundle Ox (X NY) = i*0y (Y); therefore,

i (c(i*Oy) N [X]) = iy (1 EX;]Y) = 1[qu = c(Oy) Ni.([X])

the projection formula does hold in this case. 3

The difference between the two cases considered in this example is a matter of Tor functors:
TOI‘lﬁv(ﬁx, ﬁx) = ﬁX(—X)
is not trivial, while Tor{V (€x, Oy ) vanishes. It is essentially evident from the definitions that for a
coherent sheaf .# on V, and a morphism a: W — V,
o o(Z) = [[e(Tor?¥ (6w, 7))V = c(a*Z) - [ (Tl (G, 7))V
i>0 i>1
and in particular c(a*.#) = a*c(#) if the higher Tors vanish. In this case (for example, in the

case of vector bundles) the projection formula holds if « is proper. More generally, the projection
formula holds if a, maps to 1 the total Chern classes of the higher Tors.
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4.3. Now recall the situation of this paper, and particularly the blow-up considered in Claim [2:4]
and D is a hypersurface arrangement in a nonsingular variety V, and Z is an intersection of
minimal dimension of components of D. In fact, Z = DyN---ND,., where Dy, ..., D, are components
of D meeting with normal crossings in a neighborhood of Z. We denote by D% the union of these
components, and we have observed (Remark that Dery (—log D) C Dery (—log D).

The sections obtained by applying the derivations in Dery (—log DT) to a section I defining D,
together with F, define a subscheme J¥D of &p, which should be viewed as a ‘modified Jacobian
subscheme’ of the hypersurface arrangement D (depending on the choice of the subdivisor D). We
consider the coherent sheaf &+ p(D) in V.

Finally, recall that = : V — V denotes the blow-up of V' along Z.

Claim 4.2. The formula in Theorem[1.1] is implied by the statement that, for all blow-ups as above,
O ;+p(D) satisfies the projection formula with respect to the blow-up map 7:

m(c(7* Oy p(D)) N [V]) = c(O 1 p(D)) N [V]

Proof. Arguing as in we only need to deal with the case of a single blow-up; we will show that
the given formula is equivalent to the formula in Claim
Restricting the basic sequence recalled in Remark to DT gives an exact sequence

0 — Dery (—log D) —— Dery (—log D) —— 0p(D)

and the image of the last morphism is the ideal generated by applying the derivations from
Dery (—log DT) to F; this ideal defines J™ D, so we have an exact sequence

0 —— Dery (—log D) —— Dery (—log D*) ——= Op(D) —— 0+ p(D) ——=0
on V. Notice that this implies that
c(Dery (—log D))
1+D

Now we claim that (with notation as in there is an exact sequence

¢(Dery (—log D)) =

c(0;+p(D))

(¢) O —>Der‘;(—logf)) —— * Dery(—log D7) — 7*0p(D) —= 1*0 s+ p(D) —=0

Indeed, pulling back the last terms of the previous sequence to 1% gives the last terms of (¢), by right-
exactness of — ®g,, Oy ; via the isomorphisms 7* Dery (—log D*) = Dery, (—log DT) (Lemma
and 7 0p(D) = Op (D), the morphism in the middle is seen to act by applying derivations from
Dery, (—log D) to a section defining D. Hence its kernel is Dery, (—log D), as needed for (o). From
(¢), it follows that

c(m* Dery (—log DT))

14 7*D

and hence, applying the ordinary projection formula (as Dery (—log D7) is locally free)

c(Dery (— lo + /
- (D V1(+1DgD ) T (e(m* O 5+ p(D)) N [V])

Comparing with the previous equality of Chern classes, we see that the projection formula for
ﬁ]*D(D%

¢(Dery (—log D)) = o(t*0ip(D))

7. (c(Derg (—log D)) N [V])

m(e(n* O p(D)) N [V]) = (014 p(D)) N [V]
is equivalent to A
7. (c(Dery (—log D)) N [f/}) = ¢(Dery, (—log ﬁ)) nyvy

that is the formula in Claim as claimed. (As pointed out in Remark we can replace D for
D' in Claim [2.4]) O
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By Claim an independent proof of the projection formula for &7+ (D) would give an alterna-
tive proof of Theorem Note that the relevant Tor does not vanish in general; the task amounts
to showing that its Chern class pushes forward to 1. We were not able to construct a more direct
proof of this fact.

Remark 4.3. Xia Liao has shown ([I2]) that the equality in Theorem for any divisor D, is
equivalent to a projection formula involving the blow-up along the (ordinary) Jacobian subscheme

of D.

_l
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ORBIFOLD GROUPS, QUASI-PROJECTIVITY AND COVERS

ENRIQUE ARTAL BARTOLO, JOSE 1. COGOLLUDO-AGUSTIN, AND DANIEL MATEI

ABSTRACT. We discuss properties of complex algebraic orbifold groups, their characteristic va-
rieties, and their abelian covers. In particular, we deal with the question of (quasi)-projectivity
of orbifold groups. We also prove a structure theorem for the variety of characters of normal-
crossing quasi-projective orbifold groups. Finally, we extend Sakuma’s formula for the first
Betti number of abelian covers of orbifold fundamental groups. Several examples are pre-
sented, including a compact orbifold group which is not projective and a Zariski pair of plane
curves in P? that can be told by considering an unbranched cover of P? with an orbifold
structure.

INTRODUCTION

Any finitely presented group G is the fundamental group of a closed oriented 4-manifold. If
we ask these manifolds to have extra-properties, some restrictions may apply. For example, such
a group is said to be Kdhler (resp. projective) if it is the fundamental group of a compact Kéhler
manifold (resp. a projective manifold). Note that projective groups are Kéahler groups, but the
converse is still an open question posed by Serre. In this direction, it is worth mentioning that
there exist compact Kéhler manifolds whose homotopy type cannot be realized by a smooth
projective manifold (cf. [25]).

The family of projective groups is a subfamily of quasi-projective groups. Recall that a quasi-
projective manifold is the difference of two projective varieties. The study of Kéhler, projective
and quasi-projective groups is closely related to orbifold groups, or more precisely to orbicurve
groups, i.e. orbifold fundamental groups of complex 1-dimensional orbifolds. Recently, orbifold
groups (in any complex dimension) have been considered (cf. [24 [9] also [I7] for real orbifolds).

The first purpose of this paper is to define and study the properties of the different classes
of complex orbifold fundamental groups such as compact, locally finite, and normal crossing.
In particular, we prove that orbifold fundamental groups are quasi-projective, but compact
orbifold groups in general are not projective (see §l). In this context, we develop in the
concept of saturated orbifolds, which will allow one to transform orbifolds without altering their
fundamental group.

Our second purpose (see §3)) is to extend two classical results regarding the variety of characters
on smooth quasi-projective fundamental groups (due to Arapura [I] and the authors [4]) and
normal-crossing compact Kéahler orbiface groups (due to Campana [9]) to the general case of
normal-crossing quasi-projective orbifold groups.

Finally in §5| we extend Sakuma’s formula (cf. [21 [T5]) to orbifold fundamental groups and
their abelian covers in terms of their orbifold characteristic varieties. In order to do so, in §4] we
present the concepts of unbranched and branched coverings as well as the possible uniformiza-
tions (Galois, regular, and virtually regular). Such formulas are illustrated with examples in
dimensions one and two.

Partially supported by MTM2010-21740-C02-02. The third author is also partially supported by grant CNCSIS
PNII-IDEI 1188/2008 and FMI 53/10 (Gobierno de Aragén).
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1. ORBIFOLD GROUPS

Definition 1.1. Let X be a projective Riemann surface and let ¢ : X — Zx( be a function such
that S, := {p € X | p(p) # 1} is finite. The pair (X, ) is said to be a 1-dimensional orbifold
or an orbicurve. The positive part of the orbicurve is Xj; := X \ »71(0) and we say that the
orbifold is compact if X} = X. The set S;l = X} NS, is called the singular part and ¢(p) is

the orbifold index of p € X1

The geometrical interpretation is the following. The source of the charts centered at p € X ;
are of the type A/pu,p) where p, := {z € C| 2" = 1}, A is an open disk centered at 0 and ji,,(p)
acts on A by multiplication. This interpretation suggests the following definition.

Definition 1.2. Let (X,¢) be an orbicurve. Let X, := X \ S, and G := m1(Xy;po) for some
po € X,. For each p € S, choose a meridian x, € G (its conjugacy class is well defined). Then,
the orbifold fundamental group of (X, p) is defined as

(X, i po) = G/ (af®).
A group is said to be an orbicurve group if it is the orbifold fundamental group of an orbicurve.

Remark 1.3. If the group can be described as the orbifold group of a compact orbicurve then
we will refer to it as a compact orbicurve group.

Proposition 1.4. Any orbicurve group is quasi-projective.
In order to prove this result we introduce the following concept.

Definition 1.5. Let X be a smooth quasi-projective surface, let D be a divisor in X and let
D C X an irreducible component of D. An n-fold blow-up p of (X,D) on D is a composition
of blowing-ups p; : X; — X;_1, 1 < j < n, such that Xy := X, the center of p; is a point of
D which is smooth in D and if E; C X; is the exceptional component of p; then the center of
pj+1 is the intersection of E; with the strict transform of D. The component Ej is called the
j-th exceptional component of p.

Remark 1.6. As a general comment, consider a double point on a smooth surface, i.e. a point
of local equations D := {2? — 3% = 0} in a small ball B around P = (0,0). Perform a blow-up
p: B — B centered at P and consider v(t) = (¢>"V~1* 0) which is a product of the meridians
around the two components of D. Note that Gp := m(B\ D) = 7 (B \ (E U D)) where F is
the exceptional divisor and D is the strict transform of D. Using both affine charts and using
y(t) = (627“/?“, 1) it is easy to see that v = g as elements of Gp, where g is a meridian
around E.

Analogously, if we consider G := 71 (X \ D) = m (X \ (E1 U D)), p an n-fold blow-up p of
(X,D) on an irreducible divisor D and p is a meridian around D, then g is also a meridian
around F;. Using the property discussed in the previous paragraph, p? is a meridian around FEj
and by induction y7 is a meridian around the j-th exceptional component of p in G.

Proof of Proposition[T.4] Let (X, ¢) be an orbicurve. A quasi-projective surface Z will be con-
structed satisfying 71 (Z) = 9™ (X, ¢).

Let Y := X x P! be a surface, and let D := S;l x P! C Y. For each p € S’gl consider a
@(p)-fold blow-up p), : Y — Y on the divisor F, := {p} x P. Let Ef be the j-th exceptional

component of p,. Let x, be a meridian of {p} x P! in 771(17). Following the previous remark,
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xJ is a meridian of E? in m(Y). The surface

p
»(p)—1
z=y\ |J (Ru U E
pesz? j=1

is quasi-projective. The groups 71 (X)), m1(Y') and 7, (Y) are naturally isomorphic. The kernel of
the epimorphism 7 (Y) — 71(Z) is normally generated by the meridians xﬁ(p ) of EZ ()" Then,

m1(Z) is isomorphic to (Y)/ <x$(7" )> which, by the definition of orbicurve group, is nothing
but 79 (X, ). O

Remark 1.7. As shown in [14] Theorem I1.2.3], compact orbicurve groups are projective groups.

We will define orbifolds and orbifold groups following Campana (cf. [9] and bibliography
therein). Since we are mostly interested in quasi-projective groups, after using Zariski-Lefschetz
theory we can restrict our attention to the curve and surface case. However, since we will deal
with orbifold covers (see §4)), orbifolds with abelian quotient singularities will also be allowed.

Definition 1.8. Let X be a projective variety with only abelian quotient singularities and let
D= U;Zl D; be the decomposition of a hypersurface in irreducible components. Let us consider

a function ¢ : {D1,..., Dy} = Z>o, n; = @(D;). An orbifold is simply a pair (X, ). The
positive part of the orbifold is defined as Xf := X\ ¢7%(0). The orbifold is said to be compact
if X = X}. The orbifold will be a normal-crossing orbifold (NC for short) if D is a normal
crossing divisor with smooth components.

Remark 1.9. Note that, for technical reasons, the components of D are allowed to have index one
(that is, n; = 1). However, this plays no important role in the definition of an orbifold. Hence, if
no ambiguity seems likely to arise, we denote by the same symbols an orbifold and its analogous
where ¢ ~1(1) is disregarded. What is really important in the definition is the quasi-projective
variety X and the components D; with n; > 1. Following the definitions for the orbicurve case
we also define

Sy = {D; | ny £1}, SZ1i={D; | n; > 1}, X, = X\ (Usg,), X, = X\D.

Note that X, C X, C X} In m(X,) and m(X,) one has s;zecial conjugacy classes: for

each D; we consider the meridians of D; in either m(X,) or m(X,). Note that the kernel of
the epimorphism 71 (X,) — m(X) is the subgroup generated by the meridians of D;, n; # 1

o

whereas the kernel of the epimorphism m1(X,) — m1(X) is the subgroup generated by the
meridians of D1,..., D,.

Definition 1.10. Under the notation above, given an orbifold (X, ¢) we define its orbifold
fundamental group as the group m{™ (X, ¢;po), po € Reg(X,) := X, \ Sing(X,) obtained as
the quotient of m;(X;po) by the subgroup normally generated by {M?j}lgjgr, where ) is a

o

meridian of D;. Note that m1(X,) can also be replaced by m1(X,) in this definition.
orb vy

For p € X[; one can define the local orbifold fundamental group 9™ (X, ¢), as the quotient
of Wl(Reg()%w))p by the subgroup normally generated by the appropriate powers u?j of the

meridians p; of D in a small ball around p. The orbifold (X, ) shall be called locally finite
orb( y

at p if 79" (X, ¢), is a finite group, and locally finite (or simply LF) if it is locally finite at p,
Vpe XF.
%)

We need to extend the notion of the orbifold index of a point in an orbifold as we did for
orbicurves in Definition [[.1]
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Definition 1.11. Let (X, ) be an NC-orbifold and let p € X. We define the orbifold index
v(p) = V(j(#)(p) of p as follows:

lp ifpe X\ D,

v(p) == qn;- ifpe Dy \U#j Dy,
N NG lp 1fp€DZﬂDj,z7éy,

where 1, = |A| if (X,p) = (C?/A,0), the quotient by the linear action of a small abelian
subgroup A C GL(2;C) (note that ¢, = 1 iff p € Reg(X)).

Remark 1.12. If p € Reg(X,) (or Reg()ofq,)) then 7™ (X, ), is a trivial group.
Proposition 1.13. If p € X} then v(p) = #HmP (X, 0) .

Proof. We distinguish several cases for p such that (X, p) = (C?/A,0) where A is a small abelian
group (hence cyclic). Let B, be a small neighborhood of p (a quotient of a ball By in C?).

Let us suppose that p € )ofw. In this case 79" (X, ¢), is isomorphic to m (K,), where K, is
the link of the singularity (X, p) which is a lens space with fundamental group A and the result
follows.

Let us assume now that p belongs only to one irreducible component D; C D where D; is the

image of Y := {y = 0} C C?. We have a short exact sequence
0— Wl(Bo\Y) — Wl(Bp\DZ‘) — A —0.

Both mi(By \ Y) and 71 (B, \ D;) are isomorphic to Z (written with multiplicative notation),
which is generated by an element ¢ which projects to a generator of A. By the definition of the
action, the image of a generator of m1 (B \ V) is a meridian p; of D; which equals ¢'». Hence,
we obtain ™ (X, @), from m (B, \ D;) by killing 2" = ¢"»" = t*P) and the result follows.

Finally, let us assume that p belongs to two irreducible components D;, D; C D where D; is
the image of Y := {y = 0} C C? and D; is the image of X := {x = 0}. The covering induces
the following short exact sequence:

(1.1) O—)ﬂ‘l(Bo\(XUY))—>7T1(Bp\(DZ'UDj))—>A—>0.

Both 71 (By \ Y) and 71 (B, \ D;) are isomorphic to Z? (written with multiplicative notation as
above). The group m (Bg \ (X UY)) is generated by commuting meridians of X and Y whose
images are x; and x;. We can choose an element ¢ € w1 (B, \ (D; U D;)) which projects to a
generator of A. With a suitable choice of ¢, we have t‘» = xix;? (k depends on the specific action
and is coprime with ¢,,). Hence induces the following short exact sequence

orb

O — <1’,y | [l',y} = 17'Tnj = xni = 1> — 1 (XaQa)P — A — O
and the result follows. O

orb/ vy

Remark 1.14. Note that if p is an orbifold point of index m, then 9™ (X, ¢), is cyclic of order m.
If p is an ordinary double point of D belonging to two components D;, D; with n;,n; > 1, then
7™ (X, ), is the product of two finite cyclic groups. As a consequence, if (X, ) is a normal
crossing orbifold then it is in particular a locally finite orbifold.

Definition 1.15. A group G is said to be an orbifold group if it is isomorphic to 7P (X, 05 po)
for some orbifold (X, ). If one can choose (X,¢) to be such that n; > 0, Vi, then we say
that G is a compact orbifold group. If, moreover (X, ) is a locally finite (resp. normal crossing

orbifold), we say that G is an LF (resp. NC) compact orbifold group.

Remark 1.16. Note that an orbifold group as defined below is also the fundamental group of an
orbifold (X, ) where X is smooth.
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Remark 1.17. We do not define the more general concept of LF or NC orbifold groups since
they coincide immediately with the concept of orbifold group by the following fact. If we blow
up a point in p € D, we obtain a new surface Y and a new divisor D with r + 1 irreducible
components (the strict transforms of the components D;, with the same notation, and the
exceptional component D, ;7). We can define a map ¢ such that ¢(D;) = n;, 1 < i < r, and
&(Dry1) = 0 and the orbifold fundamental group does not change. An iterated application of
this procedure will give us a normal crossing divisor.

Proposition 1.18. Let us consider in P2 the arrangement of lines £ given by the equation
xyz(2? — 22)(y? — 22) and consider the orbifold structure o given by assigning 2 to each line in
L. Let G := "™ (P2, pg). The meridians in G of the exceptional components of the blowing-ups
of the quadruple points of L are of infinite order.

Proof. 1t is easy to see that
G = (2i,y5,7: 7 =y; =77 =[x, 4] = Ly = (XY) V)i jm123,

where X = z1z9x3, Y = y1y2y3 and z; (resp. y;) ¢,j = 1,2, 3 are meridians around the vertical
(resp. horizontal) lines and 7, is a meridian around the line at infinity {z = 0}. Denote by vz,
(resp. vg,) the meridian in G' around the exceptional divisor E, (resp. E,) after blowing up
the point [0 : 1 : 0] (resp. [1:0:0]). Note that yg, =7.X =Y ! 4, =~.Y = X! By
symmetry, it is enough to show that X has infinite order in G or equivalently ¢ := X? € G’ has
infinite order. Using Reidemeister-Schreier method it is easily seen that

(12) G/ = (ai, bj,C | [ai, b]] = 1, [al,az] = [bl,bg] = 04, C central>i7j:172.
It is straightforward that ¢ has infinite order. O
Using the same ideas as in Proposition [I.4] we obtain the following result.

Proposition 1.19. Any orbifold group is a quasi-projective group.

Proof. As above, consider (X, ¢) an orbifold for which D = Dy U---UD,. For each divisor
D; e S;l let p; be the n;-fold blow-up on D; and denote by p : ¥ — X the composition of
all of them. Let us denote by Fj ;, 1 < k < nj, 1 < j < r the k-th exceptional component

of pj. Define Y := Y\ UDjesgl (Dj U UZ’:II Em»), where D; here denotes the strict transform

of D; by p and similarly with Ej ;. Note that Y is the result of a finite process of blow-ups
of a projective variety X, hence Y is quasi-projective variety. Moreover, using Remark it is

orb (v

straightforward to check that Y satisfies the required property 7 (V) & 7™ (X, ). O
In light of Remark [I.7] and Proposition [T.19] the following question arises:

Question 1.20. Is any compact orbifold group (or NC-compact orbifold group) a projective

group?

A negative answer to the first part is provided by the ideas given in Example and Propo-
sition This seems to suggest that NC-compact orbifolds are a reasonable class of orbifolds
to work with for our purposes.

Proposition 1.21. Compact orbifold groups are not necessarily NC-compact orbifold groups,
and thus not projective groups.

Proof. We are going to prove that the compact orbifold group G presented in Proposition [1.18
is not an NC-compact orbifold group. We will proceed by contradiction. Assume that G is an
NC-compact orbifold group. Since the subgroup G’ is of finite index, it is also an NC-compact
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orbifold group. The group G’ is described as a central extension of Z* by Z as it is deduced
from the presentation ([1.2]). Since G’ is torsion free, the group G’ is in fact projective and thus
Kahler. The group

(1.3) H = (a;,bj,d | [a;,b;] =1,[a1,a2] = [b1,b2] = d, d central); j—1 2.

is an index-four subgroup of G’ (d = ¢*) and hence, it is also projective. Moreover, H is the
Heisenberg group H(2) (following the notation in [I0]). This group is nilpotent, but not almost
abelian (i.e. no finite-index subgroup is abelian). Since the rank of its abelianization is 4, it
cannot be Kéhler using [I0, Corollary 4.5] (one can also use [7, Corollary 3.8] to obtain this
statement). This contradicts the original asumption and thus G cannot be an NC-compact
orbifold group and thus not a projective group. (I

Remark 1.22. From another point of view, Proposition [1.1§] implies that the local fundamental
group 7™ (P2, ¢ )o:1.9 is infinite and thus the orbifold (P?,¢,) has no uniformization in the

sense of [24] Theorem 2.4].

Remark 1.23. Note that Propositions and partially answer questions posed by Simp-
son [22], §8].

2. SATURATED ORBIFOLDS

Since we are mainly interested in orbifold groups it is sometimes useful to replace in (X, ¢)
the function ¢ by another function ¢ where P(D;) is defined by the actual order of u; in
79 (X, ¢;po); we may perform this operation only when n; > 0 in order to have X;f = X;r.

This notion is somehow related with [20, Condition (1.3.3)].
Definition 2.1. Given an orbifold (X, ¢) (for a fixed D), we say that ¢ is a saturated orbifold

orb

structure if for any meridian y; of D; (with n; > 0), the order of u; in 79™ (X, p; po) is exactly n;.

There is a natural way to saturate an orbifold. Unless otherwise stated we will consider only
saturated orbifolds in the sequel. Sometimes an extra saturation can be performed; even if
n; = 0, it may happen that y; is of finite order in 7¢™ (X, ¢;po). Note that in that case if we
define $(n;) to be this order, then X1 G Xg.

We are going to study different kinds of saturation and their relationship with the concept of
NC-orbifolds. Let (X, ¢) be an orbifold; if D is not a normal crossing divisor there is a sequence
7 :Y — X of blowing-ups (which is an isomorphism outside X) such that 7—1(D) becomes a
normal crossing divisor. An orbifold structure 1 can be endowed to Y as in Remark ie.
1 vanishes on any exceptional component of 7. This procedure does not change the orbifold
fundamental group but in general X ;f and YJ are not isomorphic; in particular, when (X, ¢) is
not NC, (Y, %)) is not a compact orbifold even if (X, ) is.

We are going to consider now a more general class of saturations where X;‘ may change

without modifying m9™ (X, ¢).
Definition 2.2. Let (X, ) be an orbifold and let p € [JS}. Let 7 : ¥ — X be the blowing-up

of p and keep the notation of Remark We say that p is an LF-point at first level if the
order of the meridian ,41 is finite in m (X, ¢),.

Let 7 : Y — X be the blowing-up of an LF-point at first level; let D= 7~ 1(D); with the
notation of Remark [1.17, we consider a saturation ¢ such that ¢(D;) := n;, 1 < i < r and
¥(Dy41) is the order of the meridian p,11 in 7™ (X, ¢),.

Definition 2.3. A point p is an LF-point if all of its infinitely near points are LF-points at first
level (in particular, if an orbifold is locally finite at a point p then this point is an LF-point).
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Example 2.4. By the very construction 7™ (X, ) = 79" (Y,¢). Hence if p is an LF-point we
can obtain a sequence of blow-ups such that the divisor D becomes a normal crossing divisor
over p and such that all the exceptional divisors have non-zero orbifold indices.

Example 2.5. If p € X[; is an ordinary double point p € D; N D; of D then ¢¥(D,41) =
lem(n;, n;); if p € D; is a smooth point of D then ¢(Dy11) = n;.

Examples and show that LF and NC compact orbifold fundamental groups are the
same class of groups.

Example 2.6. Locally finiteness may not happen for more complicated singular points. As a
simple example if p € D is an ordinary triple singular point with orbifold indices for each branch
u,v,w € N such that % + % + i < 1, then p is not an LF-point. In the same way if p is an
ordinary cusp and the orbifold index is > 6 then p is not an LF-point.

We set the global version of Definitions [2.2] and

Definition 2.7. Let (X, ¢) be an orbifold and let p € | J St. Let 7: Y — X be the blowing-up
of p (keeping again the notation of Remark . We say that p is a finite-type point at first
level if the order of the meridian p,; is finite in 7 (X, ). A point p is a finite-type point if all
of its infinitely near points are finite-type points at first level.

Remark 2.8. Let us consider X = P2, D the union of three lines through a point p with orbifold
indices u,v,w € N such that % + % + i < 1. It is clear that p is not an LF-point at first level
and it is easy to see that it is a finite-type point, since the meridian around the exceptional
component is in fact trivial. The quadruple points of the arrangement in Proposition [1.18| are
not of finite type. Hence the classes of compact orbifold and NC-compact orbifold groups do not
coincide.

Let us start from a saturated orbifold structure. Hence, if all the points of D (it is enough to
check it for singular points of D worse than nodal points) are LF-points (or finite-type point) we
can replace (X, ¢) by an NC-orbifold structure in a surface after successive blowing-ups without
changing the fundamental group. In the first case we call this structure locally saturated; in the
second case it is called globally saturated. Moreover, this can be done respecting the compactness.

We finish this section with a new saturation procedure which modifies 7$™ (X, ). An inter-

esting object of study associated with 7$*™(X, ) is the set of its characteristic varieties, see

which is a stratification of the space of characters. Since H{™ (X ,0; L), is generated by the
meridians of the components of D passing through p, we can associate to D, the order of 1,41
in HY™ (X, p;7Z), (or in HY™ (X, p;7Z)). The orbifold structure is called locally homologically

saturated or globally homologically saturated.

Example 2.9. If we consider an ordinary triple point where all the components have index 2,
the local homological saturation is given by assigning 2 to the exceptional component. It is easily
seen that the local saturation assigns index 4.

3. ORBIFOLDS AND CHARACTERISTIC VARIETIES

The relationship between orbifolds and characteristic varieties (or similar invariants) appear
implicitly in the works of Beauville [6] and Arapura [I] and explicitly in the works of Campana,
e.g. [9], Simpson-Corlette [12], Delzant [13] and ourselves [4], among others. Except in Campana’s
work, the relationship comes from the following fact: given a smooth variety (projective, quasi-
projective or Kéhler) the positive-dimensional components of the characteristic varieties can be
obtained as pull-back by mappings whose targets are orbifolds. Campana’s work focuses on
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the study of characteristic varieties of compact Kéhler orbifolds (more precisely, NC-projective
orbifolds in the language of . In this section we will study the characteristic varieties of
quasi-projective orbifolds. For a detailed exposition of the concept of characteristic varieties (or
Green-Lazarsfeld invariant), the reader can check any of the above references. Some definitions
will also be given in §f]

Before we state the aforementioned results in the context and language of orbifolds we need
to recall the concept of orbifold morphism, which as it occurs in the classical case, allows one to
define a morphism of fundamental groups.

Definition 3.1. Let (X, ), (Y,) be orbifolds with divisors D := U;Zl D; C X, n; = ¢(Dy),
&:=Uj_,E; CY, mg = 1(Ey). A dominant holomorphic map & : X;r — YJ defines an
orbifold map ®°™ : (X, ) — (Y,) if for each k € {1,...,s}, the divisor ®*(E}) can be written
as Z;:1 hj e Dj + mpHy, where my divides njhj, and Hy, is a divisor in ij.

Proposition 3.2 ([I1, B]). Let ®°™ : (X, ) — (Y,9) be an orbifold map. This map induces
(in a functorial way) a morphism ®°™ : 9™ (X @) — 7P(Y,9). Moreover, if (Y,v) is an
orbicurve and the generic fiber of ®°™* is irreducible then ®°™ is surjective.

There are two main examples of orbifold morphisms: either the target is an orbicurve or
the orbifolds have the same dimension. The last case (étale or branched covers) is specially
interesting when all the fibers are finite.

Let us compare the following results. We use the language of §l| if needed. The natural
definition of V™ (which is the orbifold analogue of Vi, the k-th characteristic variety) can be
found in §5

Theorem 3.3 ([4, Theorem 1]). Let X be a smooth quasi-projective variety and let Vi(X) be
the k-th characteristic variety of X. Let V' be an irreducible component of Vi.(X). Then one of
the two following statements holds:

(1) There exists an orbicurve (C,v), an orbifold morphism b X — (C,%) and an
irreducible component W of Ve (C, 1)) such that V = (®°™P)*(W).
(2) V is an isolated torsion point not of type|(1)]

Theorem 3.4 ([8, Théoreme 3.1]). Let (X, @) be an NC-compact Kihler orbifold surface. Let
V' be an irreducible component of Vzrb(X, ). Then, one of the following statements holds:

(1) V is an isolated torsion point.

(2) There exists a compact hyperbolic orbicurve (C, 1)), where the genus of C is at least 1,
an orbifold map ®°™ : (X, ) — (C,v) and an irreducible component W of VP (C, 1))
such that V = (®°°)*(W).

The goal of this section is to state and prove a combination of the above theorems.

Theorem 3.5. Leti()_(,go) be an NC-quasi-projective orbifold surface. Let V be an irreducible
component of Vzrb (X, ). Then, one of the following statements holds:

(1) There exists an orbicurve (C,v), an orbifold map ®°™ : (X, ) — (C,4) and an irre-
ducible component W of V™ (C,4) such that V = (®°°)*(W).
(2) V is an isolated torsion point.

Proof. Let (X, ¢) be an NC-quasi-projective orbifold surface. Let D be the hypersurface defining
the orbifold structure where we assume that D = U;if Dj;, where n; > 2if 1 < j < r and
ny1, = 0if 1 <k <s. We may assume the orbifold structure i§ saturated.

We proceed as in the proof of Proposition Let 7 : Y — X the composition of the 25:1 n;

blow-ups indicated in that proof. We denote by D; the strict transforms of D; and by Ej ;,
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1 <k <mnj, 1< j<r, the exceptional components of 7. Let ¥ := Y\U;Zl (D U UZ_11 Ek,])

Recall that 7™ (X, ) = m (V).

We can apply Theorem [3.3]to Y. Let us consider a component V of V(Y of type [(1)| and
consider the orbifold map given in the statement. Let us write this orbifold map in the language
of We consider in Y the hypersurface

r 4 s
D= U (D] U U Ek’j> U U Dy,
=1

j=1 k=1

and the map ¢ given by:
@(DJ) =0, @(Ek,j) =0, @(En]yj) =1

1<j<r+s 1<k<n;,1<j<r 1<5<r

Since Yg‘ =Y, the map given by Theorem can be written as ™ : (Y, @) — (C, ). Let us

consider ® : Y — C the underlying dominant holomorphlc mapping.

Note that Ej := Ep, ; NY is isomorphic to C*. Let us assume that @EJ is not constant and
hence dominant on C; in particular, it determines an orbifold morphism ®°™ : (En,.j,05) —
(C, 1) where @; is the induced orbifold structure, which is the trivial one. The only possible
choices for (C,1) are either C* (with smooth structure) or Cs o; the characteristic varieties of
these orbifolds are finite and we are led to a contradiction.

Then, we have proven that P B is constant and denote by p; € C its image. Let us consider a

small neighborhood U; of | J,? Il L}, j; this curve is a linear chain of rational smooth curves with
self-intersection —2 and the space u obtained from U; by contracting the curves is isomorphic
to the quotient of a neighborhood ﬂ of the origin in C? by the action of a cyclic group of
order k;. We may lift ® to a dominant morphism <I> u \ {0} — C; it is easily seen that if
<I> cannot be extended to the orlgm then C' = P! and the characteristic varieties of (C 1) are
finite. Since this is not possible, <I>] can be extended and ® can be extended to Uk:l Ey ; by
sending the curve to p;.

A similar argument allows us to extend d to the regular part of D in D;; moreover it is also
possible to extend it to D; N E,, ; (with image p;). Finally we can extend it to the double points
D;ND;, 1 <1< j <r. Moreover, since this map is constant on UZ]:1 L. 5, we can contract
these divisors (the exceptional divisors of 7) and we obtain a holomorphic map  : X; - C.

All we are left to do is to check that ® defines the required orbifold morphism. Before we
prove this, note that ®, induces a morphism of orbifold fundamental groups. To see this, let 1
be a meridian around D;; note that ,u;"j is a meridian of E,,; ; whose image by ®, is trivial and
hence the map induces a morphism of the orbifold fundamental groups.

Let us assume that Dj is contained in the preimage of p; and let us compute its multiplicity
in ®*(p;), say a;j. If we compose ® and 7 the multiplicity of Ej ; in the divisor defined by
p; equals ka;. Let b; the multiplicity of p; by 1; the condition of Definition for orbifold
morphism implies that nja; divides b; which is exactly the needed condition for ®. Hence, the
required ®°™ : (X, ¢) — (O, 1)) is constructed. O

4. UNBRANCHED AND BRANCHED ORBIFOLD COVERS

One of the advantages of using orbifold fundamental groups is that we can study standard
ramified covers as unbranched orbifold covers. For technical reasons, we restrict our attention
to NC-orbifolds.
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Definition 4.1. We call an orbifold morphism 7 : (Y, ¢y) — (X, px) an orbifold unbranched
covering if the fibers of 7 are finite and the following equality holds

V(¥ oy (Y) - degmy = vix o ()

Vo € X}, ¥y € 7 () (see Definition [1.11)).

Remark 4.2. For the shake of simplicity we will often refer to orbifold unbranched covering as
unbranched covering. Note that usual unbranched covering are actually orbifold unbranched
COVETINgG.

The main point in Definition [4.1] is that orbifold unbranched coverings behave for orbifold
fundamental groups as unbranched coverings behave for fundamental groups. In particular, the
monodromy action completely determines the orbifold unbranched coverings.

Proposition 4.3. An orbifold unbranched covering induces an injective morphism on orbifold
fundamental groups. Moreover, let (X, px) be an orbifold and let us denote G := 7™ (X, ox).
Let H C G be a finite-index subgroup; then there is an orbifold unbranched covering m :
(Y,py) — (X, px) such that 7. (7$™(Y,py)) = H. Moreover, (Y,py) is essentially unique
(i.e., both Y and S}, are unique up to isomorphism).

As in the standard case, the cover is said to be regular or Galois if H < G; in that case the
group G/H acts on YJY with quotient Xj; -
Proposition 4.4. An orbifold unbranched covering satisfies both the path and homotopy lifting

properties and are determined by the monodromy representation p : 7¢™P(X,px) — S,, n =

#G/H.
A proof of these results can be found basically rewriting [20, Theorem 1.3.9] in the language
of orbifolds instead of in the language of branched coverings.

orb

Example 4.5. Consider Pj 5 5 and the subgroup of G := 9™ (P} 3 5) = (2, s, pis = 13 = 1 =
p2 = (papsps) = 1,) given by the kernel of

p: G — 25
p2 > (175)(273)

us = (17273a475)'

Note that the preimage of the orbifold point of order 2 has three points. For two of them, the
local degree of the map is 2 (and hence their index is 1) whereas on the remaining point the
local degree of p is 1 (and hence it should become a point of index 2). Analogously, around the
orbifold point of order 3, the preimage has three points: two of which will have orbifold index 3
and one with orbifold index 1. Finally, around the orbifold point of index 5, the preimage is a
local uniformization. Hence the local conditions on the orbifold points of the covering are given
to satisfy Definition A simple Euler characteristic computation shows that p induces in fact
a (non-regular) unbranched covering from Pj 5 5 to P} 5 5 of order 5.

Example 4.6. Consider the following morphism:
T Pl - P!
2yl = (@ —y%)%: (@ +97)°]
Generically, fibers have 6 different preimages. The special fibers are at [1 : 0] (the roots of

(22 +92)3), [0 : 1] (the roots of (23 —y3)?), [1 : 1] (the roots of y*z?(2zy + 322+ 3y?)), and [2 : 1]
(the roots of (z* — 2yz® — 22y% + y*)(y + 2)?). Therefore this induces a non-regular unbranched

(4.2)
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covering from Pé@),z(g) to Pé(2)73 of order 6 (where the subindex k(m) stands for k points of
index m).

Definition 4.7. An orbifold unbranched cover 7 : (Y, py) — (X, ¢x) is a uniformization of
(X, px) if Y does not contain points of orbifold index greater than 1. The uniformization will
be Galois or regular if w realizes a quotient of Y;‘ by the action of a finite group (which may
not act freely).

Remark 4.8. As in the standard case, a uniformization (or more generally an unbranched cover)
is Galois if and only if the image Gy of m9™(Y, py) in Gx = 7§*®(X, px) is a normal subgroup
(the group action is carried by Gx /Gy ). Recall that if 7 is a finite Galois uniformization, then
the image of a meridian of a component with orbifold index n; > 1 by the monodromy action is
a product of cycles of the same length n; (with no fixed points). This is not a characterization of
Galois uniformization as Example shows. This condition is called virtual regularity in [19)].
Also note that saturation (see Deﬁnition is trivially a necessary condition for the existence

of a uniformization.

Example 4.9. Let us consider an orbicurve (C, ) where C is an elliptic curve and the divisor
contains two points of index 2. Recall that

ﬂi’rb(C_',go) = (a,b, 2,y | a?=0b>=1,ab= [z, y])

Consider the morphism:

p: mP(C0) — Iy
a,z — (1,2)(3,4)
(4.3) b (1,3)(2,4)
y = (1,2,3).

This morphism defines an unbranched orbifold cover; using Riemann-Hurwitz formula the source
of this cover is a Riemann surface of genus 3 (with no point of orbifold index greater than 1).
This is an example of a uniformization which is virtually regular, but not regular.

For our purposes, a more global and regular definition of unbranched covering will be enough.

Definition 4.10 ([I7, 24]). Let (X, ) be an orbifold. We say (X,¢') is a suborbifold of

(X,¢) (or equivalently (X,¢) is a superorbifold of (X,¢")) if ¢'(D;)|¢(D;) (meaning there
exists k € Z \ {0} such that p(D;) = k¢'(D;) in particular, if p(D;) = 0, then ¢'(D;) = 0).

On the other side branched orbifold coverings can also be defined. The definitions will be
straightforward for the orbicurve case.

Definition 4.11. A Galois covering 7 : Y — X between two orbifolds (X, ¢x) and (Y, py) is
a branched orbifold covering if there exists a superorbifold structure (X, ;) for which 7 defines
an unbranched orbifold covering.

5. SAKUMA’S FORMULZAE

Given an orbifold (X, ¢x), we will define bS™ (X, px) as the rank of the abelianization of

Gox = (X, ¢x), that is, rank(G,, /G, ). After taking a superorbifold, all branched
orbifold coverings can be assumed to be unbranched. Consider © : (Y, py) — (X,¢x) an
unbranched covering.

Note that, any unbranched covering 7 : (Y, py) — (X, ¢x) produces the action of the group
of deck transformations G, over H{™ (Y, py) by conjugation, that is, consider g € G, the

class of g € Gy, and T € H{™(Y,py) the class of 2 € Gy, then -z = grg!.

Since
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ghazh=1lg=1 = g[h,azx]ag=lgxg—! = gxg=!, the action is well defined. This action endows
H{™ (Y, py) with a module structure over the group ring Z[G,]. After tensoring by C, the
group H{™ (Y, ¢y ) acquires a C[G,,]-module structure.

Recall the definition of the characteristic variety of a finitely presented group G. Consider a

free resolution of a C[H;(G)]-module M
CIHL(G)]™ % CIH\(G)]" — M,

then Vi (M) := V(F(M)), where Fy,(M) is the k-th Fitting ideal (or elementary ideal) of M and
V(I) denotes the zero set of the ideal I. Recall that Fj, is defined as 0 if & < max{0,n—m}, 1 if
k > n. Otherwise F}, is the set of minors of order (n—k+1) x (n—k+1) of a presentation matrix
Ag, which is an n x m matrix with coefficients in C[H;(G)]. Note that Vi1 (M) C Vi(M) and
Vi1 (M) = (. For any £ € C[H1(G)], it is common to define as null(M,€) (nullity of £) or
de(M) (depth of €) as the maximum k € Z such that £ € Vi (M).

We will denote by V9™ (X, ¢x) and null™®(X, ¢x), the invariants of the C[H;(G)]-module

M described above where G is the orbifold fundamental group G := 7™ (X, px).

Unless otherwise stated, all groups orbifold homology groups H{™ will be considered as ClG,)-

modules. Sakuma’s formulee [21, Theorem 7.3] (see also [15, Proposition 2.5.6]) can be combined
and extended in the following result.

Theorem 5.1. Under the above conditions, if m: (Y, py) — (X, px) is a

(5.1) WP (Y, py) = B9P(X, ox) + > null”™ (X €)
£€Hom (G, ,C*)\{1}

where Gy := Gy /G oy, null”P (X, €) is the depth of & considered as a character in 79 (X, ¢x).

Remark 5.2. Note that there is a connection between b$*® and by, namely
B (X, px) = bi(XF,) = bi(X \ X' (0)).
Proof of Theorem[5.1] The proof offered in [21] also works in this context. We will briefly outline
the original proof.
Step 1. From representation theory one has
Hfrb(YaQDY) = @ [Hlorb(YﬂﬁY)}ga
£€Hom (G, C*)

where
[HYP (Y, 0v)] = {z € HY™ (Y, 0v) | g(2) = &(9) - Vg € G}
Step 2. Using Proposition [4.3] there exists an orbifold (X¢, ¢¢) such that
[HY™(V, v )] = [HY (X, pe)]

The orbifold (X, ¢¢) corresponds to the kernel of G, — G, 5 C*, which is of finite
index in G .
Step 3. For € # 1 one has

dim¢ [Hfrb(f(g, @5)]5 = nullorb(X,ﬁ). O

Remark 5.3. Note that even if (X, px) is not an NC-orbifold, the notion of unbranched covers
may easily be defined as long as orbifolds with (normal) arbitrary singularities are allowed. In
that case we may also consider the orbifold (X , px ) obtained after a sequence of blow-ups such
that the transform of D by this sequence of blow-ups is a normal crossing divisor and ¢x is

defined by homological saturation. The pull-back of 7 defines another orbifold (Y, ¢y ). Note
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that ¥ = YJ and it has only abelian quotient singularities; it is a resolution of ¥ which may

have more complicated singularities. There is a natural surjection 7$*™*(Y, $y) — 79™(Y, py)

which is not in general an isomorphism. Nevertheless, generalizing Libgober’s arguments in [I§],
it can be proved that the first Betti numbers coincide.

To illustrate Theorem we can compute the genus of the uniformization of X :=P}
= I ¢S PP n+1
in some cases where for instance the abelianization map 7 : (Xap, pan) — (X, 9x) is a uni-

formization. According to [20, Theorem 1.3.43] this is the case whenever d; divides
lcm(dl, e 7di—17 di—l—la N ,dn+1).

On the one hand one can directly use the Riemann-Hurwitz formula to obtain
n+1

. . dy - dyis dy - dys
X(Xab) =2 29(Xab) - (1 n) d + I; ddk )
where d := lem(dy,...,dp+1). This implies
d d n+1
9 X )= 2L Ol g 1 — 1.
(5.2 oK) = B ()|

Example 5.4. Consider the case 1 < dy < -+ < d, < dpy1 = d = lem(dy,...,d,). This
is a particular case of the result mentioned above and hence the universal abelian covering
U :_Xab — X = ]P’Clih__,dn+1 is in fact a uniformization. Using Theorem one can obtain
b1 (Xab) = b§™"(Xap) by counting the characters in the orbifold characteristic variety of X. Note
that the space of characters on 7™ (X) is a union of (n + 1)-tuples

n+1

T:={(&, - &nCns1) | & € pay, [] & =13 € (€)™,
k=1

where u,, C C* is the subgroup of n-th roots of unity. Since the equation in the definition of T
can always be solved for &,41 one has that T 2 pg, X -+ X pg, . Denote by £(£) the length of
¢ € T, that is, the number of non-trivial coordinates of . From [4, Proposition 3.11] one deduces
that depth(§) = ¢(€) — 2. Denote by /(&) the length of £ in the first n coordinates, that is, its
length as an element of pg, X --- X pg,. Note that £(£) = £/(§) + 1 unless its last coordinate is
1, in which case £(£) = ¢'(£). Therefore if we define

by (Xaw) = S £().
£eT

Then b} (Xap) — b1 (Xap) = %, where D :=d; -...-d, which is the order of the kernel of the map
Mdy X =+ X lq, — Hq given by multiplication. Hence,

Bh(Xw)= Y #-D]Ji-1)
PAIC{1,...,n} i€l
and thus,

_ D
h(Xw)=| > @H-D][@-n| -
0A£IC{1,...,n} i€l
Using (5.2 this implies
D 1 D
= _1+Zk:<1_dk> +2= > #-D]]d-1 -

PAIC{1,...,n} icl
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For computational purposes, the depth nullorb(X ,€) can also be obtained from )%w.

Proposition 5.5. Under the above conditions,

VEP (X, @) \ {1} = Va(Xy) NTy \ {1,

o o

where T, is the inclusion of T(X, ) into T(X,) given by the surjection m1(X,) — 7™ (X, ¢).
Proof. The proof is analogous to the one shown in [5 Proposition 2.26] for k£ = 1. ]

Example 5.6. Consider the space M of sextics with the following combinatorics:

(1) € is a union of a smooth conic Gy and a quartic Cy.
(2) Sing(C4) = {P,Q} where @ is a cusp of type A4 and P is a node of type A;.
(3) C2NCy ={Q, R} where Q is a D7 on € and R is a Ay; on C.

The space M = M UM® is a union of two connected components. Any such sextics Gg) =
Géi) UC’ff) in M(® can be characterized by the fact that the conic ¢ passing through R and @ such
that multz(q, Géi)) = multr(q, (‘L(f)) = 3, and multg(q, GS)) = 1 satisfies multg(q, (‘fo)) =3+
The following example is presented in [2], we refer to it for details. Consider the orbifolds
(P2, ¢;), where <pi(c~2£j)) =0 and wi(eéi)) = 2. Using Proposition and [5l Proposition 3.1] it
can be checked that

V(frb(]P,z’%) \{1) = {@ ifi=1

(1L,-1)} ifi=2,’ VS (P%, i) \ {1} =0

and hence, using Sakuma’s formula one has
0 ifie=1
borb Y'i’ ) =
(¥ or) {1 if i =2,

where (Y;, ¢v,) denotes the unramified covering of (P2, ;), since b$*P (P2, ;) = 0. This provides
an alternative way to show that Gél) and G((f) form a Zariski pair, that is, two curves with the
same combinatorics but different embedding in P2. In other words, we prove that (P2, Gél)) and

(0}

(P2, ¢{?)) are not homeomorphic by showing that w™ (P2, ¢1) and 79™ (P2, ,) are not isomor-

phic. Note that any homeomorphism of P? sending (‘fél) to Ggf) should send a meridian around

(‘,’gl) to a meridian around 852) and hence 7™ (P2, ¢;) and 79*® (P2, ¢5) should be isomorphic.

We can readily recover, using Theorem [5.1] and Proposition known computations of
the first Betti number of Hirzebruch congruence covers associated to line arrangements in P?,
see [16], 23].

For example, consider the orbifold X = (P2 ) associated to the 6 lines Ceva arrange-
ment, where ¢ takes value n for all lines. Then let Y be the orbifold cover associated to
the abelianization 7§**(X) — (Z/nZ)>. A straightforward counting argument shows that
b (Y) = 5(n — 1)(n — 2).
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INTERSECTION SPACES AND HYPERSURFACE SINGULARITIES

MARKUS BANAGL AND LAURENTIU MAXIM

ABSTRACT. We give an elementary introduction to the first author’s theory of intersection
spaces associated to complex projective varieties with only isolated singularities. We also
survey recent results on the deformation invariance of intersection space homology in the
context of projective hypersurfaces with an isolated singularity.

1. INTRODUCTION

Convention: By “manifold” we mean a “complex projective manifold”, and by “singular space”
we mean a “complex projective variety of pure complex dimension n”. We are only interested in
“middle-perversity” calculations, so any mentioning of other perversity functions will be ignored.
Unless otherwise specified, all (intersection) (co)homology groups will be computed with rational
coefficients.

Manifolds have an amazing hidden symmetry called Poincaré Duality, which ultimately is
reflected in their (co)homology: ranks of (co)homology groups in complementary degrees are
equal. Singular spaces, on the other hand, do not possess such symmetry. For example, consider
the complex projective curve

X={(x:y:2) € CP? | zy =0}

Then X is a union of two projective lines CP! meeting at the point (0 : 0 : 1). Topologically, X
is just S? Vv S2, a wedge of two 2-spheres.

As Hyo(X) =Q and Hy(X) = Q@ Q, it follows that rkHy(X) # rkHa(X).

Classically, much of the manifold theory, e.g., Morse theory, Lefschetz theorems, Hodge de-
compositions, and especially Poincaré Duality, is recovered in the singular context if, instead of
the usual (co)homology, one uses Goresky-MacPherson’s intersection homology groups I H,(X),
see [8, [10]. These are homology groups of a complex of “allowed chains”, defined by imposing
restrictions on how chains meet the singular strata. For example, if X is a complex projective
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variety of complex dimension n with only isolated singularities, then IH;(X) is the i-th homol-
ogy group of the chain complex (IC.(X), ) defined by the following allowability conditions: if
¢ is a PL i-chain on X with support |¢| (in a sufficiently fine triangulation of X compatible with
the natural stratification X D Sing(X)), then £ € IC;(X) if, and only if,

dimg |£] N Sing(X) <i—n
and
dimg |0&] N Sing(X) <i—1—mn,
and with boundary operator induced from the usual boundary operator on chains of X. So
low-dimensional allowable chains cannot meet the singularities of X.

It is known that the intersection (co)homology groups of a singular space coincide with the
usual (co)homology groups of a “small” resolution (provided such a resolution exists), e.g., see
[10]. This precludes the existence in general of a cup product (i.e., ring structure) on intersection
cohomology: indeed, there are spaces having two small resolutions which have non-isomorphic
cohomology rings. Intersection (co)homology is not a homotopy invariant (e.g., the intersection
homology of a cone is not trivial, see [14, Section 4.7]), and is lacking functoriality in general
(e.g., see [14], Section 4.8]). And, much like the usual homology theory, it is also rather unstable
under deformation of singularities. We shall illustrate this last assertion by an example.

Example 1.1. Consider the equation
y? = ala — 1)@ — )

or its homogeneous version v?w = u(u —w)(u — sw), defining a curve in CP?, where the complex
parameter s is constrained to lie inside the unit disc, |s| < 1. For s # 0, the equation defines an
elliptic curve V5, homeomorphic to a 2-torus 72. The curve V := Vj corresponding to s = 0, has
a nodal singularity. Thus V is homeomorphic to a pinched torus, that is, 72 with a meridian
collapsed to a point, or, equivalently, a cylinder I x S! with coned-off boundary, where I = [0, 1].

2

The ordinary homology group H; (V') has rank one, generated by the longitudinal circle (while
the meridian circle bounds the cone with vertex at the singular point of V). The intersection
homology group IH;(V) agrees with the intersection homology of the normalization S? of V/
(the longitude in V' is not an “allowed” 1-cycle, while the meridian bounds an allowed 2-chain),
so0:
TH (V) = IH,(S?) = H.(S?) = 0.

Thus, as Hy(V,) = H;(T?) has rank 2, neither ordinary homology nor intersection homology
remains invariant under the smoothing deformation V ~» V.

This raises the following questions: Is there a homology theory for singular spaces, possessing
Poincaré Duality, ring structure, homotopy invariance, functoriality, and which is also stable
under deformations? Does this theory carry a Kdhler package (i.e., Hodge decompositions, Hodge
star duality, Lefschetz-type theorems; see [13, Section 7.3])?
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Parts of this question were answered positively by the first author in [I]. Aspects of defor-
mation invariance and Hodge theory were considered in [4]. The aim of this note is to present a
quick account of these developments.

2. INTERSECTION SPACES

The first author’s approach [I] consists of a homotopy-theoretic method which associates to
a certain singular space X a CW complex IX, called the “intersection space of X”. Moreover,
as shown in [I], IX is a rational Poincaré complex, i.e., its (reduced) homology groups satisfy
Poincaré Duality over the rationals. One thing to notice immediately is that the “intersection
space cohomology” H* (IX) has an internal ring structure defined by the usual cup product in
cohomology, so the cohomology of the intersection space is not generally isomorphic to the inter-
section cohomology of the space itself. Moreover, this theory has a DeRham interpretation (see
[2]) and, as we will try to convince the reader, it is more stable under deformations of singularities.

Roughly speaking, the intersection space IX associated to a singular space X is defined
by replacing links of singularities by their corresponding Moore approximations, a process the
first author termed “spatial homology truncation”. Let us say a few words about Moore ap-
proximations. Let L be a simply-connected CW complex, and fix an integer n. The Moore
approximation construction guarantees the existence of a CW complex L., together with a
structural map f : Lo, — L, so that f, : H.(L<,) — H,(L) is an isomorphism if r < n, and
H,(L<,) = 0 for all » > n. (Moreover, these isomorphisms hold over the integers.) In more
detail, let C,(L) be the cellular chain complex of L, and let Z,,(L) denote the n-cycles. Suppose
first that the following assumption holds: Z, (L) has a basis (z,) consisting of n-cells. Let (yg)
be the remaining n-cells, i.e., those n-cells that are not cycles. The yg’s generate a subgroup
Y c C,(L) such that

Co(L)y=2Z,(L)®Y,
and the n-skeleton of L can then be written as
L™ = LD U (2,) U (yp).
We define:

—incl
Lo = LY U (ys) e

In the general case, any simply-connected CW complex L is homotopy equivalent relative to the

(n — 1)-skeleton to a CW complex L’ which satisfies the above technical assumption. Then we

set:

Lep:=(L)<p =L s L,

i.e., the structural map f : L., — L is the composition of the inclusion followed by the homotopy
equivalence. The process often works in the non-simply-connected case by ad-hoc considerations.
For example, if 9, = 0, i.e., C,,(L) = Z,(L), we can choose L., := L™ with structural map
given by the inclusion map. In particular, if L is path-connected, then L. is just a point. Note
also that if n > dimL, then L, = L.

Let us now discuss the construction of the intersection space in a very simple situation, namely
when the variety X has only an isolated singularity z. Let L be the link of the singular point,
and M the manifold with boundary OM = L obtained from X by removing a small open conical
neighborhood of z. Topologically,

X = M Uy, cone(L).
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Choose a CW structure on L, and let g : L., Jy L = &M < M be the composition of
inclusion of the boundary followed by the structural map of the Moore approximation of L at
level n = dim¢ X. The intersection space I X is then defined as the mapping cone of g, that is:

IX := cone(g) := M Uy cone(L<y).

Therefore, in the case when the structural map of the Moore approximation of L is an inclusion,
the intersection space I.X is obtained from M by coning off a certain subset of the link.

If there are several isolated singularities, the intersection space is defined by performing spatial
homology truncation on each of the links, simultaneously.

Note that the construction of the intersection space IX involves choices of subgroups Y; C
Cn(L;), where the L; are the links of the singularities. Moreover, the chain complexes C,(L;)
depend on the CW structures on the links. However, as shown in [I, Theorem 2.18], the rational
homology of IX is well-defined and independent of all choices.

Example 2.1. In the case of the nodal curve V of Example the link of the singular point
is O x S', two circles. The intersection space IV of V is a cylinder I x S' together with an
interval, whose one endpoint is attached to a point in {0} x S! and whose other endpoint is
attached to a point in {1} x St

Thus IV is homotopy equivalent to the figure eight and
Hi(IV)=QeaQ,
which does agree with H; (V).

Remark 2.2. As suggested by Example the middle homology of the intersection space IX
takes into account more cycles than the corresponding intersection homology group of X. More
precisely, for X of complex dimension n with only isolated singularities, IH,(X) is generally
smaller than both H,, (X —Sing(X)) and H, (X), being a quotient of the former and a subgroup of
the latter, while H,, (I X), is generally bigger than both H,,(X —Sing(X)) and H,(X), containing
the former as a subgroup and mapping to the latter surjectively, see [I].

3. STRING THEORY AND MIRROR SYMMETRY

The homology of intersection spaces addresses certain questions in type II string theory. Let
us give a quick account of how this story unfolds.

In addition to the four dimensions that model our space-time classically, (super)string theory
requires six dimensions for a string to vibrate. Supersymmetry considerations force these six
(real) dimensions to be a Calabi-Yau space (i.e., a compact complex Kahler manifold with triv-
ial first Chern class). However, given the multitude of known topologically distinct Calabi-Yau
threefolds, the (super)string model remains undetermined. It is therefore important to have
mechanisms that allow one to move from one Calabi-Yau space to another. Topologically speak-
ing, since any two closed oriented (real) six-manifolds are bordant, and bordisms are obtained
by performing a finite number of surgeries, surgery seems to be a good way to travel from one
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Calabi-Yau manifold to another. In Physics, a solution to this problem was first proposed by
Green-Hiibsch [111 [12] who, motivated by Reid’s fantasy [I7], conjectured that topologically dis-
tinct Calabi-Yau’s could be connected to each other by means of “conifold transitions”, which
should induce a phase transition between the corresponding (super)string models.

A conifold transition starts out with a nonsingular Calabi-Yau threefold, passes through
a singular variety — the conifold — by a deformation of complex structure, and arrives at a
topologically distinct nonsingular Calabi-Yau threefold by a small resolution of singularities.
The deformation collapses embedded three-spheres (the “vanishing cycles”) to isolated ordinary
double points, while the resolution resolves the singular points by replacing each of them with
a CP!. A conifold transition can be described locally by means of surgeries on the vanishing
cycles (see [6l [18]). In Physics, the topological change was interpreted by Strominger as the
condensation of massive black holes to massless ones. It is then desirable to record these massless
particles as classes in good (co)homology theories. In type ITA string theory, there are charged
two-branes that wrap around the CP! 2-cycles, and which become massless when these 2-cycles
are collapsed to points by the resolution map. As intersection homology is invariant under small
resolutions, the intersection homology of the conifold accounts for all of these massless two-
branes, so it is the physically correct homology theory for type ITA string theory. Similarly, in
type IIB string theory there are charged three-branes wrapped around the vanishing cycles, and
which become massless as these vanishing cycles are collapsed by the deformation of complex
structure. Neither ordinary homology nor intersection homology of the conifold account for
these massless three-branes, but the homology of the intersection space of the conifold yields the
correct count. So it appears that the homology of intersection spaces is the physically correct
homology theory in the IIB string theory; see [Il Section 3] for more details.

In relation to mirror symmetry, given a Calabi-Yau threefold X, the mirror map associates
to it another Calabi-Yau threefold X° so that type IIB string theory on R* x X corresponds to
type IIA string theory on R* x X°. If X and X° are nonsingular, their homology Betti numbers
are related by precise algebraic identities, e.g., f3(X°) = B2(X) + B4(X) + 2, etc. A conjecture
of Morrison [16] asserts that the mirror of a conifold transition is again a conifold transition, but
performed in the reverse order (so, mirror symmetry is supposed to exchange resolutions and
deformations). Thus, if in the above discussion, X and X° are mirrored conifolds (in mirrored
conifold transitions), the intersection space homology of one space and the intersection homology
of the mirror space form a mirror-pair, in the sense that

(1) B3(IX°) = 1B2(X) + IB4(X) + 2,

etc., where I3; denotes the i-th intersection homology Betti number (see [I] for details).

The above mirror symmetry considerations suggest that one could expect to be able to com-
pute the intersection space homology H,(IX) of a variety X in terms of the topology of a
smoothing family X, by “mirroring” known results relating the intersection homology groups
ITH,.(X) of X to the topology of a resolution of singularities X. This point of view will be
exploited in the next section, see [4] for complete details. Moreover, equation can serve as a
beacon in constructing a mirror X° for a given singular X, as it restricts the topology of those
X° that can act as a mirror of X.

4. DEFORMATIONS OF SINGULARITIES

All results in this section can be formulated for projective hypersurfaces with several isolated
singularities. For simplicity, we restrict our attention to the case of a single isolated singularity.
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Let f be a homogeneous polynomial in n 4 2 variables with complex coefficients such that the
complex projective hypersurface

V ={f=0} cCcpt!

has only one isolated singularity x. Let L., F, and T}, : H,(F,) — H,(F,) denote the link,
Milnor fiber and local monodromy operator of the isolated hypersurface singularity germ (V, z),
respectively. By [I5], the link L, is an (n — 2)-connected closed oriented (2n — 1)-dimensional
manifold. Also, the Milnor fiber F, is a parallelizable (n—1)-connected 2n-dimensional manifold,
which has the homotopy type of \/ S™, a wedge of n-spheres. The number u, = rkH, (F,) of
these n-spheres (which are also called “vanishing cycles”) is the local Milnor number at x. It is
known that all eigenvalues of T, are roots of unity. We say that the local monodromy operator
T, is trivial if all eigenvalues of T, are equal to 1.

Theorem 4.1 ([4]). Let V.C CP""! be a complex projective hypersurface with only one isolated
singular point . Let Vi denote a nearby smoothing of V.. Then:

(a) Hy(Vy) = Hy(IV), for all i < 2n, i # n;
(b) H,(Vy) 2 H,(IV) < T, is trivial.

Recall that intersection homology is invariant under small resolutions. Therefore, as inspired
by the conifold transition picture of the previous section, we regard the local trivial monodromy
condition of Theorem as “mirroring” that of the existence of small resolutions.

In fact, the isomorphisms of Theorem are often induced by a map. More precisely, by
the construction of an intersection space, there is a canonical map can : IV — V. Also, there
is a specialization map sp : V5 — V which collapses the vanishing cycles to a point. In [], we
showed that under a mild technical assumption on the homology of the link (that is, if n # 2
and H,,_1(L,;Z) is torsion-free), one can define a map n: I'V — V; so that can = spon. Then
the following holds:

Theorem 4.2 ([]). The isomorphisms in Theorem[{.1)(a) are induced by the map n. Moreover,
et Hy,(IV) = H, (Vs)

18 @ monomorphism, and it is an isomorphism if and only if the local monodromy operator T, is
trivial. In particular, in the latter case, the dual maps in cohomology are ring isomorphisms.

We regard the result of Theorem [.2] as “mirroring” the fact that the intersection homology
groups [H,;(V') of V are vector subspaces of the corresponding homology groups Hl(‘7) of any
resolution V of V', the latter being an easy application of the Bernstein-Beilinson-Deligne-Gabber
decomposition theorem, e.g., see [Bl [7, [9].

Together with Remark the result of Theorem also yields the following bounds on the

rank of the rational vector space H,, (IV):
kI H, (V) < tkH, (IV) < tkH,,(V}).

In the case when the map n above can be defined, it can be used to put a mixed Hodge structure
on each of the cohomology groups H {(IV). Here we also use the fact that the specialization
map sp : Vi — V induces mixed Hodge structure homomorphisms in cohomology, provided the
cohomology groups H*(V;) of the smoothing are considered with their “limit” mixed Hodge
structures, as defined by Schmid-Steenbrink. More precisely, under the assumptions of Theorem
below, n* can be used to transfer this limit mixed Hodge structure to the groups PNF(IV).
We therefore get the following:
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Theorem 4.3 ([]). If V is a complex projective hypersurface with only one isolated singular
point x at which the local monodromy operator is trivial, then each cohomology group H Iv)
carries a mized Hodge structure so that the map can : IV — V induces a mired Hodge structure
homomorphism in (reduced) cohomology.

The existence of mixed Hodge structures on intersection space cohomology groups (though
restricted by our context and hypotheses) is already very surprising, especially after noting that
the intersection space associated to a complex projective variety is not itself an algebraic vari-
ety in general. Nevertheless, one can regard the statement of Theorem as “mirroring” the
classical fact stating that for an equidimensional complex projective variety V', each intersection
cohomology group IH®(V) carries a weight i pure Hodge structure, so that the natural map
HY (V) — IH (V) is a homomorphism of mixed Hodge structures. As already predicted by Re-
mark [2.2] one could not expect in general to get purity on intersection space cohomology groups.
However, at least when the monodromy operator of the smoothing family {V}, is trivial one
does get purity. To give a concrete example, this occurs when a family of smooth genus 2 curves
Vs degenerates into a union of two smooth elliptic curves meeting transversally at one double
point, see [4, Example 5.4].

Regarding invariants of intersection spaces, it follows from [I] that if n = dim¢ V is even,
then the signature o(IV) of the intersection space (as defined via the Poincaré duality pairing
on H,(IV)) coincides with the Goresky-MacPherson (intersection homology) signature of V.
The difference between the Euler characteristics of the two theories was computed in [4] as
follows:

Theorem 4.4 ([]). For a complex projective hypersurface V.C CP™"*1 with only one isolated
singular point x, we have that:

(2) X(H.(IV)) = X(TH.(V)) = =2x<n(La),
where Ly is the link of x, and X<y := >, _,,(—1)'f;.

Of course, when z is actually a smooth point (so the link is a (2n — 1)-dimensional sphere) the
intersection space IV is homotopy equivalent to V' with a small open ball about = excised, and
the given formula is easily seen to hold. In fact, formula (2) holds more generally in the context of
an even dimensional pseudomanifold X with only isolated singularities (see [I, Corollary 2.14]).
We indicate here a very elementary proof of this formula (as suggested by the referee) in the
case when X has only an isolated singular point z. Let (M, L) be the manifold, with boundary
the link L of z, obtained by excising a small open neighborhood of x. Then considering the
relevant Mayer-Vietoris sequence, and using the additivity of the Euler characteristic, we have
on the one hand

X(IX) = x(M) + x(cone(L<n)) — X(L<n) = x(M) +1 = x<n(L),
and on the other
Ix(X) = x(M) + Ix(cone(L)) = x(L) = x(M) + x<n(L),

where we have used the standard cone calculation for IH*(cone(L)) and the fact that L is an
odd-dimensional manifold. The result follows immediately.

5. OPEN QQUESTIONS

We conclude this survey with a list of open problems, some of which are motivated by the
“mirror symmetry” analogy discussed above.
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Is there a sheaf-theoretic description for the intersection space (co)homology, similar to
the one for intersection homology (by Deligne’s intersection sheaf complex [10])7? At
least in the context of this note, the answer should be related to the complex of nearby
cycles of a smoothing family.

Is there a version of (weak and hard) Lefschetz theorems for the (co)homology of the
intersection space of a complex projective variety?

Is there a canonical mixed Hodge structure on the intersection space cohomology of a
complex projective variety?

How much of the above work can be extended in the context of more general singu-
larities? For example, consider the case of a hypersurface V with a higher-dimensional
smooth singular locus ¥ so that (V,X) is a Whitney stratification of V. The intersection
space IV was defined in [I] under certain assumptions on the link bundle. In the same
vein, the intersection space associated to certain stratified pseudomanifolds with depth
2 stratifications was constructed in [3]. It would be interesting to study the associated
homology groups for these intersection spaces.
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FIRST CASES OF INTERSECTION SPACES
IN STRATIFICATION DEPTH 2

MARKUS BANAGL

ABSTRACT. Previous constructions of intersection spaces for stratified pseudomanifolds all
required the stratification depth to be at most 1. Here, we construct intersection spaces for
certain simple stratifications of depth 2, involving different singularity links.

1. INTRODUCTION

In [I], we introduced a method that associates to certain classes of stratified pseudomanifolds

X CW complexes
I’X,

the intersection spaces of X, where p is a perversity in the sense of Gorgsky and MacPher-
son’s intersection homology, such that the ordinary (reduced) cohomology H*(I?X; Q) satisfies
generalized Poincaré duality when X is closed and oriented. The resulting cohomology theory
X ~ HI3(X) = H*(I?X) is not isomorphic to intersection cohomology IH(X), since the for-
mer has a p-internal cup product while the latter does not, in general. For example, the singular
Calabi-Yau quintic

X ={z€P"| 20+ 20 +25 + 25 + 2] — 52021222324 = 0}
has intersection cohomology ranks
vk TH?(X) =25, tk TH*(X) = 2, tk IH*(X) = 25,

whereas
rk HI?(X) =1, tk HI*(X) = 204, tk HT*(X) = 1.

The expository article [5] of the present volume provides a gentle introduction to intersection
spaces and surveys results obtained by Maxim and the author in [4] on the stability of HI*
under nearby smooth deformations of a singular projective hypersurface. Given a spectrum F
in the sense of stable homotopy theory, one may form EI;(X) = E* (IPX). This, then, yields an
approach to defining intersection versions of generalized cohomology theories such as K-theory.
The theory HI* also addresses questions in type II string theory related to the existence of
massless D-branes arising in the course of a Calabi-Yau conifold transition. These questions
are answered by IH* for ITA theory, and by HI* for IIB theory; see Chapter 3 of [I]. A de
Rham-type description of HI* has been developed in [2], which has been applied in [3] to obtain
spectral sequence degeneration results for flat bundles and equivariant cohomology of isometric
group actions.

Up to the present point, intersection spaces have only been constructed for singular spaces that
possess a stratification of depth at most 1, although a construction method for greater depths has
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58 MARKUS BANAGL

been proposed in [1], pp. 186 — 189. In the present note, we implement this method for certain
stratifications of depth 2. We consider only the two middle perversities m and n. Let X be an
n-dimensional, compact, oriented PL pseudomanifold (without boundary) with n = 2k > 0 even.
Suppose X can be endowed with a PL stratification of the form X = X,, D X; D Xy with X; a
circle and X a point, such that the respective links L, Ly of the two singular strata X; — X, Xg
are simply connected. For the link L of the odd-(co)dimensional stratum X; — X, we require
the following strong version of the Witt condition: X satisfies the strong Witt condition, if
L possesses a CW structure such that the cellular boundary operator Cj_1(L) — Ck_2(L) is
injective. This condition implies of course that the middle homology Hy_1(L) of the manifold
L vanishes, which is the classical Witt condition of [9] when rational coefficients are used. The
strong Witt condition is obviously satisfied if L has no middle-dimensional cells. Closely related
versions of this condition have been considered in the literature before. Weinberger [13] calls
an n-manifold antisimple, if its chain complex is chain homotopy equivalent to a complex of
projective modules P, with P; = 0 for ¢ = [n/2]. Hausmann considers manifolds that have
a handlebody without middle-dimensional handles, which is stronger than our condition; see
[7, p.334, p.336]. For X satisfying the strong Witt condition, we follow the method of [I] to
construct the two middle-perversity intersection spaces I™X and I"X. As expected, they turn
out to be equal, and we put IX = I"™X = ["X. The main theorem (Theorem asserts that
there exists a Poincaré duality isomorphism

D:H""(IX;Q) —» H,(IX;Q)
that is compatible with Poincaré-Lefschetz duality for the exterior of the singular set.

The basic paradigm for the construction of intersection spaces is to replace links by their spa-
tial homology truncations (Moore approximations), where the truncation degree is determined
by the perversity function. We review spatial homology truncation in Section The simple
connectivity assumption on the links is adopted to ensure the existence of homology truncations,
and is in practice not always necessary. Roughly, we proceed as follows: We first disassemble the
boundary of a regular neighborhood of the singular set, so that we can build a nice homotopy
theoretic model of it. This involves certain simple kinds of homotopy colimits, whose properties
we collect in Section [2l In the disassembled state, the pieces are the link bundle over X; — X,
the space obtained from the link Ly of Xy by removing cone neighborhoods of its two singular
points, and a space L, PL homeomorphic to two copies of L, where the two other pieces are
glued. The gluing involves maps from L to the other two pieces. We then apply spatial homology
truncation to truncate all these pieces (more precisely, the bundle over X; — X is truncated
in a fiberwise fashion), as well as the maps relating them to each other. Then the truncated
pieces are reassembled again, using the truncated maps, and X is the homotopy cofiber of the
map from the reassembly to the complement of the open regular neighborhood of the singular set.

Notation and Conventions: If X and Y are topological spaces, A C X a subspace, and
f:+ A=Y a continuous map, then ¥ Uy X denotes the space obtained from the disjoint union
of X and Y by attaching X along A to Y using the map f, that is, Y Uy X = (Y U X)/(a ~
f(a) for all @ € A). Our convention for the mapping cylinder YUy X x I of amap f: X =Y is
that the attaching is carried out at time 1, that is, the points of X x {1} C X x I are attached to
Y using f. The homology H.(f) of the map f is defined to be H,(f) = H.(Y Uy X x I, X x{0}).
For products in cohomology and homology, we will use the conventions of Spanier’s book [10].
In particular, for an inclusion i : A C X of spaces and elements £ € HP(X), x € H,(X, A), the
formula 0.(§ Nx) = i*¢ N O, holds for the connecting homomorphism 0, (no sign). For the
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compatibility between cap- and cross-product, one has the sign

(Exn) N (zxy) = ()PP (Ena) x (nNy),
where £ € HP(X),n € HY(Y), z € Hy,(X), and y € H,(Y).

2. REQUIRED PROPERTIES OF HOMOTOPY PUSHOUTS

In order to form the intersection space of a given pseudomanifold, one has to glue together
pieces obtained at various stages of homology (Moore) towers. The gluing is accomplished via
homotopy pushouts, whose fundamentals we shall collect in the present section. It is not possi-
ble to glue through ordinary pushouts, since the output of spatial homology truncation is only
well-defined up to homotopy.

A 3-diagram T' of spaces is a diagram of the form
x4y,

where A, X, Y are topological spaces and f, g are continuous maps. If A, X, Y are CW complexes
and f, g are cellular, then we call I' a CW-3-diagram. The realization |T'| of T' is the pushout of
f and g, that is,

T =(XUY)/(f(a) ~ gla), for all a € A).

If T is a CW-3-diagram and g is the inclusion of a subcomplex, then |I'| is a CW complex, [§]. In
particular, the mapping cylinder cyl(f) is a CW complex in a natural way. A morphism T' — T”
of 3-diagrams is a commutative diagram

(1) X<LA49>Y

PR

X! <f—A/ L>Y/

in the category of topological spaces. If T" and IV are both CW-3-diagrams, then we call the
morphism cellular, if all vertical arrows are cellular maps. The universal property of the pushout
implies that a morphism I' — I induces a map |I'| — |I"| between realizations. If ' — IV is
cellular, with g,¢" subcomplex inclusions, then |I'| — |I| is cellular. A homotopy theoretic
weakening of a morphism is the notion of an h-morphism I' —;, I'. This is again a diagram
of the above form 7 but the two squares are required to commute only up to homotopy. An
h-morphism does not induce a map between realizations. The remedy is to use the homotopy
pushout, or double mapping cylinder. This is a special case of the notion of a homotopy colimit.
To a 3-diagram I" we associate another 3-diagram H (T") given by

XUfoI:cyl(f)aZt—?A%t—;)cyl(g):YUgAxI.

If T is a CW-3-diagram, then cyl(f) and cyl(g) are CW complexes and hence H(T') is again a
CW-3-diagram. We define the homotopy pushout, or homotopy colimit, of I" to be

hocolim(T") = |H(T")|.

If T is CW, then, as the two maps in H(I") are subcomplex inclusions, |H(T')| is a CW complex.
Sometimes, especially in large diagrams, we will omit parentheses and briefly write HI for
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H(T'), C\|HT| for the chain groups C,(|HT|), and H,|HT| for the homology groups H,(|HT).
The morphism H(I') — I' given by

XUfAXI<—A4>YUgAXI

lr f im i

X A g Y,

9

where the maps r are the canonical mapping cylinder retractions, induces a canonical map
hocolim(T") — |T'|.
A morphism I' — I, given by
f g

X<~—A—>Y

R

X <—— A ——Y',

induces a morphism H(I') — H(T"), given by

XUpAxT<22 DAC 20 YU, AxT
l{u(axidl) la inu(axidf)
X'Up A x T <222 DA€ 20y Uy A X,

which in turn induces a map hocolim(I") — hocolim(I”). If ' — T” is cellular, then H(T') — H(I")
is cellular. Since the horizontal arrows are subcomplex inclusions, hocolim(I') — hocolim(I")
is thus also cellular. If «,& and 7 are homeomorphisms, then & U (« X id;) and n U (a x
idy) are homeomorphisms and hence hocolim(I') — hocolim(I') is a homeomorphism. An h-
morphism I' =, I together with a choice of homotopies between clockwise and counterclockwise
compositions will induce a map on the homotopy pushout,

hocolim(T") — |T”|.

Indeed, let
/ g

X<—A——Y

kol
;T ;9 ’
X' <——A —>Y
be the given h-morphism. Let F : A x I — X’ be a homotopy between Fy = f'«a and F; = £f.
Let G: Ax I — Y’ be a homotopy between Gy = ¢'a and G; = ng. Then

XUy Ax <22 D AC MO YU, AT
ifoF la i’f]UgG
X’ ! A 4 v

commutes (on the nose) and thus defines a morphism H(I') — I'. This morphism induces a
continuous map on realizations hocolim(I") = |H(T)| — |TV|.

A pair (X, A) of (compactly generated) topological spaces is an NDR pair, if the inclusion
A C X is a closed cofibration. A relative CW complex, for instance, is an NDR pair.
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Proposition 2.1. If

(2) y<l ac iy

Ni(by N\L@x Ni(ﬁx

Y! <L A/(_i,> X!

is a commutative diagram of continuous maps such that i and i’ are inclusions of NDR pairs
and ¢y, pa,dx are homotopy equivalences, then

oy Uodx IYUfX—>Y/Uf/X/
is a homotopy equivalence.

This is Theorem 1.13 in Section 1 of [6], where a proof can be found. For our purposes, for
example when cellular approximation is required, we need to weaken the assumptions of the above
proposition by requiring the left square of the diagram to be merely homotopy commutative. A
similar conclusion will then hold if the pushouts are replaced by homotopy pushouts.

Proposition 2.2. If the right hand square of diagram (@ commutes and the left hand square
commutes up to homotopy, i and i' are inclusions of NDR pairs and ¢y, pa,dx are homotopy
equivalences, then the homotopy pushouts of the first and second row are homotopy equivalent,

YU AxTU; X ~Y' Up A" x TUy X'.
(In fact, both of these homotopy pushouts are equivalent to Y' Uy X'.)

Proof. Let H : A x I — Y’ be a homotopy between Hy = f'¢p4 and H; = ¢y f. We claim that
the map

(f)yUfH:YUfAXI—)Y/
is a homotopy equivalence. To see this, consider the following homotopy {Fs}o<s<1,
Fo: YU AxI—Y'

For given s, F consists of ¢y on Y. On A x [s,1] C A x I, use H(a,t),a € A, s <t <1. On
the remaining part A x [0,s] C A x I, use H(a,s) (constant in ). Then Fy = ¢y Uy H and Fy
is ¢y on'Y and Fi(a,t) = H(a,1) = ¢y f(a) for all t. We may think of F; as the composition of
the mapping cylinder retraction

r:YUsAxI —Y
induced by projection, and ¢y : Y — Y’. Since both of these maps are homotopy equivalences,

so is Fy. Thus Fy = ¢y Uy H is homotopic to a homotopy equivalence, thus itself a homotopy
equivalence. Applying Proposition 2.1] to the (on the nose) commutative diagram

YU AxT<—22 4 ' o x

’il(bYUfH :lm :laﬁx

V' f A'C ¢ b

yields the result that
by U HUgx : YU AXTUX — Y Up X'
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is a homotopy equivalence. Applying Proposition to the commutative diagram

at0

Y Up A x T A
y! i A/C i’ X!

where r’ is the mapping cylinder retraction, yields an equivalence
YV'Up A xTUX =Y Up X
Both equivalences together show that
YUFAXTU; X ~Y' Up A xTUy X'.
O

Proposition 2.3. If a manifold M is decomposed as M = M, Uy, M_, with My a com-
pact codimension one submanifold and My codimension 0 submanifolds with common boundary
OMy =My=M;NM_=0M_ so that M = |T'| withT = (M < My — M_), then there is a
homeomorphism |T'| = |H(T')|.

Proof. The codimension one submanifold My = M, has a collar in M, and a collar in M_,
as My = OM_. Using this bicollar, a homeomorphism to the double mapping cylinder can be
readily constructed. O

3. SpATIAL HOMOLOGY TRUNCATION

The goal of spatial homology truncation is to associate to a CW complex K and an integer
k a complex t. K together with a cellular map t.,/K — K, which induces an isomorphism
H,(t<;K) = H.(K) in degrees r < k, whereas H,.(t<,K) = 0 for r > k.

Definition 3.1. A CW complex K is called k-segmented if it contains a subcomplex K. C K
such that H.(Kx) =0 for r > k and

iy Hy (K<) — Hp(K) for r < k,
where ¢ is the inclusion of K. into K.

Not every k-dimensional complex is k-segmented, but if K is simply connected, then K is
homotopy equivalent to a k-segmented complex by [I, Prop. 1.6, p. 12]. If the group of k-cycles
of a k-dimensional CW complex K has a basis of cells, then K is k-segmented. Spatial homology
truncation should also apply to maps f : K — L. However, counterexamples in [I] show that in
general there need not exist a truncated map t < f : t<x K — t L, which fits with the structural
maps into a homotopy commutative square, see pages 3—5 and p. 39 of loc. cit. This problem
can be addressed by introducing the following category.

Definition 3.2. The category CW g~y of k-boundary-split CW complexes consists of the fol-
lowing objects and morphisms: Objects are pairs (K,Y), where K is a simply connected CW
complex and Y C Cy(K;Z) is a subgroup of the k-th cellular chain group of K that arises
as the image Y = s(imd) of some splitting s : imd — Cg(K;Z) of the boundary map
0: Cr(K;Z) - 1imo(C Cyr_1(K;Z)). (Given K, such a splitting always exists, since im0 is free
abelian.) A morphism (K,Yx) — (L,Y7) is a cellular map f : K — L such that f.(Yx) C YL.



FIRST CASES OF INTERSECTION SPACES 63

Let HOCW|_; denote the category whose objects are CW complexes and whose morphisms
are rel (k — 1)-skeleton homotopy classes of cellular maps. Let

teoo : CWi55g — HoCWy_4

be the natural projection functor, that is, t<. (K, Yx) = K for an object (K,Yg) in CWyos,
and t<oo(f) = [f] for a morphism f : (K,Yx) — (L,Yr) in CWy5s. The following theorem is
part of Theorem 1.41 in [I].

Theorem 3.3. Let k > 3 be an integer. There is a covariant assignment t<y : CWrHg —
HoCW._1 of objects and morphisms together with a natural transformation emby, : top — t<oo
such that for an object (K,Y) of CWyg~g, one has H-(t<x(K,Y)) =0 forr >k, and

o

emby (K, Y), : Hy(t<x(K,Y)) — H.(K)
is an isomorphism for r < k.

This means in particular that given a morphism f, one has squares

mby (K,Y]
b (K, Yie) Y (K Vi)

t<k(f)l it@o(f)
mby (L,Y]
te(L,vy) Ty (LY

that commute in HoOCWy_;. If k < 2, then the situation is much simpler and the category
CW 59 is not needed at all. For k = 1, there is a covariant truncation functor t<q : CWY —
HoCW, where CW" is the category of path-connected CW complexes and cellular maps. For
k = 2, there is a covariant truncation functor t .o : CW' — HoCW, where CW' is the category
of simply connected CW complexes and cellular maps. See [1, Section 1.1.5]. We call a space T
together with a structural map e : T — K a cohomological k-truncation of K, if H"(T) = 0 for
r>k,and e* : H"(K) — H"(T) is an isomorphism for r < k.

4. HomoLoGICAL ToOLS
Let j be a positive integer.

Definition 4.1. A CW complex K satisfies condition (INJ;) if and only if the cellular chain
boundary operator 9; : C;(K) — C;_1(K) is injective.

The condition is in particular satisfied if K has no j-cells. It implies of course that H;(K) = 0.
Let Z;(K) C C;(K) denote the subgroup of j-cycles.

Lemma 4.2. If K satisfies condition (INJ;), then the following statements hold (for (1) and
(2) assume that K is simply connected):

(1) There is a unique completion of K to an object (K,Y;) € CW 5y, namely Y; = C;(K).

(2) There is a unique completion of K to an object (K,Yj11) € CW 1155, namely G+1 =0.
(8) K is j-segmented and (j + 1)-segmented.

(4) t<j(K7Yj) = t<j+1(K7Yj+1) = K7,

(5) t<j41(K,Y;11) is an (integral) cohomological (j + 1)-truncation.

Proof. The injectivity of 0; : C;(K) — C;_1(K) means that Z;(K) Hence, for the de-

— 0.
composition Z;(K) &Y, = C;(K) to hold, we must take Y; = C;(K). The injectivity of 9;
also implies that 9;41 = 0 : Cj41(K) — C;(K) and thus Z;41(K) = Cj41(K). Hence, for the
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decomposition Z;1(K) @Y, 11 = Cj41(K) to hold, we must take Y; 1 = 0. This proves (1) and
(2). The (j + 1)-skeleton of K has the form

‘ - ‘ -
K =Kol v oA
a B

where the y/ are the j-cells and the zéﬂ the (j + 1)-cells of K. Since {zéﬂ} is a basis for
Z;+1(K), Lemma 1.2 of [I] implies that K%', and thus K, is (j + 1)-segmented. Furthermore,
Proposition 1.3 of loc. cit. shows that the truncating subcomplex t«;41 (K, Y41 =0) C Kitlis
unique (if we insist on not changing the j-skeleton) and given by t;1(K,Yj11) = K7 because
K has no (j + 1)-cells that are not cycles. Similarly, the empty set is a basis for Z;(K) = 0, so
we may apply Lemma 1.2 of [1] to conclude that K7, and thus K, is j-segmented, proving (3).
By Proposition 1.3 loc. cit., the truncating subcomplex t;(K,Y;) C K7 is unique (if we insist
on not changing the (j — 1)-skeleton) and given by

t<j(K7Yj) =K/t UUZJ& = Kjv

since {yZ} is the set of j-cells of K that are not cycles. This proves statement (4). Statement
(5) follows from Remark 1.42 of [I], observing that Ext(H;(K),Z) = 0 is a consequence of
(INJ;). O

To a CW-3-diagram we wish to associate certain Mayer-Vietoris type sequences that compute
the homology of their homotopy pushouts. Furthermore, to cellular morphisms of such diagrams
we wish to associate long exact sequences of these Mayer-Vietoris sequences. This is carried out
in the rest of this section through a progression of ever more general statements culminating in
Proposition The reader may want to consult [T2, Chapter 0] for a general setup of n-ads of
CW complexes, but we only need n = 3, i.e. triads.

Lemma 4.3. Let (Q;Q+,Q—-) be a CW-triad so that Q = Q4+ UQ_ and Qo = Q+ N Q— is
a subcomplex of Q4 and of Q—. Let i : Qo — Q be the inclusion map and q; : Ci(Q) —
Ci(Q)/Cx(Q4), ¢ : C(Q) = C.(Q)/Ci(Q-) the natural projections. Then:

(1) The inclusions Q— C Q, Q+ C Q induce isomorphisms

C.(Q-) =~ C(Q) Ci(Qy)
Qo) Co(Qs) Cu(Qo)

(@)
Q-)

= G
C(
(2) The sequence

0= Cu(Qy) 2 (@) ot G:Q) o C(Q)

Cu(@y) ~ Cu(Q-)

s exact.

Proof. (1) Since Q4+ U Q_ = @, the claim follows from the short exact sequences

C.(Q4) C.(Q) C.(Q)
@ NQ) Q)  ClQiUQ)

C(Q-) C.(Q) Ci(Q)
C.(Q:NQ0)  CQy) | CQiUQ)
of the triad (Q; Q4+, Q-); see [12 p. 5] for these sequences.

0— — 0,
C.

0— —0
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(2) The injectivity of 4, is clear. Let [a] € Ci(Q)/Cx(Q+), [b] € Ci(Q)/C(Q-). By (1), there
exist chains o € C,(Q-), B € C.(Q4+) with ¢; (o) = [a], ¢S (8) = [b]. Since ¢, (8) = 0 and
g () =0, we have

(¢, —a5)a=8) = (¢ (a—=pB),—q¢ (a—p))
= (¢ (@), =g (=p))
= ([a], [b]).

Thus (q;, —q;") is surjective. The composition (g5, —q;)ois is zero because Qo C Q4+, Qo C Q_.
Let ¢ € C.(Q) be a chain such that ¢; (q) = 0, ¢F(q) = 0. This implies that ¢ € C,(Q+) N
Ci(Q-) = C(Q+ NQ-) = C(Qo), proving exactness at C,(Q). O

Let (Q;Q+,Q-) be a CW-triad with Q@ = Q+ UQ_ and set Qo = Q- NQ4. Let (R; Ry, R_)
be a CW-triad with R = R, U R_ and set Ry = R_ N Ry. Let I" be the CW-3-diagram
Q+ < Qo — Q-
and let © be the CW-3-diagram
Ry +— Ry— R_.

Suppose that I' is a CW sub-3-diagram of ©, that is, there is a commutative diagram

Qr =—Qo——=Q-

N

R, <—Ry——R_
of subcomplex inclusions. Assume furthermore that the equations

RiNQ=Q4+, R-NQ=Q-
hold. These equations imply

RyNQ=(RyNR)INQ =R+ NQ)N(R-NQ)=Q+NQ_ = Q.
Since @+ = Q N R4, the triad (R; R4+, @) has an associated exact sequence
C.(Q) C.(R) C.(R)
— —
C(@Q+) Cu(Ry+) Ci(QURY)
Similarly, since Q_ = @ N R_, the triad (R; R—, Q) has an associated exact sequence
C.(Q) Cy(R) C.(R)
— —
Ci(Q-) Ci(R-) Ci(QUR-)
These two sequences add to give an exact sequence
C.(Q)  C.Q) C.(R)  C.(R) C(R) C.(R)
— ® — @ -
Co(Q1) T CQ) TRy TR T CQURL) T CLQUR)
Lemma applied to the triads (Q; Q+,®@-) and (R; Ry, R_) delivers exact sequences

0= Cu(Qo) —s Cu(Q) — S2@) o (@)

Cu(@1)  Cu(Q-)

C.(R) _ C.(R)
Cu(Ry) — Cu(R-)

0— — 0.

0— — 0.

0—

— 0.

0— C.(Ry) — C.(R) —
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We obtain the following commutative 3 x 3-diagram with exact columns and exact rows:

0 0 0
0 —— C.(Qo) — C4(Q) g g S 0
00— C,(Rg) —= C.(R) CulB) oy C=(B) 0

C.(Ry) Y TR

C.(Ro) C.(R) C.(R) ® C.(R)
T.(Qo) C.(Q) 0.(QUR:) ¥ TL(QURD)
0 0 0

The inclusion Cy(Rg) — C«(R) induces a map C.(Ro)/Cx(Qo) — C«(R)/C.(Q). The identity
on C,(R) induces quotient maps

C.(R) _ _ C.R) C.(R) _ _ C.(R)
C.(Q) C.(QURy) C.(Q) C.(QUR_)

We use these to complete the above diagram to a commutative diagram

0 0 0

00— C.(Qo) —= C.(Q) ey ® G 0
00— C,(Rg) —= C.(R) Sy ® TR 0
0— &5y ey — onons @ ooy — 0
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which has exact top and middle row, as well as exact columns. By the 3 x 3-lemma, the bottom
row is exact as well. Using the isomorphisms of Lemma (1), this diagram can be rewritten as

0 0 0

C(Q Cx
0—— C*(QO) — C*(Q) C*((%o)) b C*((%Z)) 0

C.(R_ C.
0 —= C,(Ro) —= C.(R) C*Q’;O; @ C*g;;; 0

Cy(R)
7 © equrs 0.

gﬁ
2]
2
S
o
3
-
ey
E

0 0 0
Given amap a : (X,Y) — (X', Y’) of pairs, we write H,(a,a|) for
Ho (X' Uy X x I, (Y Uy Y x T) U (X % {0})).
Lemma 4.4. Let © be any CW-3-diagram
SRPERY RN
and let T, given by
p.dlp 2p,

be a cellular subdiagram of ©. Then the inclusion morphism

(3) p, <1 PfH P

S, <l 5, —Ls5_

induces on homology the following commutative diagram with exact Mayer-Vietoris-type rows
and exact columns:

Os

4)  H(P) H,|HT| H,(g]) ® H,(f]) H,_1(Py)
H,(So) H,|HO)| H,(g) & H,(f) —= H,_1(S,)

|

H,(So, Py) — H,.(|HO|, |HT'|) — H.(9, 9|) ® H.(f, f]) % r—1(So0, Po)

O O O

H,._1(g]) ® H-—1(f)).

Hrfl(PO)

H,_,|HT)
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Proof. The inclusion I' C © induces an inclusion H(I") C H(O):

Q4 = Py Uy Py x T 22 Q0 := B> P Uy Py x I =: Q_

Ry =84 Up So x I 2% Ry = 5y~ S U, Sy x [ = R_.
Both H(I') and H(©) are CW-3-diagrams. With
Q= [H(D)| = Q4 Ug, @, R =|H(©)| = Ry Up, R_.
the equations
QiNQ =Qo ReNR_=Ro, ByNQ=Q, R.NQ=Q_

hold. Thus the previous considerations yield a commutative 3 x 3-diagram with exact rows and
columns:

0—> C(Ry) — C.|H(T)| il il Bl 0

C(S_UgSoxI) . C.(S4UsSoxI
0 ——> C.(8)) — C.|H(®) e Sl 0
0 Cu(S0) C.|H(O)] C.|H(©)| @ C.lH(©)| 0
C.(Po) C.|[H(@)] C.(JHT|US, UsSoxT) Y CL([HT|US_U,Sox1) .
0 0 0

Let (A; A4, A_) be the CW-triad
A=|H®|, A, =|HT|UR;, A_=R_,
which satisfies Ay UA_ = A. With A = A4 N A_, we have
Ao=(RyNR_)U((JHT|NR_)=SUQ-_.
The isomorphism

C.(A) _ Cu(AL)

Cu(Ay)  Ci(Ao)

of Lemma 1) thus identifies
C.|H(O)| ~ Ci(S-U, Sy x1I)

C*(|HF|US+ UfSoXI) C*(P_ Ug‘ POXIUSO).

In particular,
H.(H(©)[,[HT|U Sy Uy So x I) = H.(g, g1),
and similarly
H.(|H(©)|,[HT|US_ Uy So x I) = H.(f, f]).
The above chain-level 3 x 3-diagram then induces the desired diagram of exact Mayer-Vietoris-
type sequences on homology. O
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Proposition 4.5. Let T’ be any CW-3-diagram

X, & X S5 XL
and let TV be any CW-3-diagram

Yy <&y, Syl
Any cellular morphism e : T' — I given by

X, <t X, x

V. <" vy

induces on homology the following commutative diagram with exact Mayer-Vietoris-type rows
and ezxact columns:

Os

(5) H’I”(XO) —>HT|HF‘ —>Hr(£*) @Hr(er) Hrfl(XO)
€0 |He| € Deyu GO*l
Ox
Hy(Yo) ——— H,|HI'| ——— H,(n-) ® Hy(ny.) ———— H,—1(Y0)

|

Hy(e0) —— Hy(|He|) —= Ho(n_,€.) @& Ho(ny,€4) ——> H,_1(eo)

Ox Ox Ox

Hr—l(XO) —_— r—l‘HF| ——— 7’—1(6—) S7] Hr—l(f-‘r)'
Here, the map |He| : |HT| — |HI"| is induced by € as explained in Section[3

Proof. Set S; =Y, U, X1 x I, 89 = YgUe, Xox I, S_ =Y_ U, X_ x I, and define the
CW-3-diagram © =TIV U, T" x I to be

o4 =n4UE4 Xidy o_=n_UE_ xidr

S, So S_.

Then I' is a cellular subdiagram of © by including I' at the free end of the cylinders:

(6) X, & X, = X_

[ato Vﬁto VﬁLtO

YU, XX T <"— YU, Xox I —=Y_ U, X_x1I.

The canonical cellular inclusion ¢ : IV < © given by

Y, s Y - Y.
\L\LF [io \{\L

YU, Xo X I <——YyUy Xox I —=Y U, X_x1
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induces a cellular morphism H(¢) : H(I') — H(O) given by

at0 at0

(7) YUy, YoxJ Y€ Y_U, YoxJ
L4 Ueg Xid s \[Lo v Ut xid g
St Uy, S x J <22 15 M0 oS Uy S x J,

where we have written J for the second copy of the unit interval in order to distinguish it from
the first copy, I. The realization |H(:)| : |[H(I")| — |H(©)| is a cellular map and a homotopy
equivalence, since |H(0)| deformation retracts to |H(I')| by deformation retracting I = [0, 1] to
1. More formally, applying Proposition [2.1] to

YiéYOX{I}(LY()XJ

:[Li zvﬁo 2{;0Xid]

ot

Sy~ 7= Gox{ne—d g,

we see that 14 U g x idy are homotopy equivalences. Then applying Proposition to @, we
deduce that |H(:)| is an equivalence. Diagram (@) is of type (3)), so that by Lemma [4.4] we have
a commutative diagram

o

HT(XO) - HT|HF| H,«(f_) D Hr(f-&-) —_— r—l(XO)
H,(89) ———— H,|[HO| ———— H,(0_) & Hy(0+) ———> H,_1(S)

|

O
H, (S0, Xo) —— H,(|HO|,|[HT|) —— H,(0-,£-) ® Hy(04, &) —— Hr—1(50, Xo)

O O Ou

H,_1(Xo) —— H,1|HT'| ———— H,—1(§-) & H,—1(&4)

with exact rows and columns. Using the deformation retraction I = [0,1] — 1 throughout the
diagram, we obtain the desired diagram . O

In constructing the duality isomorphism D of Theorem [6.2] we shall make use of Lemma [£.6]
below, a standard result from linear algebra. The lemma is ultimately really only relevant in the
middle dimension, see Remark following the proof of the theorem.

Lemma 4.6. ([Il Lemma 2.46]) Let

A B C D E
A’ B’ c’ D’ E'

be a commutative diagram of rational vector spaces with exact rows. Then there exists a map
C — C' completing the diagram commutatively.



FIRST CASES OF INTERSECTION SPACES 71

5. CONSTRUCTION OF THE INTERSECTION SPACES

Let X™ be an oriented, compact, PL stratified pseudomanifold of even dimension n = 2k with
a PL stratification of the form X,, = X™ > X; D X, X; = S, X = {x0}. There are thus three
strata. (The case of a depth 1 stratified space X™ with stratification X, =X"> X, St
X, = @, and possibly twisted link bundle (mapping torus) can be treated within the present
framework by 1nsert1ng a point xg € X, as a new stratum X, = {zo}, whose link is the suspen-
sion of the link of Xl.) Let Ny be a regular neighborhood of zy in X. Then Ny = cone(Ly),
where Lg is a compact PL stratified pseudomanifold of dimension n — 1, the link of xy. Set
X’ = X —int(Ny), a compact pseudomanifold with boundary. This X’ has one singular stratum,
X = X; N X" = Al where Al is a closed interval. Let L be the link of X/, a closed manifold
of dimension n — 2. To be able to carry out spatial homology truncation, we assume that the
links L and Lg are simply connected. (In specific cases this assumption is not always necessary,
since a space may very well have a Moore approximation even if it is not simply connected.)
The space Lo may be singular with singular stratum Lo N X7 = Lo N X; = dA! = {A], AJ}
(two points). The link L, being triangulable, certainly has some CW structure.

Assumption: The space L possesses a CW structure such that condition (INJ;_1) is satisfied.

(This is the strong Witt condition from the introduction.) Fix such a CW structure on L
from now on. A regular neighborhood of A? i = 0,1, in Lo is PL homeomorphic to cone(L).
If we remove the interiors of these two cones from Ly, we obtain a compact (n — 1)-manifold
W, which is a bordism between L at AY and L at AY. Choose any CW structure on W so that
OW is a subcomplex (This is possible, since W can be triangulated with W as a simplicial
subcomplex.) A normal regular neighborhood of X7 in X’ is PL homeomorphic to a product
Al x cone(L). In more detail, this can be seen as follows: By Theorem 2.1 of [I1], a normal
regular neighborhood N of X| in X’ is the total space N = || of a cone block bundle £, with
fiber cone(L) over X{. As the base X| is PL homeomorphic to A!, Theorem I, 1.1 of [T}
Appendix| applies to show that & is trivial, that is, there is a cone block bundle isomorphism
€ = X| x cone(L). Thus N = [£] = X x cone(L) = Al x cone(L). Removing from X’ the
preimage of X x coone(L), where coone(L) denotes the open cone, under the trivialization, we get
a compact n-manifold M with boundary OM. In order to describe OM as the realization of a
3-diagram, set Ny, = cl0(N — (N N X)), where cl is closure in X’. Then N, is the total space
of the link bundle of X; — Xy, restricted to X]. In the terminology of [II], Ny, is the rim of the
cone block bundle £. This rim is a compact manifold with boundary Ny which is equal to the
boundary of W. Let us denote this common boundary by A. Then OM = |©|, where © is the
3-diagram

incl incl
W JAC Ny

Let
¢: (N,NL,NNdX') — (A' x cone(L), A" x L, (dA') x cone(L))

denote the above trivialization of the regular neighborhood and let I'y be the 3-diagram

W<t ic

incl x id

L,
where we wrote L = A! x L, L = A x L, and the map f' is the composition

o7}
L2 A—wW.
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Then ¢ induces a morphism © — I'y given by

incl incl

1

R A—
This morphism induces a homeomorphism M = |8] = |T's|, and a homeomorphism |H(O)
|H(T')|. For example, if the link-type does not change running along X; — X into zg, then Lg
is the suspension of L and W is the cylinder W = I x L. The boundary of M is a mapping torus
with fiber L and we may think of f/ as the monodromy of the mapping torus. In the diagram
I's, L is equipped with the product CW structure. The map f’ is in general not cellular.

We shall proceed to define the middle perversity intersection spaces I™X and I"X. It will
turn out that the above strong Witt assumption (INJx_1) on L implies that I™X = ["X.
Roughly, the construction paradigm of intersection spaces says that in order to obtain I? X, for
a given perversity p, every link £ of a stratum of codimension ¢ must be replaced by its spatial
homology k. (p)-truncation (Moore approximation), where

ke(p) =c—1—p(e).
The first step is to replace I'ys by a CW-3-diagram I' in which f’ is replaced by a cellular
approximation. Thus, let I' be the CW-3-diagram

(g— ic I,

IR
-~
>

incl x id

&

| [

where f is a cellular approximation of f’. In the h-morphism I'yg — T" defined by

w<l _jc T

w<l _jo T,

the left hand square commutes up to homotopy and the right hand square commutes. Hence,
we may apply Proposition to obtain a homotopy equivalence
|H(Ls)| ~ [H(I')].
By Proposition 2.3
0] = |H(O)].
Composing, we get a homotopy equivalence
OM = |©[ = [H(©)| = [H(Ty)| ~ [H(T)|.
The space |H(T")| will be the homotopy theoretic model of the boundary of M that we will
subsequently work with.

Let us first discuss the intersection space for the lower middle perversity p = m. For our X,
we must truncate L and W. The truncation degrees are

kr(m) = n—-2-—m(n—1)=k,
kw(m) = n-—1-—m(n)=k.
Thus there is one common cut-off degree for both L and W, namely k.

By Lemma 2), (L,Yr, = 0) is the unique completion of L to an object in CW 9. Note
that W is simply connected: Write W’ for the space obtained from Lq by deleting one of the
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two points in Ly N X;. A neighborhood in Ly of such a point is PL. homeomorphic to the cone
on L. By the Seifert-van Kampen theorem,

1= 7T1(L0) = 7T1(W/) *7r1(L) 7T1(COH€(L)) = 7T1(W/)

and so
1 =m (W) 2w (W) s, (1) m1(cone(L)) = m (W),

using the simple connectivity of L. Let (W, Yy/) be any completion of W to an object in CW 5.
Let fi: L = AY x L — W be the restriction of f to A? x L ¢ 9A' x L = L, i = 0,1. Since
the cellular maps f; satisfy f;.(Yz) C Yw, they both define morphisms f; : (L,Yr) — (W, Yw )
in CWj5s. Thus there exist truncation cellular maps t<(f;) : t<x(L,Yr) = t<x (W, Yy ) such
that

Ly t*><k(fi)W<k-

eL\L iew
L—' w

commutes (a priori) up to homotopy rel (k—1)-skeleton, where we have written Lo, = t<(L, Y7),
Wer = t<x(W,Yw), er, is a cellular rel (k — 1)-skeleton representative of the homotopy class
emby (L, Y7), and ey is a cellular rel (k — 1)-skeleton representative of emby (W, Yy, ). We set
Loy = (Ag X L<k) L (A(l) X L<k)7

ten(f) = ter(fo) Uter(fi) : Law — W,

and e; =er Uey : fj<k — L. The diagram

(8) b 20w,

etl lew
. f
L———W

commutes (a priori) up to homotopy rel (k — 1)-skeleton. By Lemma ), Lo, = L1 and
thus L = L*~1. The map t.x(f) factors as

P Lowrt cw,

The map ej is the skeletal inclusion LF=1 < [. Since the restriction of ey to W*~1! is the
skeletal inclusion W*~! < W, we deduce that the diagram commutes on the nose, not just
up to homotopy.

Applying Proposition [£.5] to the cellular morphism

tenf o .
Wk < Ly Ly

o0

We——L—1
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yields the commutative diagram

(t<kf)«
— s

9) H,(Lr) (Wep) — Hp(t<if) — % H,._ (L)
HT’(L) LHT(W) Hr(f) 0 r

Hr(i7f1<k) - HT(eW) - HT(fa t<kf) 4> 5L<k)

O O Ox

H7'—1(i<k) - 7'—1(W<k) - T—l(t<kf)
with exact rows and columns.

Lemma 5.1. The map
H,(f) — Hy(f, t<kf)
is an isomorphism for r > k, while
Hr(f7 t<kf) =0
forr <k.

Proof. The proof is based on an examination of the above diagram @ in the three cases r < k,
r =k, and r > k. Suppose r < k. Then H,.(W.y) — H,(W) and H,_1(W.y) — H._1(W)
are isomorphisms. By exactness of the second column of the diagram, H,.(ey ) = 0. Similarly,
the exactness of the long sequence of the last column implies that Hr,l(f/,i<k) = 0. By the
exactness of the third row, H,(f,t<xf) = 0.

Suppose next that r = k. Since L satisfies condition (INJy_1) and L =~ L UL, we have
Hy_1(L<y) = Hy_1(L) = 0. Together with Hj (W) = 0, the exactness of the top row shows
that Hy(t<rf) = 0. An application of the 5-lemma to the ladder

. 6* .
Hy 1(Lep) = Hye1(Wep) = Hy—1(ter f) = Hy—2(Lep) = Hy—2(Wey)

T

Hy—y (L) —= Hy oy (W) — Hy_1(f) — Hyp—s(L) — Hy_o(W)

1R

yields that
Hyy(t<rf) — Hi-1(f)
is an isomorphism. The exact sequence

0= Hy(terf) = Ho(f) = Holfitenf) 25 He 1(terf) S He o1 (f)
shows that
Hi(f) — Hp(f,t<rf)

is an isomorphism.
If r > k, then using the exact sequences

0=H,.(Wep) — Hp(tepf) — Hy_1(Ley) =0

and
0= Hrfl(W<k:) — Hrfl(t<k:f) — Hr72(L<k:) = 0;
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we obtain
H’r’(t<kf) == 0, Hfrfl(t<k;f) == 0
(If r = k41, then H,_5(L<;) = 0 is implied by (INJ,_;).) From the exactness of the sequence

0= H,(terf) = Ho(f) = Ho(fotanf) 25 Hoy(t<f) =0

we deduce that the middle map is an isomorphism. Il

Set L = A' x L. The notation L.y is potentially ambiguous because it could also be
construed to indicate a spatial homology truncation ¢ of L. This ambiguity is deliberate, for
A' x L., is indeed a valid homology truncation of L: The map ida: x incl: Loy = Al x Loy, —
A' x L = L induces an isomorphism H,(L<y) & H,(L<x) & H,(L) = H,(L) for r < k, and
H,(Ly) = H.(L<}) vanishes in degrees r > k. Let '™ be the 3-diagram

t<w(f)

incl x id

Wek L€ Ly
The diagram of commutative squares
ter(f) - incl x id =
Wek L€ <k
ew i eL:incl idAl X incl
f . incl x id —
w LC L

defines a cellular morphism € : '™ — T', which induces a cellular map |H (¢)| : |H(T'™)| — |H(T)|.
Definition 5.2. The lower middle perversity intersection space I™X of X is the homotopy
cofiber of the composition

T Y B(D)| ~ oM < M.

For the upper middle perversity p = 7., we have the cut-off values

k(i) = n—-2—-nn-1)=k-1,

kw(n) = n—1-—n(n)=k.
The intersection space I"X is defined using the construction principle of Definition em-
ploying an appropriate diagram I'” instead of I'™. Let us construct this I'". Since L satisfies
condition (INJj_;), Lemma 1) asserts that (L,Y] = Cr_1(L)) is the unique completion of
L to an object in CWy_15. Furthermore, by Lemma ),

tern () (L Y]) = ten—1(L,Y]) = tep(L,Y, = 0) = LM .
Therefore, a CW-3-diagram I'" of the required type
t<kw(ﬁ)(w/’ Yw) — OA! x t<kL(ﬁ)(L7Y£) — Al x t<kL(ﬁ)(L,YL/)

can be defined by

" = (ten(W,Yiw) < OAY x top_1(L,Y]) = Al x t<k_1(L,YL’))

Wap 4 OAL x Lo (L, Y1) = Al x £ (L, V7))

I
TN N N

Wk L Lep = Z<k)

= I
Thus, as expected,
I"X =1"X
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due to the strong Witt assumption on L. We shall denote this space by I.X.

6. THE DuALITY THEOREM

Rational homology and cohomology will be used throughout this section. Let e : |[HT™| — OM
be the composition of |He| with the homotopy equivalence |[HT'| ~ O M.

Proposition 6.1. Cap product with the fundamental class [0M] € H,_1(0M) induces an iso-
morpism

H" "|HT™| =5 H,_1(e)
such that
H"(OM) —<= H""|HT"™|
ﬂ[aM]iﬂ iu
H. 1(0M) ———— H,_1(e)
commutes. This isomorphism is determined uniquely by the above commutativity requirement.

Proof. The morphism ¢ : '™ — T induces a map of standard Mayer-Vietoris sequences for
double mapping cylinders:

- —. f¥+restr -
_—

anrfl(L) 5—*> Hn7r|HF‘ - anr(W) @ anr(L) anr(L)

rcstrl He|*l e;v@rcstri rcstrl

n—r— s n—r m n—r n—r(T n—r
H "Leg) == H" "|HI™| —— H""(Wy,) ® H" " (Leg) — H" " (L<y)

(The last arrow in the bottom row is (t<xf)* + restr.) Using the homotopy equivalence |HT'| ~
OM, this diagram may be rewritten as

(10) H = "=1(L) L H" "(OM) —— H" "(W)@® H" "(L) ——— H" (L)
restrl e* l e@@restri restrl
H" " YLp) LA H" "|HT™| —— H" "(W.y,) ® H* " (L<y,) — H" " (Ly).
An application of Proposition to € : '™ — T yields a commutative diagram
Hy 1 (Ler) — Hr 1 |[HT™| — Hy 1(Lay, La) ® Heo1(tanf) — Hy—o(L<k)
|Hel. incl, ®epw l

H, (L) —— H, 1|HT|—— H, (L, L)® H,_,(f) ———— H, (L)

Hy1(L,Le) — Hy—1(|He|) == Hy—1(L,Lex UL) & Hoo1 (fytanf) == Hr—2(L, Le)

Hy_o(L<k) —> Hp—o|HT™| —> H,—o(L<k, L<i) ® Hy—2(t<i f)
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with exact rows and columns. Again using |HT'| ~ 0M, we can in particular extract the following
map of Mayer-Vietoris sequences:

(11) H, (L) —= H, 1(0M) —— H, (L,L)® H,_1(f) ———— H,_o(L)

L l |

Hy (L, Ley) —=Hy 1(e) —=Hy 1 (L,Lax UL) ® Hy 1 (f, t<rf) = Hyr—o(L, Loy).

We shall distinguish the cases » > k and r < k. Suppose that r > k. Then, since n = 2k,
n —r < k and the maps restr and ej;, in diagram are isomorphisms. By the 5-lemma,
e*: H"""(OM) — H™ "|HT™| is an isomorphism as well. Let us prove next that H,_1(0M) —
H,_4(e) is an isomorphism. Since r — 1 > k, the maps

Hy 1(f) — Hp1(f,t<rf) and H,.(f) — H.(f, t<kf)

are isomorphisms by Lemma Applying the same lemma to

L — T

)

L——T

instead of
Lop —= W

!

we see that the maps
H, (L,L) — H, (L, Loy UL)
and
H.(L,L) — H.(L,L.,UL)

are isomorphisms. The map

H,_ (L) — H,_1(L, L)

is an isomorphism, as follows from the exact sequence

Hy (L) — Hyy(E) — Hooa(L, Ear) 25 Hyo(E<)
by observing that Hr,l(f«k) = 0 and even Hr,g(f/<k) = 0, since in the worst case (when
r—2=%k—1),
Hy_y(Ley) = Hp—y (LF7Y) @ Hpy (LF)
and
Hy 1 (LF™1) = ker(dg—1 : Cr—1(L) — Cr—2(L)) =0
by condition (INJy_1). The map

H,_5(L) — H,_5(L, L)
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is injective by Hr,g(f/<k) = 0. In summary, the diagram (11)) has the form

o

HT(Z,L)@HT(f) HT(Zaz<kUi)@Hr(f7t<kf)

O« Oy
H,_(L) = Hy y(L, Loy)
Hr_l(aM) Hr_l(e)

Hy (L, L) ® Hy_1(f) —> Hy 1 (L, Lex UL) ® He_y(f, terf)

O« Ox

Hr—Q(z)( Hr—2(£a£<k)-

This is enough to deduce from a sharp version of the 5-lemma that H,_1(0M) — H,_;(e) is an
isomorphism, as claimed. Let

H" "|HT™| =5 H,_1(e)
be the unique isomorphism such that the square
H""(OM) —<> H""|HT"™|
—m[aM]iu

N v
Hy1(0M) — H,_1(e)

R

commutes.

Suppose that 7 < k. If r < k, then n —r > k+1 and H* "~ 1(L.) = 0. If r = k, then
H" " Y(L.y) = Hom(Hy_1(LF1),Q) =0

by condition (INJg_1). Since H" " (Wc;) =0 and H" " (L<j) = 0, the exactness of

H" 7Y (Ley) < HYT|HT™| — H™"(Wey) @ H* (L)
shows that
H"~"|HT™| = 0.
We shall show that H,_1(e) = 0 also. The exactness of

H, (L) = H,_1(L) = H,—1(L, L) U H,—o(L<y) = H,_ (L)

implies that H,_1(L, L) = 0. Since r—1 < k, we infer from Lemmathat H._1(f,t<rf) =0.
Similarly, H,_1(L, __f<k U L) = 0, which can either also be deduced from Lemma by taking
W=L,f=incl: L L, Wep=Lep=1xLF 1 t(f) =incl: (0I) x L*¥=! — I x L*~1 or
directly from the exact sequence

0=H,_1(IxL,IxLcy)— H_ (L, Lo, UL) — H,_5((dI) x L, (dI) x L}) = 0.
The vanishing of H,_1(e) follows from the exactness of

H’rfl(ffa i/<k:) — Hrfl(e) — Hrfl(.ﬂ t<k:f) @ H,,‘,l(z, Z<k U L)
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Thus for r» < k, the zero map is the unique isomorphism
H™ "|HT™| = H,_(e)
such that the commutativity requirement is met. (]

To a triple of continuous maps

one can associate the 3-diagrams

T(¢) = (B < Ax {1} = cone(A)), I'(y) = (C & B x {1} — Cone(B)),

T (1) = (c &A% 1) s cone(A)),
and the morphisms I'(¢) — T'(¢p¢) — T'(¢) given by

B<" Ax {1}—— cone(A4)

T

O <22 A x {1} cone(A)

idt ¢l conc(qb)i

C <" Bx {1}—— cone(B).
These morphisms induce maps |I'(¢)| — |T'(¢¢)| — |T'(¢)|. Applying this to the triple
(12) |HT™| ——= 0M

RN

M,

and observing |I'(g)| = IX and |['(j)| = M/OM, we obtain a map v : IX — M/OM. Let
u: M — IX denote the canonical inclusion of the target of the map ¢ into the mapping cone
IX of this map.

Theorem 6.2. Let X be an n-dimensional, compact, oriented PL pseudomanifold with n even.
Suppose X can be endowed with a PL stratification of the form X = X,, D X1 D Xy with
X, = S and Xg a point, such that the links of the two strata are simply connected and X
satisfies the strong Witt condition. Then there exists a Poincaré duality isomorphism

D:H""(IX) = H,(IX)

for the reduced (co)homology of the middle perversity intersection space IX of X that extends
Poincaré duality for the exterior (M,0M) of the singular set, that is, D makes

*

H " (IX) —— H" (M)

ng gl—m[M,aM]

H,(IX) —X > H,(M,dM)



80 MARKUS BANAGL

commute.

Proof. The isomorphism D will be fitted into an isomorphism between the cohomology exact
sequence of the pair |[HI'"™| — M and the complementary homology exact sequence of the triple
(12)). Proposition provides a commutative square

(13) H 7 (OM) —<= H""|HT"™|

—m[aM]i: i:

Hr_l(aM)4> 7«_1(6).

The connecting homomorphism 0, : H,(M,0M) — H,_1(0M) sends the fundamental class
[M,0M] to 0.[M,0M] = [0M]. Since for j* : H* "(M) — H" "(OM) and £ € H" "(M) we
have

0.(€ N [M,OM]) = € N 0.[M, OM]
(see [10], Chapter 5, Section 6, 20, page 255), the square
(14) H (M) — = H7" (M)

ﬂ[M,BM]lN ~lm[aM]
H,(M,0M) —2 = H,_, (M)
commutes. Since g* = e* o 7* and the connecting homomorphism

8. : H,(M,0M) — H,_1(e)
of the triple factors as
H, (M, 0M) 25 H,_1(0M) — H,_1(e),

composing diagram and diagram yields a commutative square

Hn—r(M) *g> Hn—r|H1'\ﬁL|

b

H.(M,0M) ——— H,_1(e).

m[M,aM]lm

We use these squares in the diagram

H (M) 2= HP U HE? | S B (g) —> HT(M) 2 BT HT™

—ﬂ[MyaM]J/: l: —ﬂ[M,BM]i: l:

Ox * Ox
H, 41 (M,0M) —— H,(¢) —— H,(g) —> H,(M,0M) —— H, _y(e),
By Lemma [£.6] there exists a map
D:H""(IX)=H""(g9) — H,(9) = H.(IX)

filling in the diagram commutatively. By the 5-lemma, D is an isomorphism. (I
Remark 6.3. The simple connectivity conditions on the links L, Ly only enter in so far as to ensure
that the homological truncations L.k, Wy exist. Actually, regardless of simple connectivity,
the strong Witt condition on L alone guarantees that L.y exists (because then we may take

L.y = L*=1). The simple connectivity of both L and Ly is a sufficient condition for the existence
of W<y, but certainly not a necessary condition. Example[6.5]below illustrates this by considering
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nonsimply connected links such that L.y, W< exist with the correct properties. The simple
connectivity assumption never enters otherwise in the proof of Proposition [6.1] and Theorem [6.2
so that these results remain true for nonsimply connected L, Ly, provided the truncations exist.

Remark 6.4. The construction of the duality isomorphism D in the proof of Theorem [6.2] uses
Lemma {4.6| and thus involves an element of choice. A canonical construction of an isomorphism
D : H""(IX) — H,(IX) in all degrees r except the middle, avoiding that lemma, runs as
follows: Suppose r > k. Then, as was shown in the proof of Proposition e*: H""(OM) —
H™ "|HT™| and H,_1(0M) — H,_1(e) are isomorphisms. From the exact sequences

Hn—(r+1+i)(aM) i) Hn—(r+1+i)|HIw7L| 5_*> Hn—(r+i)(e)
o

— H*0F(@M) =5 H'CHHT™, i = 0,1,
we deduce that H""""1(e) = 0 and H" "(e) = 0. The exact triple sequence
H"(e) 5 H™"(M,0M) — H" " (g) — H" " (e)
implies that H"~"(M,0M) — H"""(g) is an isomorphism. From the sequences
Hy oy (OM) =5 Hypi(e) 2 Hypy 1 |HT™|

— HTH,l((‘?M) i) HTH,l(e), 1= 0, ].,

we infer that H,|HI'"™| = 0 and H,_1|HT"™| = 0. Hence H,(M) — H,(g) is an isomorphism by
the exactness of

H,|HT™| 25 H, (M) — H,(g) 2= H,_,|HT™|.
Define D to be the unique isomorphism such that the square
H"="(M,0M) = H"""(9)
—m[M,aM]lu D
o v
Hy(M) ——— H,(g)
commutes. Suppose 7 < k. Then, as was established in the proof of Proposition
an(r+1)|HFm| — O
and H,(e) = 0. Therefore, by the exactness of
0= H" Y g™ 2 grer(g) — HT(M) L HOOT|HTT = 0,
the map H" " (g) — H" "(M) is an isomorphism. The exact sequence
0= H,(e) — H,(g9) — H,(M,0M) 2> H,_1(e) =0

shows that H,.(g) — H,.(M,0M) is an isomorphism. Define D to be the unique isomorphism
such that

H"" (g) — > H""(M)
D ulm[M,aM]

v o
H,(g) —— Hy(M,0M)
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commutes. In the middle dimension r = k, we have Hi_1(e) = 0 and Hx(OM) — Hy(e) is an
isomorphism. Hence the commutative diagram with exact rows

Hyr (M, M) 2 H}(OM) — Hy (M) — Hy (M, 0M) —2 = Hy_, (OM)

| l

Hyir (M, M) 2 Hy(e) —— Hy(g) —— Hy (M, M) —2~ H,_1(e) = 0
shows that Hy(g) — Hr(M,0M) is a surjection and Hy(M) — H(g) is an injection.

Not every stratified pseudomanifold possesses an intersection space. This is not unexpected
in view of the rich internal algebraic structure of HI*, as opposed to intersection cohomology
IH*. For a given perversity, obstructions to constructing an intersection space arise from certain
differentials in the Serre spectral sequences of the link bundles. The techniques introduced in
the present paper seem to be useful in studying other depth 2 stratifications as well, or perhaps
even higher depth, but will not in general by themselves suffice to construct intersection spaces
in more general situations. For example, one might consider a stratification X,, D Xo D Xy with
X5 a 2-sphere and X a point. Then, as X5 — X is contractible, the link bundle over X5 — X
is trivializable (as it is in this paper) and its total space looks like int(D?) x L. The link Lg of
Xo looks like Lo = W Ugw St x cone(L), where W is a manifold with boundary W = S! x L.
The exterior 9M of the singular set looks like |T'g|, with Ty the 3-diagram

Wl §'x L D*x L.
The map f is a homeomorphism onto its image OW. To form the intersection space, one would
have to produce the broken arrow in the 3-diagram

rm — (W<kw e~ S'x Loy, < D? x L<kL)

by suitably truncating f. However, as mentioned above, fiberwise truncation of maps is generally
obstructed. Appropriate assumptions on links and/or structure groups of the involved bundles
will imply that these obstructions vanish. Thus, particular features of the geometry of a given
pseudomanifold X enter in an interesting, nontrivial way to enable or disable the existence of
intersection spaces for X.

We conclude with a simple 6-dimensional example, illustrating in particular Proposition

Example 6.5. Suppose that X is a 6-dimensional pseudomanifold with stratification
Xs D X1 D Xo,

X, a circle and Xy a point. Suppose the link L of X; — X is the 4-manifold L = S* x S3. Let
T be a 2-torus with two disjoint small open discs removed. The boundary of T' consists of two
circles, 9T = S} U S. The 5-manifold W = T x S® has boundary W = S} x $3 U S} x S3.
Suppose that the link Ly of Xj is

Lo = W Uaw (cone(S} x S3) L cone(S} x S?))

and that the link bundle A! x L is attached to W by the identity maps {0} x L — Sl x S3 and

{1} x L 2% S x 3. We equip the circle factor of L with the CW structure S = ¢° Ue! and
the 3-sphere factor with the structure S* = % Ue?. Then L receives the product cell structure.
We endow T with the CW structure

T=(dued)U(aUbUcUdUel)ue?,
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where a, b, c,d and e}i are 1-cells such that a,b,c are all attached as loops to e}, whereas d is
attached as a loop to e} and e} joins the two O-cells e} and €Y. The 2-cell e? is attached by
the word abeld(el)~ta=b=1c™1. Then S! C T and S} C T are the subcomplexes S! = eJ U,
S} = €Y U d. The space W receives the product cell structure. As 9y : Co(T) — C1(T') maps
e? to d — ¢, we have [c] = [d] € H1(T). This group H;(T) has rank 3 generated by [a], [b] and
[c] = [d]. Consequently, the homology of W is given by the following generators:

Hy(W) [axe%],[bxe%],[cxe%]
H2(W) 0

H3(W) | [ed x €3]

Hy(W) | [a x €3], [bx ed],[c x e3]

Note that the strong Witt condition on L is satisfied, as L has no 2-dimensional cells. The link
Ly is not homeomorphic to the suspension of L, since Hy(Lg) has rank 2, generated by [a x e%]
and [b x %], while the suspension has trivial first homology. Thus X cannot be restratified
with depth 1. Note also that L is not simply connected, but this presents no problem, since the
required spatial homology truncation does exist and is given by the 1-skeleton:

Ley=Lez=Loy=L"=("Ue') xe =8 xpt.
The structural map ey, is the inclusion ey, : Loy = S xpt < S x S§3 = L. The spatial homology
truncation of W is
W<k = W<3 = W<2 =T x 6%.

Thus W3 is precisely the 2-skeleton W?2 of W and the structural map ey : Weg — W is the
skeletal inclusion W?2 <+ W. The map f : L — W is the inclusion given on the component
{0} x L by {0} x L 4, Sl x 83 < OW — W and on the component {1} x L by {1} x L A,
Sl x §3 — OW — W. Its homo}ogical truncation tpf = tesf : Les — Weg is the inclusion
given on the two components of L_3 by

1

{0} x (e Ue') x €2 =S (eQUc) x el e T x %

and
{1} x (2Ue!) x €% 2L (DU d) x e < T x €.
The diagram of inclusions
t<af

Loy Wy

€ ew
et -w
commutes. The m-perverse 3-diagram I'™ is given by

7 tesf

rm (Wes Les)
= (Txel<=———0I) xSt x el c——>T xSt xel),

. incl x id
L_xC
<3

that is, a handle I x S' is attached to T along the two boundary circles of the surface T. Hence
|[HT™| is the orientable closed surface %5 of genus 2. The map

e=|H(e)| - [HT™| —> |HT| = dM
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is given by

idy, x incl : ¥y x e < ¥y x S5,

A straightforward calculation yields the following table of generators, illustrating the Poincaré

duality i

somorphism
H" "|HT™| — H,_1(e)

of Proposition [6.1

Here, []

H="|HT™| | H,_1(e)
r= 0 0
r=1 0 0
r=2 0 0
r=3 0 0

r=4| [X2xpt]* | [ptxS?]

r= [a x pt]* [bx S3]

[b x pt]* [a x S3]

[c x pt]* [z x 3]

[z x pt]* [ x S3]

r=6| 1=I[pt]* |[[X2x57

denotes the homology class of a cycle and [-]* the image in cohomology of the linear

dual of a homology class under the universal coefficient isomorphism. Poincaré duals are listed
next to each other in the same row. The cycle z is z = I Uyy 6<11-

(1]
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HOMOTOPICALLY TRIVIAL DEFORMATIONS

JAVIER FERNANDEZ DE BOBADILLA AND JANOS KOLLAR

The aim of this note is to call attention to a question about deformations that are homotopi-
cally trivial. First we need a definition.

Definition 1. A proper morphism of complex spaces f : X — Y is called a homotopy fiber
bundle if Y has an open cover Y = UU; such that for every i and for every y € U; the inclusion

f~Yy) = f~HU;) is a homotopy equivalence.

For every y € Y there is an open neighborhood y € U, such that f~!(y) is a deformation retract
of f~1(U,). Choose a retraction r, : f~1(U,) = f~'(y). Thus f~*(y) — f~*(U,) is a homotopy
equivalence and so f is a homotopy fiber bundle iff for every y € Y and 3’ € U, the induced
map

Ty oy fYy') = f~'(y) is a homotopy equivalence.
Similarly, if R a commutative ring, then f: X — Y is called an R-homology fiber bundle if

H, (f_l(y), R) — H, (f_l(Ui), R) is an isomorphism.

As above, these conditions hold iff the retraction maps ry_,, induce isomorphisms

(ry), + He(F71 W), R) = Ho(f7 (), R).-

We are mostly interested in cases when the fibers of f are irreducible.

If the fibers are reducible, some pathological cases are shown by Example[9] To avoid these,
one should also assume that the image of the fundamental class [f~!(y)] in H,(f~*(U;), R) is
independent of y. Equivalently, the retraction r,/_,, maps [ffl(y’)} to [f’l(y)].

All the examples of Z-homology fiber bundles that we know are also homotopy fiber bundles
but being a Q-homology fiber bundle is a much weaker property.

The main problem we want to consider is the following.

Question 2. Let f : X — Y be a homotopy or Z-homology fiber bundle. Under what conditions
is it a topological or differentiable fiber bundle?

If X is non-normal, it is easy to give examples of homotopy fiber bundles f : X — Y where
not all fibers f~1(y) are homeomorphic to each other, see Example |8l In the first version of [14]
it was asked whether the answer was positive for normal spaces. We show in Example [19] that
this is not the case. However, we still hope that for smooth varieties the situation is as nice as
possible.

Conjecture 3. Let f : X — Y be a homotopy or Z-homology fiber bundle such that X is smooth.
Then f is smooth hence f: X =Y is a differentiable fiber bundle.

A stronger version, more closely related to deformation theory is formulated as Conjecture

i}
85
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4 (Origin of the conjecture). We were led to this question by the study of universal covers
of projective varieties. Their modern study was initiated by Shafarevich [19, Sec.IX.4]; see
[1T, 2, I8 4, B] and the references there for recent results and surveys. One aim of these
investigations is to understand projective varieties whose universal cover is “simple.” There
are several ways to define what “simple” should mean; here we focus on a topological variant
considered in [14].

Question |Z| 1. Describe projective varieties X whose universal cover X is homotopic to a finite
CW complex.

This seems to be a rather difficult problem in general, so here we consider a series of special
cases that seem especially important for applications.

Let X be a smooth projective variety and f : X — Y a surjective morphism. Let Y 5 Y
denote the universal cover. By pull-back we obtain f : X — Y. In light of [14] the following
seems quite plausible.

Question |4} 2. Assume that Y is contractible and X is homotopic to a finite CW complex.
Does this imply that f is a homotopy fiber bundle?

Conversely, if f is a homotopy fiber bundle and Y is homotopic to a finite CW complex then
most likely X is homotopic to a finite CW complex. Thus if Conjecture [3|is true then we would
have a rather complete understanding of when a variety X with a nontrivial morphism X — Y
has a “simple” universal cover.

5 (First properties). If f: X — Y is a Q-homology fiber bundle then all fibers f~1(y) have the
same dimension and the same number of irreducible components. Thus if X is normal then, by
taking the Stein factorization, we may assume that all fibers are irreducible.

Assume that g : S — C' is an elliptic surface such that all reduced fibers are smooth. Then g
is a Q-homology fiber bundle but it is a Z-homology fiber bundle only if there are no multiple
fibers.

We see below that there are many Q-homology fiber bundles that are not Z-homology fiber
bundles .

It is much harder to get nontrivial examples of Z-homology fiber bundles. For now we note
two basic results.

Proposition 6. Let X,Y be normal spaces and f : X — Y a Z-homology fiber bundle. Then
every fiber of f is generically reduced and f is smooth at every smooth point of red f~1(y) for
everyy € Y.

Proof. As we noted, we may assume that all fibers are irreducible. In the terminology of
[12, 1.3.9-10], f is a well defined family of proper algebraic cycles. Moreover, all fibers have
multiplicity 1. Thus the scheme theoretic fibers are generically reduced and f is smooth at every
smooth point of red f~1(y) for every y € Y by [12] 1.6.5]. O

Corollary 7. Let f : X — Y be a Z-homology fiber bundle where X is smooth and Y is normal.
Then'Y is smooth and f is flat with local complete intersection fibers.

Proof. Pick y € Y and let z € red f~1(y) be a smooth point. Then f is smooth at z by
Proposition [6] Since X is smooth at z, this implies that Y is smooth at y.

Thus Y is smooth, f is equidimensional and X is smooth, hence Cohen-Macaulay. These
imply that f is flat [10, Exrc.I11.10.9]. d

Families of curves.
We start with two examples of families of reducible curves.
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Example 8. X C P x C, is a reducible surface and f : X — C, is the coordinate projection.
The fiber X is the projective closure of the 3 coordinate axes in C* and X, is obtained by
sliding the xs-axis along the zo axis. In concrete equations

X = (3:1:x3:0)U(x2:x3:O)U(m1:xg—sxoz()) C]PiX(CS.
It is easy to check that f: X — C; is a homotopy fiber bundle, all the fibers are reduced, the
fibers X are isomorphic to each other for s # 0 but Xg is not homeomorphic to X for s # 0.
It is straightforward to modify this example and obtain an irreducible (but still non-normal)

surface S with a proper morphism f : S — C which is a homotopy fiber bundle such that not
all fibers are homeomorphic to each other.

Example 9. Here again X C P2 x C; is a reducible surface and f : X — C; is the coordinate
projection. The general fiber is a line L; and a conic C; intersecting at a point p € P3. As we
approach the special fiber, the conic degenerates to a pair of lines Lo + L{, and the line Ly is
also the limit of the family L;. In concrete equations

X = (xg =1x3—tr :0) U (xg,:xoxz—txg :0) CIP’i x Cs.
In this example the retraction map induces isomorphisms
(ryzﬁy)* - H, (Lt U Cy, R) — H, (Lo U Ly, R)

but the fundamental class [L; U Cy] is mapped to 2[Lg| + [L{] which is different from the
fundamental class of the central fiber [Lo U Lf].

For curves the following result completes the picture.

Proposition 10. Let Y be a normal complex space and f : X — Y a Z-homology fiber bundle
of relative dimension 1 with smooth general fibers. Let m: X" — X be the normalization of X.
Then

(1) m: X™ — X is a homeomorphism and
(2) fom: X™ =Y is smooth hence a differentiable fiber bundle.

Proof. As we noted before, we may assume that f has irreducible fibers.

Let us start with the case when Y is a smooth curve. Let B be a general fiber and By any
fiber. Let B{ be the corresponding fiber in X™ — Y. Note that the retraction r : B — By
factors through Bj. It is easy to see that Hy(B{,Z) — H1(By,Z) is surjective iff B — By is a
homeomorphism. Thus if X — Y is a Z-homology fiber bundle then Bj — By and X™ — X are
homeomorphisms. We may thus assume that X is normal. In particular the fibers are reduced
and p,(Bo) = pa(B) = py(B) since B is smooth.

Let B, — By denote the seminormalization and By — By, the normalization. If m; are the
multiplicities of the points of B{, then

pa(Bo) > pa(B(l)) = pa(B(/)/) + Z(mz - 1) = pg(B(l)/) + Z(mz — 1)-

We can thus estimate the topological Euler characteristic as

X"P(Bo) = X"P(Bp) = x""(By) = > (mi = 1) = 2= 2py(By) = 3(mi — 1)
Z 2—2pa(Bo)+Z(mi - 1)

On the other hand, if f is a homotopy fiber bundle then
X' (Bo) = X"P(B) = 2 — 2p,(B) = 2 — 2p4(By).

Comparing these two we see that > (m; — 1) = 0 and p,(Bo) = p.(B]) hence By = B = BY.
Thus every fiber of f is smooth.
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This implies the general case by applying Proposition 12| to the class of all smooth projective
curves as V. O

Reduction to 1-parameter families.
Here we show that a variant of Conjecture [3| can be reduced to the case when dimY = 1. To
make this precise, fix a class of projective varieties V and consider the following.

Conjecture 11. Let f : X — Y be a projective morphism of complex spaces, Y mormal. Assume
that

(1) there is a Zariski dense open subset Y° C 'Y such that the fibers of f over Y° are all in
V and

(2) f is a homotopy (resp. Z-homology) fiber bundle.
Let m: X™ — X be the normalization of X. Then

(3) m: X™ = X is a homeomorphism and
(4) fom:X™ =Y is smooth hence a differentiable fiber bundle.

We can now state the precise form of the dimension reduction.

Proposition 12. Fiz a class of smooth projective varieties V and assume that Conjecture
holds for V whenever dimY = 1.
Then Congecture[11] holds for V in general.

Proof. Let A C C be the unit disc and ¢ : A — Y any holomorphic map whose image is not
contained in Y \ Y. Let Xg denote the normalization of X xy A. By assumption, Xy — A
is smooth hence it is the simultaneous normalization of ¢*f : X xy A — A. In particular, the
normalization of the fibers are all smooth and the normalization map is a homeomorphism.

By [13 Thm.1], there is a monomorphism Y’ — Y such that ¢*f : X Xy A — A has
a simultaneous normalization iff ¢ factors through Y’ — Y. Thus Y’ = Y, the composite
fom: X" =Y is smooth and 7 : X" — X is a homeomorphism. O

Localization.

Motivated by Proposition from now on we concentrate on 1-parameter families. That is,
X is a normal analytic space and f : X — A a proper morphism with central fiber Xy = f~1(0).
By shrinking A we may assume that X \ X° — A* is a topological fiber bundle.

We show that if X has isolated singularities then Z-homology fiber bundles can be charac-
terized in terms of the Milnor fibers of the singular points of Xy. Subsequent examples show
that there are global issues for non-isolated singularities.

Proposition 13. Let X be a normal analytic space and f : X — A a proper morphism with
central fiber Xo = f~1(0). Assume that Xo has only isolated singularities p; € Xo. For each i,
let B; be a small ball around p; and set M;, == Xy N B;. (If Xy is smooth, this is the Milnor
fiber.) The following are equivalent.

(1) For 0 < |t| < 1, the retraction map r; : Xy — X is an R-homology equivalence.
(2) For 0 < |t| < 1 every M, is an R-homology ball.
Proof. Choose A, C A small enough so that X; meets 0B; transversely for any i and any
t € A.. One can choose the retraction such that r; induces a homeomorphism
re s Xy \ UiM e =2 Xo \ Ui M 0.
Comparing the long exact homology sequences of the pairs

et (Xe, UiMe) — (Xo, Ui M)
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we see that r, : Xy — X is an R-homology equivalence iff the restrictions r;; : M, — M,
are R-homology equivalences. Since the M; are contractible, the latter holds iff the M, are
R-homology balls. O

When the source X of the mapping f is smooth, the following local result for non-isolated
singularities is a corollary of the work of A’Campo on monodromy of singularities. We thank
A’Campo for pointing this out.

Proposition 14. Let X be smooth and p € X a point. Let f : (X,p) — A be a germ of
analytic mapping. Let B be a Milnor ball around p and D a Milnor disc around f(p). Set
M =Xy N B, for anyt € D (fort # f(p) this is the Milnor fiber.) Let R be any ring. The
following are equivalent.

(1) For 0 < |t| < 1, the retraction map ry : Xy — Xo is an R-homology equivalence.
(2) The morphism f is smooth at p.

Proof. In [I] it is proved that under the given hypothesis the Lefschetz number of the mon-
odromy of the Milnor fibration equals 0 if f is not smooth at 0 and it is obvious that it equals
1 if f is smooth. If the retraction map is a R-homology equivalence, then the Lefschetz number
of the monodromy of the Milnor fibration equals 1. O

Milnor fibers of isolated singularities have been extensively studied. For surfaces the following
result seems to have been known but not explicitly stated; see [20} [15] for closely related results.
The argument below was shown to us by A. Némethi.

Proposition 15. Let X be a normal threefold and f : X — A a Z-homology fiber bundle whose
general fiber is smooth and whose central fiber Xy is normal. Then f is smooth, X is smooth
and f is a differentiable fiber bundle.

Proof. Using Proposition [I3] we need to consider the Milnor fibers of the singular points of
Xo.-

In general, let (s € S) be an isolated surface singularity and M the Milnor fiber of a smoothing.
The link L of S is diffeomorphic to the boundary OM of M. Let pq, i+, p— denote the number
of zero (resp. positive, negative) eigenvalues of the intersection form on the middle cohomology
of M.

If M is a Q-homology ball then these are all 0. By [20, 2.24], po + py = 2pg4(s € S) where
pg denotes the geometric genus of the singularity (s € S). For a normal surface singularity
py(s € S) = dims R'g.O0g where g : S” — S is a resolution of singularities. Thus if M is a
Q-homology ball then (s € S) is a rational singularity.

(If (s € S) is an isolated non-normal surface singularity, then p,(s € S) = dim; R'¢.0g —
dim Og/05 where S — S is the normalization. There are many examples where M is a Q-
homology ball yet (5 € S) is not a rational singularity.)

If M is a Z-homology ball, then L ~ OM is a Z-homology sphere, hence CI(S) = H?(L,Z)
is trivial [I7, p.240]. Thus S is rational and Kg is Cartier; this happens only if S is a Du Val
singularity. For smoothings of isolated hypersurface singularities there are vanishing cycles. [J

Remark 16. This suggests that Conjecture [L1| may hold for V = {smooth surfaces}, but there
are many more cases to check. We do not even know what happens when the special fiber has
isolated (but non-normal) singularities.

By contrast, there are many normal surface singularities whose Milnor fiber is a Q-homology
ball. See, for instance, [I5, 5.9].
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Example 17. Let X" C PV be a smooth variety and Y C X a hyperplane section such that
X\ Y = C" The simplest examples are smooth quadrics Q" C P"*! where Y is a tangent plane;
for more complicated examples with dim X = 3 see [7, [0 []].

One gets a family of n—folds f : X — C whose general fibers X; are isomorphic to X and
whose special fiber X is isomorphic to the cone over Y (possibly with some embedded points
at the vertex). For quadrics an explicit example is the family

(x3+-~-x72171 +tal +trd =0) C P} x C,.
Note that the rank drops by 2 at the origin.
If n is odd, this is a Q-homology fiber bundle but the retraction map
7= Hyy1 (X4, Z) = Hpyr (Xo,2) = Z
is multiplication by 2. In all the other 3-fold examples the retraction induces

7= Hy(X4,Z) — Ha(Xo,Z) =7

which is multiplication by deg X > 1.

The following lemma shows that this construction never gives interesting Z-homology equiv-
alences.

Proposition 18. Let X C PV be a smooth projective variety andY = HNX C X a hyperplane
section. Let C(Y) denote the cone over' Y and ry : X — C(Y) the retraction. Assume that
X\Y is a Z-homology ball and ry is a Z-homology equivalence. Then X is a linear subspace.

Proof. Let L € H? (]P’N , Z) denote the hyperplane class. We will prove that cap product with
L gives isomorphisms

NL: H;2(X,2) 2 H;(X,Z) for0<i<2dimY. (118L1)
Composing the even ones gives an isomorphism
dim X
(mL) : H2dimX(XaZ) g}IO()(aZ)

Thus deg X =1 and so X is a linear subspace.
Since ry is a Z-homology equivalence, 1) is equivalent to

NL: Hi2(C(Y),2) = H;(C(Y),Z) for0<i<2dimY. (18l 2)

This map can be factored as the Gysin map H; 42 (C’(Y), Z) — H; (Y, Z) followed by the inclusion
map H;(Y,Z) — H;(C(Y),Z).

Taking the cone over a cycle gives a natural isomorphism H;(Y,Z) = H;, o (C’(Y),Z) and
the Gysin map is its inverse. Again using that ry is a Z-homology equivalence, H; (Y, Z) —
H; (C(Y), Z) is isomorphic to the inclusion map H; (Y, Z) — H; (X, Z). The latter is an isomor-
phism for ¢ < 2dimY since X \ Y is a Z-homology ball. This shows (18}1). O

Families of cubic hypersurfaces.

In [5] several families with constant Lé numbers and non-constant topology are produced.
One of them is a family of homogeneous polynomials, giving examples of homotopy fiber bundles
which are not locally trivial topologically. All the examples in [5] are non-normal but here we
construct a normal variant. Notice that all these examples belong to a class of non-isolated
singularities that has been studied systematically in [0].
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Example 19. Consider the family of homogeneous cubic polynomials

tr1 x5 I3 Y1
ft($17$2,3337y17y27y3) = (ylyy%yS) : T2 txz @I : Y2
x3 x1  tro Y3

Set F(t,x,y) = fi(x,y) and Cpy := C; \ {0, -2, —2¢, —2¢%} where ¢ is a third root of unity.
Consider the family of cubic hypersurfaces

X = (F(t,x,y)=0) CPy, x Co
and let 7 : X — Cj be the second projection. For ¢t € Cy the fiber 771(t) is denoted by
Xt = (.ft(xay) = O) - Pi,y'

We claim that 7 : X — Cy has the following properties.

(1) The singular set of X; is the 2-plane (y; = y2 = y3 = 0) for every ¢t € Cy. Furthermore,
X is normal and has only canonical singularities.

(2) m: X — Cp is a homotopy fiber bundle.

(3) m: X — Cy is not topologically locally trivial in any neighborhood of ¢ if £&'t3—3t+2¢ = 0
for some third root of unity &’. (For example ¢t = 1 is one such value.)

Proof. The 2-plane P := (y; = y2 = y3 = 0) is clearly contained in Sing X;. If we project X;
from P, the fibers are linear spaces. By an explicit computation we see that Cy was chosen such
that the fibers are all 2-dimensional. So X; \ P is a rank 2 vector bundle over P2, hence smooth.
This implies that X; is smooth in codimension 1, hence normal.

The projection shows that X; has a resolution r; : X; — X; where X, is a P2-bundle over P2.
The exceptional divisor F; C X; is a P'-bundle over P? but the restriction of 7, gives a conic
bundle structure r¢|g, : Fy — P. Corresponding to the fibers of this conic bundle, P = Sing X}
is stratified according to the rank of the matrix

try xo I3
i) t.%'g T
I3 T fog

The third assertion follows from this and from the proof of [5, Prop.7] almost word by word.
It is not worth to reproduce it, but the key idea is that any homeomorphism between X, and
X, carries the singular set of X to the singular set of X; and preserves the stratification. For
generic t the locus of non-maximal rank is a smooth cubic curve but for ¢ = 1 it is a singular
cubic curve.

For the second assertion we check, by a direct computation, the conditions of Lemmas [20] and
Alternatively, comparing the homology sequences of the pairs (Xt, Et) and (X,g7 P) shows
that 7 : X — Cj is a Z-homology fiber bundle. O

We follow the ideas of [B]. Let f; : (C",0) — (C,0) be a family of holomorphic function germs
depending holomorphically on a parameter. Define F' : C" x C by F(z,t) := f;(z). Consider
the projection 7 : C™ x C to the second factor. Let B, be the closed ball of radius € centered at
the origin of C”, let S, be its boundary sphere and let Ds be the disk of radius § centered at 0.
Denote the punctured disk by Dj.

Lemma 20. Let €, 6 and ) be radii such that for any t € D,, the restriction
fe: Ben f7H(DF) — Dj
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1s a locally trivial fibration. Then the following restrictions of the projection mapping are homo-
topy fiber bundles:

7:Be x DyNF~10 x D)) — D,,
7:Se x DyNF~H0 x D) — D,,.

Proof. The condition implies that for any ¢ € D, the inclusions of f; *(0)N B, in f; ' (Ds)N B,
and of f71(0)N'S, in f;'(Ds) NS, are homotopy equivalences. The condition also implies that
for any ¢ < 7 the inclusions of F~(0 x D,) N (B x D¢) in F~1(Ds x D,)) N (Se x D) and of
F=Y0x D,) N (Se x D¢) in F~Y(Ds x D) N (Be x D) are homotopy equivalences.

The condition and Ehresmann Fibration Theorem implies that the following restrictions of
the projection mapping are differentiable locally trivial fibrations:

7: Be x D,NF~Y(Ds x D,)) = Dy,

7:Se x DyNF~Y(Ds x D) — D,. O

Usually one checks the condition of the previous Lemma by showing, for any ¢t € D,;, that in
the ball B, the function f; has no critical points outside f; '(0) and that the fibers f, !(s) are
transverse to 0B, for any s € Ds \ {0}.

The Lemma above helps in the local case. From it one can deduce that certain projective
morphisms are homotopy fiber bundles. Suppose that f; is a family of homogeneous polynomials.
Let V(F) C P"~! x D,, be the family of projective varieties defined by the zeros of F. Denote
by 7 the projection of P*~! x D,, to the second factor.

Lemma 21. Suppose that the condition of the previous lemma is satisfied, and in addition that
ft is a family of homogeneous polynomials. Then the restriction of the projection

n:V(F)— D,
is a homotopy fiber bundle.
Proof. Tt is enough to prove that for any £ < n the inclusion of
1) V(fo) = V(F) N7~ (De)
is a homotopy equivalence. By the previous lemma we know that
7:Se x D,NEF~1(0x D,) — D,
is a homotopy fiber bundle. Therefore the inclusion
F71(0,0) N (Se x {0}) < F~10 x D,)) N (Se x Dg)

is a homotopy equivalence for any & < 7. Thus the induced homomorphisms of homotopy groups
are isomorphismes.

There is an free action of the sphere S! of complex numbers of modulus 1 which is equivariant
with respect to the inclusion whose quotient is the inclusion . Applying the long exact
sequence of homotopy groups associated to the fibrations given by the quotients of the free
action we conclude that the inclusion (/1)) induces isomorphisms of homotopy groups. Whitehead’s
Theorem implies that then it is a homotopy equivalence. ([

Remark 22. The proof of [5, Thm.10] gives that if B, is a Milnor ball of fy and the Lé numbers
of f; with respect to a prepolar coordinate system (a sufficiently generic coordinate system,
see [I6l, p.26] for a precise definition), then the condition in Lemma [20]is satisfied.
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HOMOLOGICAL REPRESENTATIONS OF BRAID GROUPS
AND KZ CONNECTIONS

TOSHITAKE KOHNO

ABSTRACT. We give a relation between the homological representations of the braid groups
studied by Lawrence, Krammer and Bigelow and the monodromy of the KZ equation with
values in the space of null vectors in the tensor product of Verma modules of sl2(C) when
the parameters are generic. We also discuss the case of special parameters in relation with
integral representations of the space of conformal blocks by hypergeometric integrals.

1. INTRODUCTION

The purpose of this article is to review recent developments concerning the relation between
homological representations of the braid groups and the monodromy representations of the
Knizhnik-Zamolodchikov (KZ) connections.

Homological representations appeared in the work of Lawrence [I5] in relation with Hecke
algebra representations of the braid groups. These representations were extensively investigated
by Bigelow and Krammer and are called the Lawrence-Krammer-Bigelow (LKB) representations.
In particular, they independently proved in [2] and [14] that the LKB representations of the braid
groups are faithful.

On the other hand, it was shown by Schechtman-Varchenko [19] and others that the solutions
of the KZ equation are expressed by hypergeometric integrals. By means of these integral
representations we describe a relation between the LKB representations and the monodromy
representations of the KZ connections. There are two parameters A and , which are related to
the highest weight and the KZ connection respectively. We consider the KZ equation with values
in the space of null vectors in the tensor product of Verma modules of si3(C) and show that a
specialization of the LKB representation is equivalent to the monodromy representation of such
KZ equation for generic parameters A and x. A more detailed treatment of this result is given
n [I3]. A relation between the Krammer representations of Artin groups and the monodromy
of KZ connections is also described by an infinitesimal method by Marin [17].

The case of special parameters are important from the viewpoint of conformal field theory
(see [6], [20] and [22]). We discuss the problem of expressing the space of conformal blocks by
hypergeometric integrals. It is important to understand the KZ connection for the conformal
block bundle as a Gauss-Manin connection. We refer the reader to the work of Looijenga [16] in
recent advances concerning this subject.

The paper is organized in the following way. In Section 2 we recall the definition of the LKB
representations. In Section 3 we describe the KZ connection. In Section 4 we review basic
properties of Verma modules for the Lie algebra slo(C) and define the space of null vectors. In
Section 5 we state a comparison theorem between the LKB representations and the monodromy
representations of the KZ connections with values in the space of null vectors. In Section 6 we
describe the horizontal sections for the KZ connections by means of hypergeometric integrals.
Section 7 is devoted to a proof of the comparison theorem stated in Section 5. We discuss the
case of special parameters in relation with the space of conformal blocks in Section 8.

94
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2. LAWRENCE-KRAMMER-BIGELOW REPRESENTATIONS

For a space X we denote by F,(X) the configuration space of ordered distinct n points in X.
Namely,
gn(X) - {(xla"' ’xn) € X" x # Lj if i 7&.7}’
where X denotes the n-fold Cartesian product of X.
We denote by B, the braid group with n strands. We fix a set of distinct n points in R? as

Q= {(170)’ T (n7 0)};
where we set p, = (£,0), £ = 1,--- ,n. We take a 2-dimensional disk in R? containing @ in
the interior. We fix a positive integer m and consider the configuration space F,,,(X) of ordered
distinct m points in ¥ = D \ @, which is also denoted by F,, ,,(D). The symmetric group &,,
acts freely on F,,(2) by the permutations of distinct m points. The quotient space of F,, (%)
by this action is by definition the configuration space of unordered distinct m points in ¥ and
is denoted by C,,(X). We also denote this configuration space by C, (D).

In the papers by Bigelow [2], [3] and by Krammer [T4] the case m = 2 was extensively studied,
but for our purpose it is convenient to consider the case when m is an arbitrary positive integer
such that m > 2.

We identify R? with the complex plane C. The quotient space C™/&,,, defined by the action
of &,, by the permutations of coordinates is analytically isomorphic to C™ by means of the
elementary symmetric polynomials. Now the image of the hyperplanes defined by ¢; = py,
£ =1,---,n, and the diagonal hyperplanes ¢; = t;, 1 < i < j < m, are complex codimension
one irreducible subvarieties of the quotient space D™ /&,,. This allows us to give a description
of the first homology group of C,, ,,,(D) as

(2.1) H1(Crm(D);Z) = Z°" & Z
where the first n components correspond to the nomal loops of the images of hyperplanes ¢; = py,
¢ = 1,--- n, and the last component corresponds to the normal loop of the image of the

diagonal hyperplanes t; = t;, 1 < i < j < m, namely, the discriminant set. We consider the
homomorphism

(2.2) a:H(Cpm(D);Z) — ZSZ

defined by «(z1, - ,2n,y) = (x1 + -+ 4+ @,,y). Composing with the abelianization map
71 (Crm (D), 20) = H1(Cpm(D); Z), we obtain the homomorphism

(2.3) B :m1(Chm(D),x0) — Z D Z.

Let 7 : @mm(D) — Cp,m (D) be the covering corresponding to Ker 8. Now the group Z & Z

acts as the deck transformations of the covering 7 and the homology group H*(émm(D); Z) is
considered to be a Z[Z @& Z]-module. Here Z[Z & Z] stands for the group ring of Z @ Z. We
express Z[Z ® Z] as the ring of Laurent polynomials R = Z[¢*!,¢*']. We consider the homology
group
as an R-module by the action of the deck transformations.

In a similar way as is described in the case of m = 2 in [2], it can be shown that H,, ,, is a
free R-module of rank

(2.4) dn,m=<m+”_2).

m

A basis of Hy ., as a free R-module is discussed in relation with the homology of local sys-
tems in the next sections. Let M(D, Q) denote the mapping class group of the pair (D, Q),
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which consists of the isotopy classes of homeomorphisms of D which fix Q) setwise and fix the
boundary 0D pointwise. The braid group B, is naturally isomorphic to the mapping class
group M(D, Q). Now a homeomorphism f representing a class in M(D, Q) induces a homeo-
morphism f : Cn,m(D) = Cpm (D), which is uniquely lifted to a homeomorphism of én,m (D).
This homeomorpshim commutes with the deck transformations.

Therefore, for m > 2 we obtain a representation of the braid group

(2.5) Pnm : Bn — Autp Hy,

which is called the homological representation of the braid group or the Lawrence-Krammer-
Bigelow (LKB) representation. Let us remark that in the case m = 1 the above construction
gives the reduced Burau representation over Z[g*!].

3. KZ CONNECTION

Let g be a complex semi-simple Lie algebra and {I,,} be an orthonormal basis of g with respect
to the Cartan-Killing form. Although we deal with the case g = sl2(C), we formulate the KZ
connection in the case of a general complex semi-simple Lie algebra. We set Q = L I, ®1,.
Let r; : g — End(V;), 1 < i < n, be representations of the Lie algebra g. We denote by €;;
the action of Q2 on the i-th and j-th components of the tensor product Vi ® --- ® V,,. It is
known that the Casimir element ¢ = ) L 1, - 1, lies in the center of the universal enveloping
algebra Ug. Let us denote by A : Ug — Ug ® Ug the coproduct, which is defined to be the
algebra homomorphism determined by A(z) =2 ® 1 + 1 ® z for = € g. Since ) is expressed as
Q=1(A(c)—c®1—1®c) we have the relation

(3.1) Qrol+1®z]=0

for any € g in the tensor product Ug ® Ug. By means of the above relation we obtain the
quadratic relations:

(3.2) [Qik, Q;; + ij] =0, (i,5,k distinct),
(3.3) [Qij, Qe], (4,7, k,¢ distinct),

which are call the infinitesimal pure braid relations.
We denote by X, the configuration space F,,(C). Namely, X,, is defined as

X ={(21,- ,2n) € C" 5 2z; # z; if i # j}.
We define the Knizhnik-Zamolodchikov (KZ) connection as the 1-form
1
(34) w = ; Z Qijdlog(zi — Zj)
1<i<j<n

with values in End(V; ® --- ® V,,) for a non-zero complex parameter k. We have dw = 0 on X,.
We set w;j = dlog(z; — z;), 1 <1 # j < n. It follows from the above infinitesimal pure braid
relations among €2;; together with Arnold’s relation

(3.5) Wij N Wik + Wik N\ Wre + wre Aw;ij =0

that w A w = 0 holds. It follows that w defines a flat connection for a trivial vector bundle over
the configuration space X,, with fiber Vi ® - --®V,,. A horizontal section of the above flat bundle
is a solution of the total differential equation

(3.6) dp = we
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for a function ¢(z1,- -+ ,2,) on X, with values in V1 ® - - ® V,,. This total differential equation
can be expressed as a system of partial differential equations
3.7 == —Y 1<i<n,
(3.7) 0z Hz,zi—zj% -
J,J#i

which is called the KZ equation. The KZ equation was first introduced in [7] as the differential
equation satisfied by n-point functions in Wess-Zumino-Witten conformal field theory on the
Riemann sphere with the gauge symmetry of affine Lie algebras.

Let ¢(z1,- -, 2,) be the matrix whose columns are linearly independent solutions of the KZ
equation. By considering the analytic continuation of the solutions with respect to a loop v in
X, with a base point zp we obtain the matrix 6(vy) defined by
(38) ¢(Zlv"' »Zn) = ¢(Zla"' 7Zn)9<7)

Since the KZ connection w is flat the matrix 6() depends only on the homotopy class of +.
The fundamental group m1(X,,, o) is the pure braid group P,. As the above holonomy of the
connection w we have linear representations of the pure braid group

(3.9) 0:P,—-GLWV® --®V,)

depending on the parameter k.

The symmetric group &,, acts on X,, by the permutations of coordinates. We denote the
quotient space X, /S, by Y,,. The fundamental group of Y}, is the braid group B,,. In the case
Vi =--- =V, =V, the symmetric group &,, acts diagonally on the trivial vector bundle over X,
with fiber V®" and the connection w is invariant by this action. Thus we have a one-parameter
family of linear representations of the braid group

(3.10) 0: B, — GL(V®™).

It is known by [B] and [I0] that this representation is described by means of quantum groups.

4. SPACE OF NULL VECTORS

Let us recall basic definitions about the Lie algebra sly(C) and its Verma modules. As a
complex vector space the Lie algebra sly(C) has a basis H, F and F satisfying the relations:

(4.1) [H,E| =2E, [H,F]=-2F, [E,F]=H.

For a complex number A we denote by M) the Verma module of sly(C) with highest weight .
Namely, there is a non-zero vector vy € M), called the highest weight vector satisfying

(4.2) Huvy = Ay, Evy =0

and M), is spanned by Fivy, j > 0. The elements H, E and F act on this basis as
H - Fivy = (X — 2j)Fivy,

(4.3) E-Fivy=jA—j+1)Fi~lyy
F - Fiyy = Fitly,.

It is known that if A € C is not a non-negative integer, then the Verma module M) is irreducible.
The Shapovalov form is the symmetric bilinear form

S:MyxM,— C
characterized by the conditions:
S(v,v) =1,
S(Fx,y) = S(x, By) for any x,y € M,.
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It follow from the above conditions that
S(F'v, Fiv) = 0 if i # j,
S(F'v, Flv) = ilAA = 1)+ (A—i+1).
For A = (A1,---,A\,) € C" we put |A| = Ay + -+ + A, and consider the tensor product

My, ®---®M,,. For a non-negative integer m we define the space of weight vectors with weight
|A| — 2m by

(4.4) WA =2m] ={zx € My, ®---®@ M), ; Hx = (|[A| — 2m)x}
and consider the space of null vectors defined by
(4.5) N[|A| = 2m] = {x € W[|A| —2m] ; Ex = 0}.

The KZ connection w defined in the previous section commutes with the diagonal action of g
on Vy, ®---®V)y, , hence it acts on the space of null vectors N[|A| — 2m]. This means that it is
sensible to investigate the horizontal sections of the KZ connection with valued in N[|A| — 2m)].

We also consider the space of coinvariant tensors defined by

L[A| - 2m] = W[|A| — 2m]/(F - W[|A| — 2m + 2]).

The dual space L[|A| — 2m]* is identified with the space of linear forms f : W[|A| —2m] — C
such that f(z) = 0 for x € F - W[|A| — 2m 4 2]. The isomorphism M, = M5 given by the
Shappvalov form induces an isomorphism

NIIA| — 2m] = L[|A| — 2m]*.

5. RELATION BETWEEN LKB REPRESENTATION AND KZ CONNECTION

We fix a complex number X\ and consider the case Ay = --- = \,, = A and deal with the space
of null vectors

N[nA —2m] C MJ™.
As the monodromy of the KZ connection
w= % 1<;<n Q;;dlog(z; — z;)
with values in N[nA — 2m] we obtain the linear representation of the braid group
Ox 1 Bn — Aut N[nA — 2m)].

The next theorem describes a relationship between a specialization of the Lawrence-Krammer-
Bigelow representation p,, ,, and the representation 6y .

Theorem 5.1. There exists an open dense subset U in (C*)? such that for (\,k) € U the
Lawrence-Krammer-Bigelow representation py, ,, with the specialization

q= 6727r\/jl)\/n t = 627“/?1/”

is equivalent to the monodromy representation of the KZ connection 0 ,, with values in the space
of null vectors

N[nA —2m] C M".
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In the rest of this section we recall some basic notions needed to prove Theorem First,
we recall some basic definition for local systems. Let M be a smooth manifold and V' a complex
vector space. Given a linear representation of the fundamental group

r:m (M, zo) — GL(V)

there is an associated flat vector bundle E over M. The local system £ associated to the
representation r is the sheaf of horizontal sections of the flat bundle E. Let m : M — M be the
universal covering. We denote by Zm the group ring of the fundamental group m (M, zg). We
consider the chain complex

C*(M) Xz, 1%

with the boundary map defined by d(c ® v) = dc ® v. Here Zm; acts on C, (M) via the deck
transformations and on V' via the representation 7. The homology of this chain complex is called
the homology of M with coefficients in the local system £ and is denoted by H, (M, L).

The open dense set in Theorem [5.1]is closely related to the vanishing theorem of the homology
of generic local system over the complement of hyperplane arrangements. Let us briefly recall
this aspect. Let A = {Hy,---,Hy} be a set of affine hyperplanes in the complex vector space
C™. We call the set A a complex hyperplane arrangement. We consider the complement

M(A)=c"\ | J H.
HEA

Let £ be a complex rank one local system over M (A) associated with a representation of the

fundamental group
r:m(M(A),xg) — C*.

We investigate the homology of M(A) with coefficients in the local system L. For our purpose
the homology of locally finite chains H. (M(A), £) also plays an important role.

We summarize basic properties of the above homology groups. For a complex hyperplane
arrangement A we choose a smooth compactification i : M(A) — X with normal crossing
divisors. We shall say that the local system £ is generic if and only if an isomorphism

(5.1) L =il

holds, where i,£ is the direct image and /£ is the extension of £ by 0 outside of M(A) as a
sheaf. The condition ,£ = 4L means that the monodromy of £ along any divisor at infinity is
not equal to 1. The following theorem was shown in [9].

Theorem 5.2. If the local system L is generic in the above sense, then there is an isomorphism
H.(M(A),L) = HY (M(A), L).
Moreover, we have Hp(M(A),L) =0 for any k # n.
Proof. In general we have isomorphisms
H*(X,i.L) 2 H*(M(A),L), H*(X,uL)= HI(M(A),XL)

where H. denotes cohomology with compact supports.
There are Poincaré duality isomorphisms:

H! (M(A), £) = H*"H(M(A), £),
Hy(M(A), £) = HZ"*(M(A), £).
By the hypothesis i, £ = /£ we obtain an isomorphism

HY (M(A), L) = Hi(M(A), L).
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It follows from the above Poincaré duality isomorpshims and the fact that M (A) has a homotopy
type of a CW complex of dimension at most n we have

HY(M(A),L) =0, k<n
H(M(A),L) =0, k>n.

Therefore we obtain Hy(M(A),L) = 0 for any k # n. O
For a positive integer m we consider the projection map

(5.2) Trom @ Xntm — Xn

given by mp m (21, -+, Zn,t1, - ,tm) = (21, , Zn), which defines a fiber bundle over X,,. For

p € X, the fiber m, ] (p) is denoted by Xy m. Let (p1,---,pn) be the coordinates for p. Then,
Xn,m is the complement of hyperplanes defined by

(53) t; = pe, 1§z§m,1§€§n, ti:tj, 1§z<]§m
Such arrangement of hyperplanes is called a discriminantal arrangement. The symmetric group
G, acts on X, ,,, by the permutations of the coordinates functions t1,--- ,t,. We put Y, , =
Xn,m/Gm.

Identifying R? with the complex plane C, we have the inclusion map
(5.4) L Fpm(D) — Xpom,

which is a homotopy equivalence. By taking the quotient by the action of the symmetric group
S,,, we have the inclusion map

(5.5) 7:Chm(D) — Yo m,
which is also a homotopy equivalence.
We take p = (1,2,--- ,n) as a base point. We consider a local system over X, ,, defined in

the following way. Let &, and 7;; be normal loops around the hyperplanes t; = p, and t; = ¢;
respectively. We fix complex numbers ay, 1 < ¢ < n, and v and by the correspondence

gif — 6271'\/—10457 Nij — 647\'\/—17
we obtain the representation
T 7T1(Xn7m,$0) — C*

We denote by £ the associated rank one local system on X, ,,.
Let us consider the embedding

(5.6) io: Xpm — (CPH)™ =CP! x ... x CP'.

m

o —

Then we take blowing-ups at multiple points 7 : (CP1)™ —s (CP!)™ and obtain a smooth

compactification i : X, — (CPL)™ with normal crossing divisors. We can write down the
condition 7, £ = 1L explicitly by computing the monodromy of the local system £ along divisors

at infinity.
The local system £ on X, ,, is invariant under the action of the symmetric group &,, and
induces the local system £ on Y,, ,,,. We will deal with the case oy = -+ = oy = a. By a similar

argument using a smooth compactification of Y,, ,,, we have the following proposition.

PropositiorLS.l. There is an open dense subset V in C? such that for (o,y) € V the associated
local system £ on'Y,, n, satisfies

H* (Yn,m7 Z) = Hif (Y’ﬂam’ Z)
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and Hy,(Yy.m,L) =0 for any k # m. Moreover, we have
(5.7) dim Hy, (Yo, £7) = dyy s
where we use the same notation as in equation for dp m.

For the purpose of describing the homology groups HY (X, 1, £) and H (Y, 1, £) we intro-

duce the following notation. We fix the base point p = (1, -+ ,n). For non-negative integers
my, -+, My—1 satisfying
(5.8) my+- 4+ my_1=m

we define a bounded chamber A, ... p,,,_, in R™ by

1<ty <o <ty <2
2<tm1+1 <"'<tm1+m2 <3

n—1< tm1+~~-+mn_2+l + -+ tm <n.

We put M = (my, -+ ,m,_1) and we write Ay for Ay, m,_,. We denote by Ay the
image of Aj; by the projection map m, ,,. The bounded chamber A,; defines a homology
class [Ay] € HY (Xpm, L) and its image Ay defines a homology class [Ap] € HY (Y, £).
We shall observe that under certain generic conditions [Ays] for M = (my,---,m,_1) with
my+ -+ myu_1 =m form a basis of Hf,{(Ynﬁm,Z).

As we have shown in Theorem there is an isomorphism H,, (X, m, L) = H%(Xn,m, L) if
the condition 7,£ =2 ¢, £ is satisfied. In this situation we denote by [ﬁ u] the homology class in
H, (Xp,m, L) corresponding to [Ap] in the above isomorphism and call [AM] the regularized
cycle for [Ap].

6. HYPERGEOMETRIC INTEGRALS

In this section we describe solutions of the KZ equation for the case g = sl3(C) by means
of hypergeometric integrals following Schechtman and Varchenko [19]. A description of the
solutions of the KZ equation was also given by Date, Jimbo, Matsuo and Miwa [4]. We refer the
reader to [I] and [I8] for general treatments of hypergeometric integrals.

For parameters x and A we consider the multi-valued function

X Ag

(6.1) =[] (zi—2)"" [ G-z J[ t-t)*

1<i<j<n 1<i<m,1<6<n 1<i<j<m

defined over X, t,,. Let £ denote the local system associated to the multi-valued function ®.
The restriction of £ on the fiber X, ,, is the local system associated with the parameters
(6.2) agz—ﬂ, 1<t<mn, ’yzl.
K K

The symmetric group &,, acts on X, ,, by the permutations of the coordinate functions
ti, -+ ,tm. The function @, ,,, is invariant by the action of &,,. The local system £ over X, ,,
defines a local system on Y, ,,, which we denote by £. The local system dual to £ is denoted
by L£*.

We put v = vy, @ ---®@uvy, and for J = (ji,- -+, jn) set F/v = Fityy, @ --- ® Finvy , where
J1,++* ,jn are non-negative integers. The weight space W[|A| — 2m] has a basis F/v for each J
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with |J| = j1 4+ - -+ jn = m. For the sequence of integers (i1, - ,im) = (1,-+- ,1,--+ ,n,--+ ,n)
~ v
1 Jn
we set
1
(6.3) Sy(z,t) =

(tr—zi)) - (b — 2i,,)
and define the rational function R;(z,t) by

1
(6.4) Rjy(z,t) = EITTTT}‘T E ‘SJ(Zlv"'7ZnatU(U7"'atU(WU)'
" oe6,,

For example, we have
) 1
Rs0.... 0)(2,t) =
2.0..0)(21) (t1 — z1)(t2 — 21)
1 1
+
t1 —Zl)(tg —2’2) (t2 _Zl)(tl _ZQ)

R(I,O,-n ,0)(Z7t) = t — 21’

R(l,l,O,--- 70) (Z, t) = (

and so on.

Since Ty, m ¢ Xm+n — X, is a fiber bundle with fiber X, ,,, the fundamental group of the base
space X, acts naturally on the homology group H,, (X, m,£*). Thus we obtain a representation
of the pure braid group

(6.5) Trm @ Pn — Aut Hp, (X m, £7)

which defines a local system on X,, denoted by (. . In the case A\; = --- = A, there is a
representation of the braid group

*

(6.6) Tn,m : Bn, — Aut Hm(Yn,m,Z )

which defines a local system H,, ,,, on Y, . For any horizontal section ¢(z) of the local system
Hp,m we consider the hypergeometric type integral

(6.7) / B Ry (2,1) dty A A dbry,
c(z)

for the above rational function R;(z,t).
According to Schechtman and Varchenko, solutions of the KZ equation are described in the
following way.

Theorem 6.1 (Schechtman and Varchenko [19]). The integral

> (/ D, mRy(z,t) dt /\~-~/\dtm> Fly
o(2)

|J|=m
lies in the space of null vectors N|[|A| — 2m] and is a solution of the KZ equation.

We assume the conditions i,£ = 4L and i.£ = /£ in the following. These conditions are
satisfied for (), k) in an open dense subset in (C*)2. By the assumption we have an isomorphism
Hy(Xom, £) =2 HY (X, £) and we can take the regularized cycles [An] € H(Xn,m, L) for
the bounded chamber Ajy;.

We will consider the integral

> (/ D Ry(z,t) dty Ao A dtm> Fly
Anr

[J|=m
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in the space of null vectors N[|A| — 2m]. In general the above integral is divergent. We replace
the integration cycle by the regularized cycle [Ajs] to obtain the convergent integral. This is
called the regularized integral. We refer the reader to [I] for details on this aspect.
Let us denote by QP(X,, ,,) the space of smooth p-forms on X, ,,. The twisted de Rham
complex (Q*(X,,.m), V) is a complex with the differential
V QP (Xpm) — P (Xpm)
defined by
Vo =dp+dlog® A .
There is a non-degenerate pairing between the homology with local coefficients and the coho-
mology of the twisted de Rham complex
Hp (Xpm, L*) x H" (" (Xpm), V) — C
given by
(c) = / Dp.
We define the map p : WI|A| — 2m] — Q*(X,, ) by
p(F7v) = Ry(z,t)dty A --- Adty,
for J with |J| = m. It is shown in [6] such that p induces a map
L[IAl = 2m] — H™ (" (Xnm), V).

This means that p(w) is a closed form for any w € W[|A| —2m] and that the image of F'- W[|A| —
2m + 2] is contained in the space of exact forms in the twisted de Rham complex (Q*(X,, ), V).

7. PROOF OF THEOREM [5.1]
In this section we give a proof of Theorem We have the following proposition.

Proposition 7.1. There exists an open dense subset U in (C*)? such that for (\,x) € U the
following properties (1) and (2) are satisfied.
(1) The integrals in Theorem over [EM] for M = (mq,--- ,mp_q) withmy+---+my,_1 =
m are linearly independent.
(2) The homology classes [Apf] for M = (my, -+ ,mp_1) with my + -+ mp_1 = m form
a basis of H%(Yn,m,f*) = Hm(Yn,m,Z*).
Here mq,--- ,mp_1 are non-negative integers.
Proof. We suppose that \; is not a non-negative integer. Let us observe that for A = (A, -+, A,)
the space of null vectors N[|A| — 2m| has dimension d,, ,,,. This can be shown as follows. First,
let us consider the weight space
(My, @ -+ ® My, )bz + -+ Ay — 2]
={zeM\,® M, ; Ht =M+ -+ A, —2m)z}.
There is an isomorphism
& (M,\2®-~-®M>\n)[)\2+-~-+)\n—2m] —)N[|A| —2m]
defined by

1
U'—>UA1®U—YFUA1®Eu+ F2uy, @ B?u—---
1

1
A(AM—1)
This shows that N[|A| — 2m] has a basis indexed by J' = (j1,72,* ,jn) with j1 = 0 and
j2 + -+ + jn = m, where jo,- -, j, are non-negative integers. Let us denote by S, ,,, the set of
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such indices J'. The above weight space has a basis u;s indexed by J' € S, ,,. We have the
corresponding basis {(uy/) of N[|A| — 2m)].
We set aq,--+,a, and v as in (6.2). We put

(7.1) o= [ ti-2 J[ t-t)*

1<i<m,1<t<n 1<i<j<m
and for J' € S,, ,, put
n
(7.2) H Jiltag (g +7) - (ak + (e — 1)7)-
We assume that oy, -+, ay, and ~ are positive. We express the integral in Theorem 5.1 over the

cycle Ay in the linear combination for the basis &(u;:) of N[|A|—2m] and we donote by Ry:(z,t)
the corresponding rational function. In [2I] Varchenko gave a formula for the determinant

(7.3) det (w / &)n,mEJ/(z,t)dtlA---Adtm),
M,J’ Ar

where M = (mq, -+ ,my—1) with my+---+my,_1 =mand J' € S, ,,. According to Varchenko’s
formula the above determinant is expressed as a non-zero constant times the gamma factor given

by

DGy Dl t+iy+1) o (an+iv+1) \”
(7.4) H( T(y + )t r(m+--~+an+(2m—2—z’)~y+1)>

i=0
where v; is defined by
_({ m+n—i-3

Since the gamma function does not has zeros and has only poles of order one at non-positive
integers, it is clear that the determinant is zero only when the denominator of the gamma
factor has a pole. Considering the regularized integrals over the cycles [Ays] we can analytically

continue the determinant formula to complex numbers «aq,--- , a, and 7.
Let us recall that we deal with the case
A 1
Qp = ——, 1§€<7’L, = -
K K

From the determinant formula we observe that the linearly independence for the solutions of
the KZ equation in (1) in the statement of the proposition is satisfied for (A, x) in an open
dense subset in (C*)2. Under the same condition we have the linear 1ndependence for the ho-

mology classes [A,/] for = (mq, - ,Mmp_1) With my + -+ + my_; = m. Since we have
dim HY (Yn,m,f*) dpm,,n we obtain the property (2). This completes the proof of our proposi-
tion. (I

Let us consider the specialization map
(7.6) s:R=12Z[¢" Lt — C

defined by the substitutions ¢ — e~27V—1/% and t — 2™V ~1/%_ This induces in a natural way
a homomorphism

*

(77) Her(én,m(D); Z) — Hm(Yn,'m’Z )

We take a basis [cp] of Hm(én’m(D); Z) as the R-module for M = (mq,--- ,mp_1) with m; +
-+ mu_1 = m in such a way that [cys] maps to the regularized cycle for [Aj] by the above
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specialization map. We observe that the LKB representation specialized at g — e~ 27V —1A/%
and t — e2™V=1/% ig identified with the linear representation of the braid group Tnom @ Bp —

*

Aut Hm(anm,Z ).
Now the fundamental solutions of the KZ equation with values in N[nA — 2m] is given by the

matrix of the form
(ﬁ /) M
A ,M’

with M = (mq,-+- ,mu_1) and M’ = (m/,---,m/,_;) such that my; + --- + m,_; = m and
mj +---+m)_; = m. Here wyp is a multivalued m-form on X, ,,. The determinant of this
matrix is computed in [22]. We observe that this determinant is non-zero for a generic (A, k).
This fact is used to show Proposition The column vectors of the above matrix form a
basis of the solutions of the KZ equation with values in N[nA — 2m|. Thus the representation
Tnm @ Bn — Aut Hm(Ymm,f*) is equivalent to the action of B, on the solutions of the KZ
equation with values in N[nA — 2m]. This completes the proof of Theorem [5.1
As a consequence of the above argument we have an isomorphism

Hm(Yn,maZ*) = N[Tl)\ - 2m],

which is equivariant under the action of the braid group B,.

8. INTEGRAL REPRESENTATION OF THE SPACE OF CONFORMAL BLOCKS

Let us recall some basic definitions concerning the affine Lie algebras and their representations.
We deal with the case g = sl2(C). Let us denote by C((£)) the ring of formal Laurent series
consisting of the power series Y~ a,£", a, € C for some positive integer m. The loop
algebra Lg is the tensor product g ® C((§)) equipped with a Lie algebra structure by

(X f,Y g =[X,Y]®fg.
Now the affine Lie algebra g is the central extension
g=Lg®Cc
with the Lie bracket defined by
(X®f,Y®g =[X,Y]® fg+Rese=o(df - 9)(X,Y)c

where (X,Y’) stands for the Cartan-Killing form for g.
Let Ay denote the subring of C((£)) consisting of the power series of the form }_ ., an&".
In a similar way, we denote by A_ the subring consisting of >_ ané&™. We put
Ny =[g®A,] @ CE
NO = CH EB CC
N_=[go A_]|®CF,

n<0

which gives a direct sum decomposition of Lie algebras
a = N+ EB N() @ Nf .

Let k and X be complex numbers. We consider the representation My, » of g with the non-zero
vector v satisfying the following properties :
(1) Nyv=0, Hv=Av, cv = kv
(2) M, » is freely generated by v over U(N_),
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where U(N_) is the universal enveloping algebra of N—. The representation My,  is called the
Verma module with highest weight A and level k. It is known that for generic values k and A
the Verma module M, y is irreducible.

Now let us consider the case when k is a positive integer and A is an integer such that 0 < A <
k. In this case the Verma module My  is not irreducible. In fact the vector x = (E ® &)= *1y
satisfies Ny x = 0 and U(N_)x is a proper submodule of My, 5. The quotient module Hy, y is
irreducible and is called the integrable highest weight module with highest weight A and level k.
When we fix the level k we will write Hy for Hy . We refer the reader to Kac [§] for details.

We denote by V) the irreducible g-module with highest weight A. Namely, there exists a
non-zero vector v € V) such that Hv = Av and Ev = 0. The vector space V) has a basis
v, Fv,--+  F . The Verma module My, is written as U(N_)Vj.

We define the space of conformal blocks for a Riemann sphere CP! with marked points
as follows. See [II] for a more detailed exposition of the subject. We take distinct points
D1y s Pn, Pt such that p, 1 = co. We fix an affine coordinate function z for CP!\ {oo}. Let
z; be the coordinate for p;, 1 < j < n, and we set {; = z — z;. We take £,41 = 1/z as a local

coordinate around oo. We assign integers A1, -+, Ap, Apqq satisfying 0 <A <k, 1<j<n+1
to the points p1,« -+, Pn, Pnt1. Weset p = (p1,-++ ,DnyPnt1) and X = (Ag, -+, Ap, Apy1). Let us
denote by M, the set of meromorphic functions on CP! with poles at most at p1,--- , pn, Pnt1-

The space of conformal blocks H(p, A) is by definition the space of coinvariant tensors
(H)q @@ H)\n+1)/(g ® MP)
where g ® M, acts diagonally on the tensor product Hy, ® --- ® H), , by means of the Lau-

rent expansion of a meromorphic function at py,--- ,p,+1 with respect to the local coordinates
&1, ,&nt1. We define its dual space H(p, A\)* as the space of multilinear forms
Hy, ®'~~®H,\n+1 — C

invariant under the diagonal action of g ® M,, defined in the above way.

It turns out that the space of conformal blocks H(p, \) is a finite dimensional complex vector
space. In fact H(p, \) is isomorphic to the quotient space of the space of coinvariant tensors
defined by

(VM Q- V>\n+1)/g
for the diagonal action of g. The kernel of the surjective homomorphism (Vy, ®---®Vy,.,)/g —
H(p, \) is described by algebraic relations depending on z coming from the existence of the null
vector x in the definition of the integrable highest weight module Hy. The dual construction
gives an injective map
H(p,\)* — Homgy(Vy, ® --- @ Vy,,,,C).

We fix A and consider the disjoint union
&= U  #HeN,
(P1,+Pn)E€Xn

which has a structure of a vector bundle over X,,. It turns out that the KZ connection with
the parameter k = K + 2 induces a flat connection on the vector bundle £,. We call £, the
conformal block bundle. In a similar way, we define the dual conformal block bundle €% over
X,, whose fiber is H(p, \)*.

In our case the space of coinvariant tensors L[|A| — 2m] with |[A\| = A\ +---+ A, and m =
(Al = An41) is isomorphic to (Va, ® --- ® Vi, ,,)/g. We have the following theorem.

Theorem 8.1 (Feigin, Schechtman and Varchenko [0]). The map
p: LA —2m] — H™(Q™(X;..m), V)
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factors through the projection map L[|A| — 2m] — H(p, \).

Furthermore, as is stated in [6], it is shown in [22] that the induced map
p:H(p,A) — H™(Q™(Xn,m), V)
is injective. Let us consider the dual map ¢ : Hy,(Xy,m, £*) — H(p, A)* defined by

@), w) = / p(w)

forweVy, ® - -®V,,,,. It follows from the above construction that the map ¢ is surjective.
There is a flat bundle I, ,, over the configuration space X, whose fiber is the homology
Hp (X5 m, £*). We have a surjective bundle map

fH:n,m — 8;

which is compatible with the flat structures. It turns out that any horizontal section of the dual
conformal block bundle €3 is expressed as

ey v = [ e

with a horizontal section ¢(z) of the flat bundle ¥, ,,,. This gives a representation of horizontal
sections of the conformal block bundle as hypergeometric integrals. A difficulty here is that a
generic condition described in the previous sections does not hold here in general and there is
a phenomena of resonance at infinity (see [6] and [20]). We refer the reader to recent work of
Looijenga [16] as an interpretation of KZ connections as Gauss-Manin connections and variations
of Hodge structures.
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CHERN CLASSES OF LOGARITHMIC VECTOR FIELDS

XIA LIAO

ABSTRACT. Let X be a nonsingular complex variety and D a reduced effective divisor in X. In
this paper we study the conditions under which the formula csps (1) = ¢(Derx (— log D))N[X]
is true. We prove that this formula is equivalent to a Riemann-Roch type of formula. As a
corollary, we show that over a surface, the formula is true if and only if the Milnor number
equals the Tjurina number at each singularity of D. We also show the Rimann-Roch type of
formula is true if the Jacobian scheme of D is nonsingular or a complete intersection.

1. INTRODUCTION

Let X be a nonsingular variety over C, and U be the complement of a free divisor D in X.
In this paper, we study the conditions under which the formula
(1) CSM(IU) = c(DerX(— log D)) n [X]
is true. The left hand side of the formula is the Chern-Schwartz-MacPherson class of the open
subvariety U, and the right hand side is the total Chern class of the sheaf of logarithmic vector
fields along D. Throughout this paper we are working over the Chow homology theory A.. The
Chern classes of vector bundles and coherent sheaves are treated as operators on the Chow ring
as described in [5].

We show that this formula is equivalent to an analogue of a Riemann-Roch type of formula.
As a corollary, we show that on a surface, formula is true if and only if the Tjurina number
and the Milnor number are the same for all singularities of D.

The question is motivated by two previous results of Aluffi [2] [4], which state that if D is a
normal crossing divisor, or a free hyperplane arrangement of a projective space, then formula
is true. Because normal crossing divisors are free divisors (for this fact and a definition of free
divisors, see [7]), It is a natural question to ask if formula ([1) holds for any free divisor D. The
result of this paper implies the freeness of the divisor is in general insufficient to guarantee the
validity of formula .

Replacing X by a complex manifold, we get a complex analytic version of formula . In this
case, it is well known that the local quasi homogeneity of the divisor at an isolated singularity is
characterized by the equality of the Tjurina number and the Milnor number[6]. So the corollary
about formula over surfaces can be restated in a slight different manner: formula is true
for surfaces if and only if the divisor D is locally quasi homogeneous.

2. TECHNICAL PREPARATIONS

2.1. Chern-Schwartz-MacPherson class of a hypersurface. Continue with the notations
introduced in the previous section. Recall there is a unique natural transformation from the
functor of constructible functions to the Chow functor, associating the characteristic function of
a nonsingular variety to the total Chern class of its tangent bundle. Then c¢gps(1y7) is the image
of 1x — 1p in the Chow group of X. For the purpose of the calculation in this paper, we don’t
need a detailed description of the MacPherson transformation. What we need is a formula of
the CSM classes of singular hypersurfaces proved in [4].
109
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Lemma 2.1 ([]). Let D be an effective divisor in a nonsingular variety X, and let Jp be its
Jacobian scheme. Then

(2) csm(1p) = ¢(Derx) N (s(D, X) +c(0(D))"' N (s(Jp, X)" @x D))

Remark 2.2. The following is a brief clarification of several notations in the formula and some
properties we will use in the next section. Proofs and more detailed explanations can be found
in [3]
(1) The Jacobian scheme Jp, also called the singular subscheme of the divisor D, is the
subscheme locally defined by the equation of D and all its partial derivatives.
(2) For a subscheme Y of X, s(Y, X) is the Segre class of Y in X in the sense of [5], Chapter
4.
(3) The Segre class s(D, X) is easy to compute for an effective divisor D in X. It equals
(D]

the class RGE

(4) If A= @;a’ is a rational equivalence class on a scheme X, indexed by codimension, we

let
AY = Z(_l)iai
i>0
the dual of A; and for a divisor D we let

o
AeyD=Y 2 _
22 (D))
the tensor of A by D. The subscript of the tensor tells the ambient variety where the
codimension of A is calculated.
(5) This tensor product of a rational equivalence class and a divisor satisfies the “associative

)

law
(A®x D1) ®@x D2 = A®x (D1 ® D)
(6) if Z is a coherent sheaf of rank 0 on a nonsingular variety X, then

o Z@D)N[X] = (c«(F)N[X])®@x D

2.2. sheaves of logarithmic vector fields. Let X be a nonsingular variety over a field k, and
D a reduced effective divisor on X. The sheaf of logarithmic vector fields along the divisor D
is a subsheaf of the sheaf of regular derivations. Over an open subset where the divisor D has
a local equation f, it is given by Derx(—log D)(U) = {6 € Derx(U)|0f € (f)}. Saito was
the first to study this sheaf in full generality[7]. He showed that Derx(—log D) is a reflexive
sheaf. Its dual sheaf is called the sheaf of logarithmic 1-forms. Saito also gave a criterion when
Derx(—log D) is locally free. A divisor is free if Derx (—log D) is locally free. Normal crossing
divisors (in particular nonsingular divisors) are always free.
From the definition of the Derx (— log D), we obtain an exact sequence:

0 — Derx(—log D) — Derx — #p(D) — 0

where #p is called the Jacobian ideal of D. It is an ideal sheaf of &p locally generated by 8 f
for all § € Derx (U). From this description, we see the second arrow in the above exact sequence
takes each 0 € Derx (U) to 6f over an open subset U.

Combining this sequence with the sequence defining the Jacobian scheme Jp:

0— #p—0p— 0y, =0
we get a long exact sequence
(3) 0 — Derx(—log D) — Derx — Op(D) — Oy, (D) = 0
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Exact sequence implies that a singular divisor D is free if and only if its Jacobian scheme
Jp is Cohen-Macaulay of codimension 2 [I] [8]. In fact this can be seen from the following
argument. To say Jp is Cohen-Macaulay of codimension 2 is equivalent to say the 0, is a
Cohen-Macaulay &x-module of dimension n — 2, where n = dimX. This condition is true if
and only if the depths of all stalks of €5, are n — 2. The Auslander-Buschbaum formula tells
us the projective dimension of O, at each stalk is thus 2, which in turn is equivalent to the
syzygy sheaf Derx (—log D) being locally free. This simple observation allows us to deduce the
fact that any reduced effective divisor in a surface is free. In fact, the Jacobian scheme Jp
is O-dimensional in this case. A 0-dimensional module is always Cohen-Macaulay because the
depth is smaller or equal to the dimension for a finitely generated module over a local ring.

3. A RIEMANN-ROCH TYPE FORMULA

Theorem 3.1. Formula is true if and only if a Riemann-Roch type formula m(c(Og) N
[X]) = ¢(0y,) N [X] holds. Here Jp is the Jacobian scheme of D, X is the blowup of X along
Jp, E is the exceptional divisor, and 7 is the morphism X — X. The same result can also be

stated in terms of a comparison between a Segre class and a Chern class: Formula is true if
and only if [X] — s(Jp, X)V =c(0y,) N [X].

Proof. The proof of the theorem is based on equation and exact sequence in the previous
section. Taking the total Chern class for exact sequence (3)), we have:

e(Dery) - (05, (D)) _ e(Dery) - (6, (D))

c(Derx(—1log D)) = (0p(D)) B c(0(D))

In the second equality we use the fact that ¢(€p(D)) = ¢(&(D)). This can be seen by tensoring
O(D) to the exact sequence 0 — O(—D) — Ox — Op — 0 and then taking Chern classes.
Then

csm(ly) = ¢(Derx(—log D)) N [X] <~

(D] s(Jp,X)Y ®@x D\  ¢(Derx)-c(0;,(D))
eerx) 1 (X1~ sy ~ "Dy ) = s ) =
oo N (X = sp, X wx D) = RO (]

[X] - s(Jp, X)Y ®@x D =c(0;,(D))N[X] <=

[X] = s(Jp, X)" = e(04,) N[X]

In the last step, we “tensor” the classes on each side of the equation by the divisor —D. The
tensor product of [X] and —D is [X] itself because the codimension of the class [X] is 0. The
tensor product of S(Jp, X)" ®x D and —D is S(Jp, X)" according to property (5) of 2.2] The
right hand side term of the equation is taken care of by property (6) of because Oy, is a
rank 0 Ox-module.

Next we want to prove the Riemann-Roch type formula. Recall the Segre class is preserved
by proper morphisms of schemes: T, (s(E, X)) = s(Jp, X)[5. It is also easy to see the dual



112 XIA LIAO

notation of classes is compatible with the push forward of classes. Thus we have:

[X] = 8(Jp, X)¥ = m([X] - s(B, X))

= (10— L))
:*SiZY%ZVQ
o 1-E
:m(l_lEm[X])

= m.(c(0p) N [X])

In this computation, the notations is chosen so that [E] € An,l(f( ) and E as a divisor is an
abbreviation of ¢; (O(E)). O

Corollary 3.2. Let D be a reduced effective divisor on a nonsingular complex surface X. Then
formula is true if and only if the Tjurina number equals the Milnor number for all singularities
of D.

Proof. We compare the degree zero components of ¢(0p) N [X] and s(Jp, X). The corollary is
based on the following results:

(1) s(Jp,X) = > u(P)[P] where the sum is taken over all singular points P of the divisor
D and p(P) is the milnor number of P.
(2) ¢(Oy,) =[] c(Op)"F) where the product is taken over all singular points P of the divisor
D. [(P) is the length of the stalk of &;, at P (because we have isolated singularities,
each such stalk is an Artinian ring). These numbers are also called Tjurina numbers in
literatures. Op is the structure sheaf of the nonsingular subscheme supported at P.
(3) c(dp)N[X] = [X] - [P]
The proof of property (1) can be found in section 7.1 of [5] and example 10.14 from [9]. The
ideas in the proof is that s(J,,:,,X ) is closely related to the Milnor class, and is equal to this
class when s(JI,D, X) is a O-dimensional cycle class. Here J/D is the subscheme having the same
support as Jp but defined by a (in priori) smaller ideal generated by all partial derivatives of
a local equation of D (the ideal Jp contains all partial derivatives of a local equation of D as
well as a local equation of D). On the other hand, s(Jp, X) = s(Jp, X) because the ideal Jp
is integral over the smaller ideal JID. As a result, s(Jp, X) computes the Milnor numbers of the
singular points.
Property (2) is obtained by considering the sequences

0— F7) 7t & gt 5 7t 50

where .# is the ideal sheaf of the Jacobian subscheme Jp supported at a singular point P, giving
P the nonsingular scheme structure. In another word, .# corresponds to the maximal ideal of
the local ring of 0, at P. Because all stalks of &;, are Artinian rings, some big powers of .#
become 0, so we only have finite sequences to consider. Also notice the sheaves .7/ 77+ are
free Op-modules of rank [(.#7/.#7%1). Taking Chern classes for these sequences, we get

o(I7) [e(ITH) = o7 ) 5T = e(0p) 17T
Multiplying all such equations together, we get the desired result.
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Another way to understand this result by K-thoery of coherent sheaves can be found in
example 15.1.5 and 15.3.6 of [5].

Property (3) is a rather trivial case of the Riemann-Roch without denominators. A general
discussion can be found in section 15.3 of [5]. O

As mentioning in the introduction, the Milnor number being equal to Tjurina number char-
acterizes local quasi homogeneity for isolated singularities [6]. The previous corollary can be
stated in the following manner:

Corollary 3.3. Let D be a reduced effective divisor on a nonsingular complex surface X. Then
formula is true if and only if the divisor D is locally quasi homogeneous.

4. A FURTHER DISCUSSION OF THE RIEMANN-ROCH TYPE FORMULA

In previous section, we showed the original formula is true if and only if a formula con-
cerning a Segre class is true, and it is moreover equivalent to a Riemann-Roch type formula.
Although it is a byproduct of the original study, the last formula can be studied independent of
the context of Chern classes of logarithmic vector fields. We ask the question: For what type of
the subscheme Y of a nonsingular scheme X is the formula:

[X] = s(Y, X)" = c(0y) N[X]

true?
The formula can be easily tested true if Y = D is a divisor. In fact, both sides equal to

% in this case. the Segre class s(Y, X) = % according to item (3) of so the dual

s(Y,X)V = %. On the other hand ¢(€p) = % by taking Chern classes on the exact
sequence 0 - 0(—D) — Ox — Op — 0.

Moreover, we have a little deeper result:
Theorem 4.1. The above formula is true if Y is reqularly embedded in X of codimension 2.

Proof. Notice in these cases, the subscheme Y has the normal bundle in X. Let IV be the normal
bundle. We have an easy expression of the Segre class in terms of the normal bundle:
s(Y,X)=c(N)"'n[Y]
Then
[X] = s(Y,X)" = [X] = c(NY) "' N (-1)?[Y] = [X] = c(NY) "' N [Y]
By an application of Riemann-Roch without denominators, we can also show
co(Oy)N[X] = [X] = c(NV)T' n[Y].

More details can be found in example 15.3.5 and example 18.2.1 from [5]. g

Remark 4.2. By the same reference [5] example 15.3.5, we can also show that this theorem is
not true for regular embedding of codimension 3 or higher. For example in codimension 3, we
have:

[X] = s(Y,X)" = [X] = c(NY) T N (=1)°[Y] = [X] + c(NY) T N [Y]
and

c(Oy)N[X] = [X] + c(NY)7H2 = er(N)) (A = ex(N) T N [Y]

so apparently these two expressions are not the same. If the embedding is of higher codimension,
the Riemann-Roch formula for computing ¢(&y ) N [X] is even more complicated.

Corollary 4.3. Formula 1s true if the Jacobian scheme of the divisor D is reqularly embedded
in X of codimension 2. (The freeness of the divisor D is automatic by the conditions in this
case.)
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FACTORS OF JACOBIANS AND ISOTRIVIAL ELLIPTIC SURFACES

A. LIBGOBER

ABSTRACT. We show that the rank of the Mordell-Weil group of an isotrivial elliptic surface
over C(t) can be calculated as the number of isogeny factors which are elliptic curves in the
jacobian of the cyclic cover of a projective line associated to the elliptic surface. We illustrate
this method by calculating the ranks in several examples, some of which recover already
known results, and discuss relation between open questions on factors of jacobians and elliptic
surfaces.

1. INTRODUCTION

In papers [3] and [15] we developed a method for calculation of the ranks of Mordell-Weil
groups of isotrivial complex elliptic threefolds which yields an expression for these ranks in
terms of the Albanese variety of cyclic covers of the base of the elliptic fibration. In many cases
this leads to explicit values of the rank (cf. [3],[15]) since the structure of Albanese variety,
always depending on the singularities of the discriminant of elliptic fibration, is often rather
simple even for discriminants with quite complicated singularities. In present note we illustrate
a similar approach to the study of Mordell-Weil ranks of isotrivial elliptic surfaces. The upshot
is a relation between the Mordell Weil rank of an elliptic surface with generic fiber isomorphic to
an elliptic curve E and the isogeny factors isomorphic to E in the Jacobian of the appropriate
cyclic cover of the base of elliptic fibration. More precisely we have the following.

Theorem 1.1. Let & — P! be an isotrivial elliptic surface over C. Denote by E a generic fiber
of this fibration and let I = AutE. Denote by Cr the cyclic cover of P branched over the zero
set of the discriminant of €& over which the pullback of & is biholomorphic to a direct product.
Let Jac(Cr) be the Jacobian of Cr and let

(1) r = {max k|Jac(Cr) ~r E¥ x A}

(here ~1 denotes equivariant isogeny of abelian varieties with T'-action). If E has a complex
multiplication then the rank of Mordell-Weil of € satisfies:

(2) rkMW(E) = 2r
Otherwise this rank is r.

Approach to the study of isotrivial families via covering space over which family trivializes
in the case of surfaces was used in the past (e.g. [§] E[) The advantage of the case of surfaces
over high dimensional elliptic fibrations is that the ranks of elliptic surfaces were the objects of
intense scrutiny for a long time (cf. [I7]). The theorem [1.1] allows to understand the values of
the Mordell-Weil ranks from a different perspective. As examples we recover several results of
Usui (cf. [24]), Shioda (cf. [2I]) and others, in particular a calculation of the maximal known
at the moment rank of elliptic surfaces (i.e.68). Our calculations of Mordell-Weil ranks in these

The author was partially supported by NSF grant.
1 am grateful to R. Kloosterman for pointing out this reference; see also his thesis www.math.hu-
berlin.de/ klooster/publ.php
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examples depends on the description of the Jacobian of Fermat curves due to Koblitz (cf. [10]
cf. also []) E| and hyperelliptic curves given in [6] (cf. also [22]). Understanding products of
elliptic curves which appear as factors of Jacobians is an interesting problem (cf. [4]) and in fact
one can use the theorem to obtain for some cyclic covers the multiplicity of a curve in the
isogeny decomposition of the Jacobian (cf. using available information on the Mordell-Weil
ranks.

The content of the paper is as follows. In section [2| we recall definitions and introduce nota-
tions. Section[3]contains a proof the theorem[I.1]and in section [ we discuss examples illustrating
approach to the ranks of elliptic surfaces using Jacobians. Concluding section [5| contains a dis-
cussion of related problems.

2. PRELIMINARIES

By elliptic surface we mean a smooth projective surface € together with a morphism = : € — C
where C' is a smooth curve whose generic fiber is a genus one curve and which moreover is endowed
with a section sg : C'— €. Section sq allows to give to fibers of 7 the structure of elliptic curve.
An elliptic surface is called isotrivial (resp. trivial) if the j-invariant of a generic fiber over ¢ € C
is a constant function of ¢ (resp. € is birational to the surface E x C for some elliptic curve F
over C). Below E¢ denotes the elliptic curve which is a smooth fiber of an isotrivial surface €
(subscript will be omitted when the choice of € is clear from context). We refer for the basics of
the theory of elliptic surfaces to the surveys [I7] or [5, Ch.1]. For additional material related to
this discussion see [I5].

Recall that the Mordell-Weil group of € (denoted MW (€)) is the group of sections s : C' — &
of  with the group structure given by addition of s1(c), s2(¢) € E. where E, is the fiber of € over
¢ with the group structure existing on any smooth curve of genus one after choice of so(c) as the
zero. This group of sections is finitely generated, unless € is trivial but in latter case the group
of sections modulo the subgroup of constant sections of C' x E given by s, : ¢ — e,e € E (the
Chow trace) is still finitely generated (cf. [12], [I7]). The Mordell-Weil group in the case when
€ is trivial, is the quotient of the group of sections by the subgroup of constant sections. The
morphism 7 gives to & the structure of elliptic curve over C' and from this view point MW (&)
is just the group of points of elliptic curve over the function field C(C) (again if &€ # E x C and
the quotient by the subgroup E(C) otherwise).

Since MW (€) is a finitely generated abelian group, it is isomorphic to Z" @ Tor where r € Z=°
and Tor is a finite abelian group. The integer r is called the rank of the elliptic surface. The
rank of & has the following expression: (Shioda-Tate formula)

(3) r=rkNS(E)-2- Y (m(F,)-1)

vEA L

where N.S(€) is the Neron-Severi group of €, A, is the set of points in C' over which the fibers of
7 are singular and m, (F) is the number of irreducible component in 7=!(v). Most calculations
of the ranks are based on a use of . Note that set A C C consists of the points at which the
discriminant vanishes (the latter is an element of HY(C, £12) for some line bundle on C cf. [f,
th.1.4.1].

In many cases, the ranks and Mordell-Weil groups of elliptic surfaces are known. However
it seems is unknown if there is a universal bound (cf. [I7]). The largest known rank 68 of
elliptic surfaces is achieved by y? = 2% + t360% — 1 (cf. [2I] and the section {.5| below). Over

Qinterestingly, Shioda’s calculation in these example depends on properties of Delsarte surfaces closely related to
Fermat surfaces.
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function fields of characteristic p > 0, the ranks are unbounded for both isotrivial (cf. [I§]) and
non-isotrivial cases (cf. [23]).

We shall need the following description of isotrivial surfaces in terms of trivial ones which we
shall briefly sketch (cf. [B 1.4.2] and references there).

Proposition 2.1. Let 7 : &€ — C be an isotrivial fibration with generic fiber E. Let T' = AutE
be the automorphism group of E (i.e. a cyclic group of order 2,4 or 6). Then there is a curve
Cr and a covering map 7r : Cr — C with the covering group T' and ramification set supported
at A, such that one has birational isomorphism:

(4) EXC CFZCF X((ng

Proof. As in [I5] one can use the results in [13] and [II] to deduce that there is a I'-covering
C'"—S — C — A, such that C' is a smooth projective curve, S is a finite subset of C’ and
7 HC —A;) = E x (C'"— 8)/T where the quotient on the right is taken for the diagonal action
of I'. Using the identification E x (C" — S)/T' xc_a, Cr — S = E x (€’ — S) the birational
equivalence is clear.

Alternatively, since the j-invariant i.e. the map C — A, — H/PSLy(Z) is constant (here H
is the upper half-plane) the monodromy representation m (C — A;) — Aut™Hy(FE,Z) factors
through 71 (C' — A;) — Aut(E) (cf. [0, p.40]). Hence the pullback of & on the covering of
C — A, corresponding to the latter homomorphism of the fundamental group yields a family
with constant j-invariant and trivial holonomy i.e. the direct product. O

Finally recall that the Jacobian of a curve C' can be characterized as an abelian variety
universal with respect to holomorphic maps into abelian varieties A i.e.

(5) Mor(C,A) = Hom(Jac(C), A)

(on the left is the group of maps up to a translation by a point in A). Moreover this correspon-
dence is compatible with holomorphic maps of C' and in particular if I" is a subgroup of Aut(C)
acting on A then for the group of I'-maps one has:

(6) Morp(C, A) = Homrp(Jac(C), A)

where the subscript indicates equivariant maps.

3. PROOF OF THEOREM [L.1]

In this section we shall prove the theorem[I.1] Let & be isotrivial but non trivial elliptic surface.
Let s : C — & be a point of € over C(C). The map Cr — &€ x¢ Cr given by é — (s(nr(é)), ¢),
(¢ € Cr) yields the lift § of s which is a section of the trivial (cf. ([d)) elliptic surface Cr x Ee.
Unless s has order 2 in MW (&), § is not constant since otherwise §(¢) = (¢,e) and e € F¢ must
be T-invariant i.e. is a 2-torsion point. Let Sec’(Cr x E) be a subgroup of the group of sections
of Cr x E isomorphic to MW (Cr x E). E| It can be defined using a splitting of the sequence

(7) 0—E— Sec(Cr x E) > MW (Cr x E) -0
For example, a map Sec(Cr x E) — E given by sending § to §(¢) for a point ¢ € Cr yields such

a split. One has the following isomorphisms of groups in which the first one is obvious while the

3or, if I' = Za or Z4, rather a maximal 2-torsion free subgroup among the subgroups with the following property:

the only constant I-invariant (for diagonal action of I') element in Sec’(Cr x E) is the zero section.
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second is a consequence of the universal property of the Jacobian with respect to the maps from
the curve to abelian varieties (cf.):

(8) Sec (Cr x E) = Mor(Cr, E) = Hom(Jac(Cr), E)

The lift of s induces the equivariant map Jac(Cr) — E with respect to the natural action of
I' C AutFE on E. Vice versa, equivariant map from Jacobian of Cr to F induces the I'-equivariant
map of Cr which viewed as a section of Cr x E descents to a section of €. Hence

(9) MW (&) = Homp(Jac(Cr), E)

Next let Jac(Cr) ~r E” x A and A is not I'-isogenous to E x A’. By Poincare reducibility
theorem (cf. [I6]) the latter is equivalent to Homr(A, E) = 0 and hence Homr(Jac(Cr), E) =
Hom(E", E) = End(E)". The latter has rank 2r if F has complex multiplication since rk End(E)
= 2 in this case. Otherwise rkHom(E", E) = r.

Note that the above argument shows that calculation of the rank in theorem also holds if
€ is trivial.

4. ELLIPTIC SURFACES RELATED TO FERMAT CURVES

4.1. Cyclic covers of P'. In most examples considered below the curves over which the elliptic
surfaces becomes trivial and Jacobians of which according to the theorem [I.1] determine the
Mordell Weil groups are quotients of Fermat curve. In particular the Jacobians of these curves
are subvarieties of Jacobians of Fermat curves. We recall results from [I0] describing the factors
of Jacobians of Fermat curves.

Let Fy be the curve given by the equation:

(10) eV +yN 42N =0

The one dimensional components of Jac(Fy) = H°(Fn,Qp, )*/Hi(Fn,Z) correspond to one
dimensional subspaces of H°(Fy, Q) generated by forms

LUNT_lyNS_ldl'

(11) Wrst = (Nr,Ns,Nt € ZT,r +s+t=1)

yN—l

Note that w, s, spans an eigenspace for transformation induced by (z,y, z) = ((nz,y, 2) (resp.

transformation induced by (z,y, z) = (x,{NY, z)) where (y = emp(%) corresponding to the

eigenvalue: exp(2my/—1r) (resp. exp(2my/—1s)).

The curves which are the isogeny components of Jac(Fy) all appear as the factors of the
abelian varieties denoted as J,. 5 ;) where [r, s,t] is the orbit of the triple for the action defined
below. Jj,. ;4 are all of CM type and as such correspond to the cyclotomic fields Q(¢as) (cf. [19],
[14]) with M|N. The CM type of Jj,. , is given by the subset of Gal(Q(¢rr)/Q) = (Z/MZ)*
defined as follows:

(12) Hysi={ue (Z/ML)"| <ur>+ <us>+ <ut>=1}

(here < - > denotes the least non negative rational residue modulo 1). The abelian varieties
Jir,s,4) are labeled by the orbits of the following action of H, s ; on triples (r,s,t): u(r,s,t) = (<
ur >, < us >, < ut >). Each of J, ;4 is isogenous to the product ECardHr.s.t for an appropriate
CM curve E.
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Proposition 4.1. The abelian varieties Jj, s q having the curve Ey with j-invariant zero as an
isogeny component are given in the following table:

M Mr Ms Mt CardH,s: label

301 1 1 1 3(i)
6 1 1 4 1 6(i)
6 1 2 3 1 6(i4)
12 1 1 10 2 12(i)
12 1 2 9 2 12(i)
12 1 3 8 2 12(iid)
12 1 4 7 2 12(iv)
12 1 5 6 2 12(v)
15 1 2 12 4 15(1)
15 1 4 10 4 15(i)
18 1 3 14 3 18(4)
(13) ;} 1 4 16 6 21 (’L)
8 12 6 21(i7)
24 1 1 22 4 24(17
24 1 4 19 4 24(i)
24 1 5 18 4 24(iii)
2 1 6 17 4 24(iv)
24 1 7 16 4 24(v)
24 1 10 13 4 24(vi)
24 1 11 12 4 24(vid)
30 1 5 24 4 30(3)
30 1 10 19 4 30(it)
39 1 16 22 12 39(i)
48 1 2 25 8 48(i)
60 1 10 49 8 60(¢)

Proof. Abelian varieties Jj, s ; admitting the curve Ep as isogeny component admit the auto-
morphism of order 6 and hence Q((s) is a subfield of End(Jj.ss) ® Q = Q(Car). Therefore
3|M. The table is the part of the table from [I0] corresponding to M with this divisibility
condition. (]

Proposition 4.2. Let Cg,, be the cyclic cover of P! which is a compactification of the curve
s = ™ — 1. Denote by T the automorphism of Jacobian induced by the automorphism of
Com given by (s,t) — (Cos,t). Let 8(Ey) be the set of ordered triples S (r, s,t) (where M|6m)
such that 4; = % and such that no two triples belong to the same orbit of H, .. Then the
mazimal number of Eg-factors in Jac(Cg,y,) on the tangent space at identity of which T acts as

multiplication by (g is equal to

(14) Z CardH, s,

(r,s,t)E€S8(E0)
Proof. Cgpm, is the quotient of Fg,, by the action of the group of roots of unity generated by
(7,9,2) = ((m,y,2). Hence Jac(Cey,) is component of the product of varieties J,. 44 such
that 6m(r,s,t) € (Z7)? and such that 6r € Z*. The equivariance condition restricts r further
tor = %. The claim follows. O

The following examples were obtained by Shioda and Usui (cf. [24]) using a different method
which we shall derive from Prop.
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Example 4.3. Elliptic surface g : 32 = 2% +t% — 1 The curve Cj is the Fermat curve Fg and
we count the number of Ey-components in the isogeny class of Jac(Fg). This is the number of
triples in the table with M|6, and r = . We obtain the following triples (Mr, Ms, Mt):

(15) (1,1,4), (1,4,1),(1,2,3),(1,3,2).

Hence Jac(Cg) ~ E§ x A where A does not have Ej isogeny components and hence rkMW (£g) =
8 (cf. [24] where the corresponding lattice given by the height pairing is identified with the lattice
Ey).

Example 4.4. Consider the elliptic surface &g : y? = 2% +t% — 1. kMW (€9) depends on the
number of Ey components of u® = t? — 1. This curve is the quotient of Fig by the action of
s X po given by multiplication of coordinates. Hence the Ey components of Jac(Fis/ps X t2)
correspond to triples (a, b, ¢) such that,

a)a+b+c=18 and

b) 3|a,2|b

c)M|18

The triples satisfying these conditions are:

(16)  3(i): (6,6,6),6(i) : (3,12,3),6(ii) : (3,6,9),6(ii)* : (9,6,3),18() : (3,14, 1).

The equivariance conditions yield that a = 3. This is satisfied by: 6(3),6(i%), 18(z). CardH, s
in the first two cases is 1 and in the case 18(i) it is 3. Hence Jacobian contains EJ and hence
rkMW (E9) = 10 (cf. [24]).

Example 4.5. Consider the surface €sg0 : y? = 2° + 30 — 1. Shioda’s calculation yields
rkMW (E€360) = 68. To see this from the viewpoint of the theorem [1.1] we need to calculate
the number of (equivariant) Ep-factors of Jac(Csgp). They correspond to the triples (r,s,t)
such that M|360 and one of components (r,s,t) is §. Note that this implies that 6|M. The
triples satisfying these condition are given by the following list. Below (R, S,T) = 360(r, s, t);
each triple in the list comes from the triple m(R, S,T) appearing in the table with

M = %; we indicate its label in table in front and add asterisk if it is obtained by

a permutation of a triple in .

6(i) : (60,60,240), 6(i)x : (60,240, 60), 6(ii) : (60,120, 180), 6(ii) : (60, 180, 120),

19

(17)

(18)  12(ii) : (60,30, 270), 12(ii)x : (60,270, 30), 18(i) : (60, 20, 280), 18(id)* : (60, 280, 20),
(19)  24(ii) : (60,15,285), 24(ii)* : (60,285, 15),30(3) : (20, 60, 288),30(4)* : (20, 288, 60),
(

20) 60(4) : (60, 6,294),60()* : (60,294, 6)

However 60(i), 60()x give the same abelian 4-fold since (60, 6,294)- 72 = (60, 294, 6) (H{1,10,49) =
{7i319]i,j € ZJAZ x Z,/2Z} cf. [I0]). Similarly (60,15,285) - (7 13) = (60,285,15) ((H{y.4.10) =
{7137)i,j € Z/2Z x Z./]2Z}) i.e. Jigo,285,15) coincides with Jigo 15,285). There are no other repeti-
tions in abelian varieties corresponding to triples — as follows by direct calculation using
data on H, s ; from [I0]. The dimensions of .J},. ; 4 above are as follows. For 6(i), 6(i)*, 6(ii), 6(ii)*
the dimension is equal to 1, for 12(4z), 12(**) it is 2, for 18(¢), 18(4i)* it is 3, for 24(47), 24(47)*
it is 4, for 30(7),30(¢)* it is 4 and for 60(:),60(7)* it is 8. Taking into account that, as was
mentioned, J[1710749] = J[1749,10] and J[4719,1] = J[471719] we obtain:

(21) > CardHyop =1+1+1+1+2+2+3+3+4+4+4+8=34
Hence the total rank is 2 x 34 = 68
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Example 4.6. The case of surfaces y?> = 2% 4 36 — 1 can be analyzed similarly. We need
to know the number of factors of the Jacobian of s® = ¢350% — 1 which are pg-equivalent to the
curve with j-invariant zero with given automorphism of order 6. Those are all the factors of
the Jacobian of Fermat curve with N = 360k. The equivariance conditions on (r,s,t) to
appear as the factor in the Jacobian of the curve s® = ¢350%% — 1 is Mu - (%) = % ie. Mu= %
(where u = r, s,t) which is the same as in the case k& = 1. Hence the collection of the varieties
Jjr,s,1) Which are the product of the curves Ej is independent of k i.e. rkMW by theorem is

independent of k as well.

Example 4.7. In [6] the authors show that the hyperelliptic curve:

(22) H:y? = (e = 1)(w - Nz — p)(a — )

where p = V% and A, u, v are pairwise distinct, different from 0 and 1 has the Jacobian
isogenous to the product of two copies of the curve:

(23) E:y?=a(x—1)(z—A)

where A is a solution of

(24) VENZA? 4 2up(—2v + M)A + p? = 0.

Then the elliptic surface
(25) E x H/ps

where the diagonal action of ps is via multiplication by —1 on the first factor and via hyperelliptic
involution on the second has the following ranks:

2 if FE is without CM

(26) rkMW = )
4 if E has CM

This provides isotrivial elliptic surface with arbitrary j-invariant and positive Mordell-Weil rank.
Many examples with large kMW can be constructed using examples of hyperelliptic curves with
split Jacobian given in [22]

Example 4.8. In work [2] the authors calculated the rank of elliptic surface y? = x3 — 27(¢2 —
11¢5 — 1) is equal to 18. For the curve u = ¢12 — 11¢% — 1 this translates into Jac = Ej x A with
A~ Egx A’ for any A’

5. ABELIAN VARIETIES, FAMILIES WITH HIGHER DIMENSIONAL BASES AND SOME QUESTIONS

5.1. Isotrivial abelian varieties. Using results from [I5] theorem can be extended to the
case of abelian varieties over C(¢):

Theorem 5.1. Let A — P! be isotrivial family of abelian varieties over C with a simple generic
fiber. Fix a projective embedding of A, denote by A a generic fiber of this fibration and let T' be
the automorphism group of A preserving the polarization. Denote by Cr the cover of P! branched
over the zero set of the discriminant of A over which the pullback of A is biholomorphic to a
direct product (cf. [15], section 2.1 references there). Let Jac(Cr) denote the Jacobian of Cr
and let

(27) r = {mazx k|Jac(Cr) ~r A* x B}
(here ~r denotes equivariant isogeny of abelian varieties with T'-action). Then

(28) rkMW (A) = rdimgEnd(A) @ Q
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Example 5.2. Let £ be an isotrivial elliptic surface with fiber being the curve Ey and such that
rkMW (&) > 0. Let A, = & Xp1 ... Xp1 € (n-fold product). Then rkMW (A,) =~ -n v € Z.

Indeed, A,, becomes trivial over the same cover C of P! as A;, and the argument used in the
proof of yields that rkM E(A,,) = rdimHom(Ey, EJ) = 2nr where r is the multiplicity of
Ep in Jac(C).

5.2. Remarks on isotrivial elliptic threefolds. The following relation, shown for example
in [7], between the Mordell-Weil ranks of elliptic surfaces and ranks of Mordell-Weil groups
of threefolds was used in [3] in order to obtain restrictions on the fundamental groups of the
complements to discriminants.

Proposition 5.3. Let & — P? be an elliptic threefold, Let L be a generic line in P? and €|y, is
the restriction of € on L. Then rkMW (€) < rkMW (E|L).

In particular universal bounds on ranks of elliptic surfaces over C(¢) yield bounds on ranks
of n-folds (over P"~!). The relation between the fundamental groups and ranks from [3] is the
following:

Theorem 5.4. Let D be the zero set of the discriminant of elliptic threefold & — P2. Assume
that D is irreducible and that the only singularities of C' are either ordinary nodes or ordinary
cusps. Then

(29) rkMW (&) = rkm(P* — D) /7 (P? — D)

(right hand side is the quotient of the commutator of the fundamental group by the second com-
mutator)

Known bounds on the right hand side in 7 coming from various interpretations, (cf. [3],
[9]) are linear in degree d of D. This leads to the following question:

Question 5.5. Let f(t¢) be a polynomial of degree d = 0(mod 6) and C4(f) be the cyclic cover
of P! given by equation the u® = f(t). Consider the elliptic surface € given by

(30) y? =2° + f(t)
Does exist € > 0 and a positive constant o such that for the rank of €, one has
(31) rkMW(€;) < ad' ™

By the theorem [[.1] this is equivalent to the following:

Question 5.6. Does there exist a bound on the number of isogeny component of Jac(Cqy(f))
isomorphic to Ey of the form ad'~¢?

Note that for the curve Cy(f) in (5.5) one has g(Cu(f)) = 5d —5ie. € > 0in . As
was mentioned known examples in characteristic zero obeys bound with e = 1. It would be
interesting to know what is € in positive characteristic.
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MOTIVIC BIVARIANT CHARACTERISTIC CLASSES AND RELATED TOPICS

JORG SCHURMANN AND SHOJI YOKURA

ABSTRACT. We have recently constructed a bivariant analogue of the motivic Hirzebruch classes. A key
idea is the construction of a suitable universal bivariant theory in the algebraic-geometric (or compact com-
plex analytic) context, together with a corresponding “bivariant blow-up relation” generalizing Bittner’s
presentation of the Grothendieck group of varieties. Before we already introduced a corresponding universal
“oriented” bivariant theory as an intermediate step on the way to a bivariant analogue of Levine—Morel’s
algebraic cobordism. Switching to the differential topological context of smooth manifolds, we similarly get
a new geometric bivariant bordism theory based on the notion of a “fiberwise bordism”. In this paper we
make a survey on these theories.

1. INTRODUCTION

For the category of finite sets, the number of elements of the set is a basic invariant and the natural
numbers N is the collection of such invariants. The number of elements of a finite set F is called the
cardinality, denoted by ¢(F') or |F|. The cardinality satisfies the following properties:

(1) if X = X’ (set-isomorphism), then ¢(X) = ¢(X"),

2) ¢(X)=¢c(Y)+ (X \Y) forasubset Y C X (a scissor formula),

3) (X xY)=c(X) xc(Y),

(4) c(pt) = 1.
The above property (1) is a crucial requirement for counting elements of finite sets. Now, when we
consider a similar “cardinality” or invariant on a suitable subcategory of topological spaces, we modify
the above requirements (1) and (2) as follows:

(1Y If X = X’ ( TOP-isomorphism), then ¢(X) = ¢(X'),

@2y e(X)=¢c(Y)+ce(X\Y) foraclosed subset Y C X,

3) (X xY)=c¢(X) xc(Y),

4) c(pt) =1.

If such a topological cardinality exists, then it follows that

e(R") = ¢((00,0) U {0} U (0,00)) = (R") + 1+ ¢(R"),

so that ¢(R') = —1 and ¢(R") = (—1)". Thus, for a finite CW -complex X, ¢(X) is equal to the Euler—
Poincaré characteristic x(X). The existence of such a topological cardinality is guaranteed by homology
theory. To be more precise

o(X) = Xo(X) = > (~1)'dimp Hi(X;R) = Y (—1)dimp HPM(X;R) € Z.

Here HBM (X)) is the Borel-Moore homology group of a locally compact X. Of course to make sense
of this, we have to assume that H 2 (—) is finite dimensional for all spaces considered. Such a very nice

(1) Jorg Schiirmann: supported by the SFB 878 “groups, geometry and actions”.
(2) Shoji Yokura: partially supported by Grant-in-Aid for Scientific Research (No. 21540088), the Ministry of Education, Culture,
Sports, Science and Technology (MEXT), Japan.
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context is for example the semi-algebraic (or more generally o-minimal) context (e.g., see [35, Chapter
2]).

Let us consider now a similar “cardinality” or invariant on the category V of complex algebraic vari-
eties, say “V-cardinality”, by modifying (1)’ and (2) as

(1)” If X = X’ (V-isomorphism), then ¢(X) = ¢(X’),

2)” ¢(X)=c(Y)+ (X \Y) for a closed subvariety Y C X,

B) (X xY)=c(X)xc(Y),

4) c(pt) =1
If such an ““algebraic-geometric” cardinality exists, then we have

c(P")=c(COUCU---UC") =1+c(CH)+ - +c(CH".
Note that we cannot do the same trick as above for ¢(R') = —1. The existence of such an algebraic
cardinality is guaranteed by Deligne’s theory of mixed Hodge structures. Let u, v be two variables, then
the Deligne—Hodge polynomial x,, ., is defined by
Xuw(X) =) (=1)"(=1)P* dime GriGr)Y,

W (HLU(X; C))uPv? € Zlu,v) .

Here W is the weight filtration and J the Hodge filtration of the corresponding mixed Hodge structure.
Then Yy, , is such an algebraic-geometric cardinality with x,, ,(C') = uv. Let us consider the special-
ization u = y,v = —1. Then we have

Xy (X) 1= Xy, -1(X) = Y (=1)'(=1)? dime Gri (HI(X;C))y?

i.e., only the Hodge (but not the weight) filtration is used. This is called x,-genus of X.

Let Iso(V) be the free abelian group generated by the isomorphism classes of complex algebraic
varieties. Then the above y, can be considered as the homomorphism x,, : Iso(V) — Z[y| defined by
Xy ([X]) := xy(X). Because of the condition (2)” we get

Iso(V)
{X]-[Y]-[x\Y]|Y CcX}
where Y is a closed algebraic subset of X and {[X] — [Y] — [X \ Y] | Y C X} is the abelian subgroup
generated by the elements of the form [X] — [Y] — [X \ Y. K((V) is called the Grothendieck group (or
ring) of complex algebraic varieties, with ¢(X) = [X] the universal motivic “algebraic-geometric” car-
dinality. Ko(V) = Ko(V/pt) can be extended to a covariant (and also contravariant) functor Ko (V/—)
by

Xy @ Ko(V) :=

— Zly] — Qly],

KU(V/X) =

)

{[V—XJ}
{[W&X]—[Z%X]—[W\ZMX}‘ZcW}

where Z is a closed subvariety of W. Here and in the following {- - - } always denotes the corresponding
free abelian group (or its subgroup) generated by the listed elements. K(V/—) is covariantly functorial
by composition of arrows, whereas for the contravariance one takes the corresponding fiber products.
Moreover, these functorialities are compatible with the cross product x coming from the product of va-
rieties. Note that the same construction works for the category V = V,(qu ) of (quasi-projective) algebraic
varieties (i.e., reduced separated schemes of finite type) over a base field &, and with a little bit more care
(see [7]]), also for the “compactifiable” complex analytic context.

Another sort of “algebraic-geometric” cardinality is given by a characteristic number

(M) := 7y (cb(TM) N [M]) € Ho(pt) ® R
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of the tangent bundle T'M of a compact complex algebraic or analytic manifold (or complete smooth
algebraic variety) M, with the constant map 75; : M — pt proper and [M] € H,(M) the fundamental
class of M. Here H,(X) = HBZM(X) the even degree Borel-Moore homology or the Chow homology
H.(X)=CH,(X) (as in [19]]). Of course the condition (2)” above does not make sense then. But if

cl:Vect(—) > H(-)®R

is a contravariantly functorial characteristic class from the isomorphism classes of algebraic (or analytic)
vector bundles to the appropriate cohomology H*(—) tensorized with the ring R (i.e., the usual even
degree cohomology or the operational Chow cohomology of [19]), then (1) follows from the projection
formula. And if ¢/ is also multiplicative (resp., normalized), then this implies (3) (resp., (4)) above.
Moreover, as a substitute for (2)”, the characteristic number ¢(M) depends in this case only on the
(co)bordism class of M in the algebraic or complex cobordism group of a point (as explained later):

Q)b 1f [M] = [M'] € QEM (pt) or [M] = [M'] € QY (pt), then c(M) = c(M").
An important example of such a functorial multiplicative and normalized characteristic class of a
complex or algebraic vector bundle E is the Hirzebruch or generalized Todd class of E defined by

rank F
L a;(1+y)
o= 1 (25

i=1

- my) € H*(—) ®Q[y]

where o; € H! (—) are the Chern roots of E, i.e., the total Chern class of E is given by

rank E
(B = [[ 1 +a)em ().
i=1

The corresponding characteristic number ¢(M) =: x, (M) is the Hirzebruch x,-genus of the manifold
M. Note that for a compact complex algebraic manifold M this also agrees with the earlier definition
given above in terms of Hodge numbers. And as explained in [7], it is the most general characteristic
number having an “additive” extension to singular varieties (over any base field of characteristic zero, and
for compactifiable complex analytic varieties), i.e., satisfying the “scissor formula” (2)”. Note that the
Deligne-Hodge polynomial x,, ., (}) for a compact complex algebraic manifold M is not a characteristic
number in this sense.

Remark 1.1. The Hirzebruch class unifies the following three classes, which are important in geometry
and topology:
rank E/
e y=—1:td_41(F) = H (1+ «;) = ¢(E), the total Chern class,
i=1

rank E/
e y=0:tdy(F) = H % = td(FE), the total (original) Todd class,
i=1
rank E/ -
o y=1:1d(F) = H tan}ia- = L(FE), the total Thom-Hirzebruch L-class.
i=1 *

A Grothendieck—Riemann—Roch-type theorem for the ,-genus is the following:
Theorem 1.2 ([[7]] (cf. [36], [46])). Consider the compact complex analytic or the algebraic context over
a base field k of characteristic zero.

(1) There exists a unique natural transformation (functorial for proper morphisms)

Ty, : Ko(V/=) = Ho(=) @ Qly]
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such that for a smooth variety X
T, (X 2% X)) = td,(TX) N [X].

Whether X is singular or not, T,, (X) := T, ([X tx, X |) is called the motivic Hirzebruch
class of X.
(2) When X = ptis a point, T, : Ko(V/pt) = Ko(V) = Q[y] equals x,.

The above Hirzebruch class transformation 7, : Ko(V/—) — H,(—) ® Q[y| “unifies” the follow-
ing three well-known characteristic classes of singular varieties. Here we work either in the category
V= V,(cqp ) of (quasi-projective) algebraic varieties over a base field k, with H.(X) = CH,(X) the
Chow homology groups, or in the category V = V" of compact reduced complex analytic spaces,
with H,(X) = HEM(X) the even degree Borel-Moore homology in the complex algebraic or analytic
context:

e MacPherson’s Chern class transformation [[7, 25, 31]]:
¢t F(X) — H . (X),

defined on the group F'(X) of constructible functions in the algebraic context for k of charac-
teritic zero or in the compact complex analytic context. The transformation ¢, : F'(—) — H,(—)
is the unique one satisying the smooth condition that for a smooth M, ¢, (157) = ¢(TM) N [M]
where T'M is the tangent bundle of M.

o Baum-Fulton-MacPherson’s Todd class or Riemann—Roch transformation [4, [19]:

td. : Go(X) = H.(X) ®Q,

defined on the Grothendieck group G(X) of coherent sheaves in the algebraic context in any
characteristic. In the compact complex analytic context such a transformation can be deduced
(compare with [7]]) from Levy’s K-theoretical Riemann-Roch transformation [30]. The transfor-
mation td, : Go(—) — H.(—) ® Q is the unique one satisying the smooth condition that for a
smooth M, td,(Oy) = td(T M) N [M].

o Goresky— MacPherson’s homology L-class [21]], which is extended as a natural transformation
by Cappell-Shaneson [12] (see also [7, 142} 41])):

L.:QX) = H.(X)®Q

defined on the cobordism group Q(X) of selfdual constructible sheaf complexes (for the Verdier
duality).. This transformation is only defined for compact spaces in the complex algebraic or
analytic context, with H, the usual homology, since its definition is based on a corresponding
signature invariant together with the Thom—Pontrjagin construction. The transformation L, :
Q(—) = H.(—) ® Q satisfies the smooth condition that for a smooth M, L, (Qxs[dim M]) =
L(TM)N[M].

The unification means that there are natural transformations ¢, mC, and sd so that the following
diagrams of transformations commute:

Ko(V/X)
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o(V/X)
o(V/X)
) ® Q.

This “unification” could be considered as a pos1t1ve answer to MacPherson’s question posed in [32].
Here the corresponding uniqueness result follows from the surjectivity of ¢ and mCy, whereas for the
L-class transformation this uniqueness only holds on the image of the transformation sd (which is not
surjective).

Moreover, in [7]] we also constructed in the algebraic context for k of characteristic zero and in the
compact complex analytic context, a motivic Chern class transformation (functorial for proper mor-
phisms)

2 Q.

mCy : Ko(V/X) = Go(X) ® Z[y] .
This satisfies the normalization condition
dim(M)
mC, (M) := mC,y ([idu]) = D [NT*M]-y' = A,(IT"M]) N [On]
i=0

for M smooth, with A, the total A-class. Then the Hirzebruch class transformation T, could also be
defined as the composition td., o mC);, renormalized by the multiplication x (1 +y)~% on H;(X) ® Q[y]
to fit with the normalization condition above (see [7]). So mC), could be considered as a K -theoretical
refinement of T},

W. Fulton and R. MacPherson have introduced Bivariant Theory [20] (see also [19]). As reviewed
very quickly in §2, a bivariant theory is defined on morphisms, instead of objects, and “unifies” both a
covariant functor and a contravariant functor. Important topics in Bivariant Theories are what they call
Grothendieck transformations between given two bivariant theories. A Grothendieck transformation is
a bivariant natural transformation. The main objectives of [20] are bivariant-theoretic Riemann—Roch
transformations or bivariant analogues of various theorems of Grothendieck—Riemann—Roch type. A
key example of [20, Part II] is the bivariant Riemann—Roch transformation 7 : Ky — H ® Q on
the category V = V& of complex quasi-projective varieties, with K4 (f) the bivariant algebraic K-
theory of f-perfect complexes and H the even degree bivariant homology. It unifies the covariant Todd
class transformation ¢d, and the contravariant Chern character ch. An algebraic version on the category
V = Vi of quasi-projective varieties over a base field k of any characteristic was constructed later on in
[19} Example 18.3.19], with H = C'H the bivariant operational Chow groups.

As another example, in [20] Part I, §6] Fulton and MacPherson constructed a bivariant Whitney class
transformation. And they asked in the complex algebraic context for a corresponding bivariant Chern
class transformation v : F — H on their bivariant theory F of constructible functions satisfying a
suitable local Euler condition, which generalizes the covariant MacPherson Chern class transformation
¢« : F — H,(—). For H the even degree bivariant homology, this problem was solved by Brasselet
[6] in a suitable context (even for compact analytic spaces), whereas Ernstrom—Yokura [[17] solved it for
H = AP! > CH another bivariant operational Chow group theory (for the notation A”! see [17]). In
(18], by introducing another bivariant theory F of constructible functions, they also introduced a bivariant
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Chern class transformation  : F — C'H. Their approach is based on the usual calculus of constructible
functions and the surjectivity of ¢, : F(X) — C'H,(X). Therefore it works in the algebraic context over
any base field k of characteristic zero, even though it was stated in [18] only in the complex algebraic
context. Here F(X — pt) = F(X) follows from the multiplicativity of ¢, with respect to cross products
X.

In [38] we obtain in the quasi-projective context (over a base field k of any characteristic) two bivariant
analogues

mC, = A;’wt KoV /X -Y) = Kuy(X = Y) ®@Zy]
and
T, Ky(V*/X -Y) > HX - Y)®Q[y]

of the motivic Chern and Hirzebruch class transformations mC,, and T}, with T}, defined as the compo-
sition 7 o mC},, renormalized by the multiplication x (1 + y)* on H*(—) ® Q[y]. Moreover, T}, unifies
the bivariant Riemann—Roch transformation 7 : K4y — H® Q (for y = 0) and the bivariant Chern class
transformation ~ : F — C'H (for y = —1). Note that a bivariant L-class transformation (corresponding
to y = 1) is still missing. In [9,|10] we considered a kind of general construction of a bivariant analogue
of a given natural transformation between two covariant functors, but our approach presented in this pa-
per is quite different from it. The former is more “operational”, but the latter is more “direct” and very
“motivic”.

In this paper we make a survey on the above results [38] as well as on a corresponding universal
“oriented” bivariant theory [44]], which is a first step on the way to a bivariant-theoretic analogue of
Levine—Morel’s or Levine—Pandharipande’s algebraic cobordism [28| 29]]. Finally we switch to a differ-
ential topological context of smooth manifolds and make a remark on a new geometric bivariant bordism
theory based on the notion of a “fiberwise bordism™ ([3l], [43l]).

2. FULTON-MACPHERSON’S BIVARIANT THEORY

We quickly recall some basic ingredients of Fulton—-MacPherson’s bivariant theory [20].

Let 'V be a category which has a final object pt and on which the fiber product or fiber square is well-
defined, e.g. the category V,(qu ) of (quasi-projective) algebraic varieties (i.e., reduced separated schemes
of finite type) over a base field &, or V?C'S the category of (compact) reduced complex analytic spaces. We
also consider a class of maps, called “confined maps” (e.g., proper maps in this algebraic or analytic geo-
metric context), which are closed under composition and base change and contain all the identity maps.
Finally, one fixes a class of fiber squares, called “independent squares” (or “confined squares”, e.g., “Tor-
independent” in algebraic geometry, a fiber square with some extra conditions required on morphisms of
the square), which satisfy the following properties:

(i) if the two inside squares in
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X — X

h//

X h’ X! g’ X f/l lf
lf// lf/ lf or Y’ T> Y
Y Y’ Y g'l lg

h g

A T> VA
are independent, then the outside square is also independent.
(ii) for any morphism f : X — Y, the following squares are independent:

X 2 x Xty

N

Y —— X ——=Y.
ldx

A bivariant theory B on a category V with values in the category of (graded) abelian groups is an
assignment to each morphism X LY in the category V a (graded) abelian group (in most cases we can
ignore a possible grading) B(X ER Y'), which is equipped with the following three basic operations. The
i-th component of B(X 25 V), i € Z, is denoted by B/(X L ¥) (with B(X L ¥) = B®(X £ V) in
the ungraded context).

Product operations: For morphisms f : X — Y and g : Y — Z, the (Z-bilinear) product operation
o . B(X Ly)eB (Y 2) - B (X 2 2)

is defined.
Pushforward operations: For morphisms f : X — Y andg : Y — Z with f confined, the (Z-linear)
pushforward operation

£ B(X YL 2) S BU(Y L 2)

is defined. /
X 2 X
Pullback operations: For an independent square f ’l lf the (Z-linear) pullback opera-
Y —— Y,
g
tion
7B Ly)sBX Ly
is defined.

And these three operations are required to satisfy the seven compatibility axioms (see [20} Part I, §2.2]
for details):

(B-1) product is associative,

(B-2) pushforward is functorial,

(B-3) pullback is functorial,

(B-4) product and pushforward commute,
(B-5) product and pullback commute,
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(B-6) pushforward and pullback commute, and
(B-7) projection formula.

L . id
We also assume that B has units, i.e., there is an element 1x € B®(X *=5 X) suchthat c e 1x =

for all morphisms W — X and o € B(W — X); such that 1x e 5 = 3 for all morphisms X — Y and
B €B(X —Y);and such that g*1x = 1x forall g : X' — X.

Let B, B’ be two bivariant theories on the category V. A Grothendieck transformation from B to B’
v:B— B
is a collection of group homomorphisms
B(X—-Y)—=B(X—Y)

for all morphisms X — Y in the category V, which preserves the above three basic operations (as well
as the units, but not necessarily possible gradings):

@ y(aes B) =7(a)es v(B),
i) y(fea) = for(a), and
(i) y(g"a) =g"v(a).
Most of our bivariant theories in this paper are commutative (see [20} §2.2]), i.e., if whenever both

WLX WL>Y

'

Y ——=7 X —7
9 f

are independent squares, then for o € B(X 1z yand B € B(Y & Z)
g () e B =f"(B)ea.

B, (X) := B(X — pt) becomes a covariant functor for confined morphisms and B* (X)) := B(X 1, X)
becomes a contravariant ring valued functor for any morphisms, with B..(X) a left B* (X )-module under
the product N := o : B*(X) ® B.(X) — B.(X). As to a possible grading, one sets

Bi(X):=B (X - pt) and B/(X):=B/(X % X)
so that B*(X) becomes a graded ring with N : B/ (X) ® B;(X) — B;—;(X).

The following notion of a canonical orientation makes B, a contravariant functor and B* a covariant
functor with the corresponding Gysin (or transfer) homomorphisms:

Definition 2.1. ([20, Part I, Definition 2.6.2]) Let 8 be a class of maps in V, which is closed under
compositions and contains all identity maps. Suppose that to each f : X — Y in § there is assigned an
element 0(f) € B(X ER Y') satisfying that
(i) O(go f)=0(f)eb(g)forall f: X -Y,g:Y - Z € 8and
idx

(i) O(idx) = 1x forall X with 1x € B*(X) := B(X <X X) the unit element.

Then 6(f) is called a canonical orientation of f. If we need to refer to which bivariant theory we
consider, we denote dg(f) instead of the simple notation 6( f).
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For example the class 8 of smooth morphisms in the algebraic or analytic geometric context has
canonical orientations for all the bivariant theories mentioned in the introduction, with all Cartesian
squares independent.

Proposition 2.2. For the composite X Ly s Z, if f € 8 has a canonical orientation Og(f), then we
have the Gysin homomorphism (or transfer) defined by f*(a) := 0(f) ®

FBY S 2) - BX L 2),
which is functorial. In particular, when Z = pt, we have the Gysin homomorphism: f' : B,(Y) —
B.(X).
X 2= X
Proposition 2.3. For an independent square f’l lf ,if g € €N 8 and g has a canonical

Y — Y

9
orientation 0g(g), then we have the Gysin homomorphism defined by gi(«) := g (« @ 6(g)):

a:BX' Ly sBx Ly,

x Iy

which is functorial. In particular, for an independent square idxl lidy with f € CN§, we
have the Gysin homomorphism: f, : B*(X) — B*(Y).

The symbols f' and g should carry the information of 8 and the canonical orientation @, but we omit
them for the sake of simplicity.

A Grothendieck transformation v : B — B’ of two bivariant theories B and B’ induces natural trans-
formations v, : B, — B/, and v* : B* — B’ * i.e., we have the following commutative diagrams:
For any morphism f : X — Y we have the commutative diagram

B*(X) — s B*(X)
f*l lf*
B*(Y) T) B™*(Y).
For a confined morphism f : X — Y we have the commutative diagram
B.(X) —— BL(X)

/| |-

B.(Y) —— BL(Y).

Y

They are related by the module property
Y (BNa)=~7"(B) Ny(a) forall peB*(X),acB.(X).
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Suppose that f : X — Y has a canonical orientation for both bivariant theories. A bivariant element
uf € B*(X) =B'(X 14X, X) satisfying
V(08(f)) = uy ® b (f)

is called a Riemann—Roch formula (see [20]). Such a Riemann—Roch formula gives rise to the following
(wrong-way) commutative diagrams :

B*(X) — s B*(X) B.(Y) —— BL(Y)
le lf!(—wf) f!l J"f‘f!
BH(Y) —— B (Y). B.(X) —— BL(X).

The most important and motivating example of such a Grothendieck transformation is Baum-Fulton—
MacPherson’s bivariant Riemann—Roch transformation ([20, Part II]):

T:Kug - H®Q,

or its algebraic counterpart of [19, Example 18.3.19]. Here V = V{ is the category of quasi-projective
varieties over a base field k£ of any characteristic, with Hl = C'H the bivariant operational Chow groups,
or H the even degree bivariant homology in case £ = C. The independent squares in this context are
the Tor-independent fiber squares. K, is the bivariant algebraic K-theory of relative perfect complexes,
so that Ky, (X) = Go(X) is the Grothendieck group of coherent sheaves and K,;,"(X) = K°(X) is
the Grothendieck group of algebraic vector bundles. The associated contravariant transformation is the
Chern character

™ =ch: K°(X) = H*(X) ®Q,
and the associated covariant transformation is the Todd class transformation

Te = tdy : Go(X) = Ho(X) ®@ Q,
which is functorial for proper morphisms f : X — Y. Moreover, they are related by the module property

td.(BNa) = ch(B)Ntd.(a) forall Bec K°X),ac Gy(X).

This generalizes the original Grothendieck- and Hirzebruch—Riemann—Roch Theorem. Both bivariant
theories K,;, and H,(—) ® Q are canonically oriented for the class 8§ of smooth (or more generally of
local complete intersection) morphism, with 8k (f) = Oy = [Ox] € Kgq(X EN Y') the class of the

structure sheaf, and 0y (f) = [f] € H(X ER Y') the corresponding “relative fundamental class”. They
are related by the Riemann—Roch formula

7(0y) = td(Ty) o [f],
where uy := td(Ty) € H*(X) ® Q and T is the (virtual) tangent bundle of f. See [20| (*) on p.124]
for H the bivariant homology in case ¥ = C. For H = CH the bivariant Chow group and & of any

characteristic, the above Riemann—Roch formula follows from [19, Theorem 18.2] as explained in [38]].
The Riemann—Roch formula implies the following two results:

SGA 6-Riemann—Roch Theorem: The following diagram commutes for a proper smooth morphism f :
X=Y:
K(X) -5 H*X)®Q

le lf!(td(Tf)U -)
K(Y) —— H'(Y)2Q
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Verdier-Riemann—Roch Theorem: The following diagram commutes for a smooth morphism f : X — Y:

Go(Y) —“ H.(V)®Q

f!l ltd(Tf)ﬂf!

Go(X) —— H(X)®Q

Both formulae are more generally true for a local complete intersection morphism f, which is special
to the Grothendieck transformation 7. In this paper only the case of a smooth morphism will be used, and
then similar results are also true for the other considered Grothendieck transformations. It should also
be remarked that one motivation of Fulton-MacPherson’s bivariant theory was to unify the above three
Riemann—Roch theorems ... (see [20, Part II, §0.1.4]).

Definition 2.4. (i) Let 8 be another class of maps in V , called “specialized maps” (e.g., smooth maps
in algebraic geometry), which is closed under composition and under base change and containing all
identity maps. Let B be a bivariant theory. If § has canonical orientations in B, then we say that § is
canonical B-oriented and an element of 8 is called a canonical B-oriented morphism.

(ii) Assume furthermore, that the orientation 6 on 8 satisfies 6(f') = ¢*0(f) for any independent
square

x -9 x

f’l lf
Y —— Y
g
with f € 8§ (which means that the orientation 6 is preserved under the pullback operation). Then we call

0 a nice canonical orientation and say that § is nice canonical B-oriented. Similarly an element of 8 is
called a nice canonical B-oriented morphism.

Consider for example the class 8 of all smooth morphisms for V = V,(qu ) the category of (quasi-
projective) varieties over a base field £ of any characteristic, with all fiber squares as the independent
squares. Then this class has a nice canonical orientation 6 with respect to K., or C H in any characteris-
tic (with 8(f) = O or [f]), to I in characteristic zero (with () = 1 ) and to I or bivariant homology
H for k = C (with 0(f) = 1y or [f]).

3. A UNIVERSAL BIVARIANT THEORY ON THE CATEGORY OF VARIETIES

Let 'V be the category V = V,(qu ) of (quasi-projective) varieties over a base field k of any characteristic,
or the category V = V2" of compact reduced complex analytic spaces, with all fiber squares as the
independent squares. As the “confined” and “specialized” maps we take the class Prop of proper and
8m of smooth morphisms, respectively.

Theorem 3.1 ([44], [38]]). We define

M(V/X L Y)
to be the free abelian group generated by the set of isomorphism classes of proper morphisms h : W — X
such that the composite of h and f is a smooth morphism:

heProp and foh:W =Y € 8m.

Then the association M is a bivariant theory if the three operations are defined as follows:
Product operation: For morphisms f : X — Y and g : Y — Z, the product operation

o . M(V/X Ly)oaMV/Y L 2) - M(V/X 4L 7)
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is defined for [V 2 X] e M(V/X L Y) and [W £ Y] e M(V/Y % Z) by

V2 xleW &y = 2 x),

and bilinearly extended. Here we consider the following fiber squares

v P xS
k,,l k/l kl
% X % z.
p f g

Pushforward operation: For morphisms f : X — Y and g :' Y — Z with f € Prop, the pushforward

operation f, : M(V/X 215 Z) > M(V/Y % Z) is defined by f.([V 2 X]) == [V L2 Y] and
linearly extended.

x 4, x

Pullback operation: For an independent square f ’l lf the pullback operation

Y —— Y
g
gt MOV/X L vy = MOV/X" L YY) is defined by g*([V 2 X]) := [V' %5 X'] and linearly
extended. Here we consider the following fiber squares:

v 9y

f’l lf

Y —— Y.
g9

Remark 3.2. (1) The above bivariant theory M(V/—) shall be called a pre-motivic bivariant Grothendieck
group on the category V of varieties. 0(f) := [X Mx, x | for the smooth morphism f : X — Ydefines
a nice canonical orientation on M(V/—).

(2) M,(V/X) = M(V/X — pt) is the free abelian group generated by the isomorphism classes
[V ox ], where h is proper and V' is smooth. M, (V/—) is a covariant functor for proper morphisms
and M., (V/—) is a contravariant functor for smooth morphisms.

3) M*(V/X)=M((V/X My x ) is the free abelian group generated by the isomorphism classes

[V LN e ], where h is proper and smooth. It gets a ring structure U by fiber products, with unit

1x = [X Mx, x ]. Then M*(V/—) is a contravariant functor for any morphisms and M*(V/—) is
a covariant functor for morphisms which are smooth and proper.

(4) The bivariant product induces the following “cap product”: N : M*(V/X)xM., (V/X) — M. (V/X).

In particular, when X itself is a smooth variety, with [X] := [X Mx, x ] € ML.(V/X), we have the
“Poincaré duality” homomorphism N[X] : M*(V/X) — M, (V/X) , which is nothing but

WL x)n[x]=w & x].
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More generally, the isomorphism class [V X ] € M(V/X) of any proper morphism h : V — X
from a smooth variety V to X gives rise to the homomorphism

AV L& X]: M (V/X) = M, (V/X)
defined by [W 5 X]N[V L& X] = [W xx V — X].
The pre-motivic bivariant Grothendieck group M(V/—) has the following universal property:

Theorem 3.3 ([44]], [38]]). Let B be a bivariant theory on 'V such that a smooth morphism f has a nice
canonical orientation 6(f) € B(f), and let ¢/ : Vect(—) — B*(—) be a contravariantly functorial
characteristic class of algebraic (or analytic) vector bundles with values in the associated cohomology
theory, which is multiplicative in the sense that cC(V') = cl(V')cl(V") for any short exact sequence of
vector bundles 0 — V' — V — V" — 0. Assume cf commutes with the canonical orientation 0, i.e.
O(f) e cl(V) = f*cl(V) @ O(f) for all smooth morphism f : X — Y and V € Vect(Y) (e.g. B is
commutative).

Then there exists a unique Grothendieck transformation 7y : M(V/—) — B(—) satisfying the nor-

malization condition that ~y.o([ X Hdx, X)) = cl(Ty) @ 0(f) for a smooth morphism f : X — Y. Here
T is the relative tangent bundle of the smooth morphism f.

Remark 3.4. The above Grothendieck transformation v., : M(V/—) — B(—) satisfies the normal-
ization condition 7., ([X Mx x 1) = c£(Ty) @ 6(f), which is nothing but the Riemann-Roch formula
with uy = ¢f(T'y) for a smooth morphism f : X — Y. So by the general theory we get the following

Riemann—Roch theorems:

SGA 6 -type Riemann—Roch Theorem: The following diagram commutes for f : X — Y proper and
smooth:

M*(V/X) 22 B*(X)
f!l J{f!(Cl(Tf)U -
M*(V/Y) — B*(Y).
Yee™*

Verdier-type Riemann—Roch Theorem: The following diagram commutes for a smooth morphism f :
X-=Y:

M, (V/X) — B, (X)

f!l le(Tf)ﬁf!

M, (V/Y) —— B.(Y).

Vel «

Remark 3.5. (1) v : M(V/X ER Y) - B(X EN Y') can be called a bivariant pre-motivic character-
istic class transformation. When Y is a point pt,
Yetr : M(V/X — pt) = B(X — pt) = B.(X)

is the unique natural transformation satisfying that ~y., ([X M, x ) = c(TX) N [X] for a smooth
variety X. In other words, this gives rise to a pre-motivic characteristic class transformation for singu-
lar varieties. In a sense, this could be also a very general answer to MacPherson’s question about the
existence of a unified theory of characteristic classes for singular varieties. We emphasize that for the
corresponding universal property of M(V/X), we do not have to require the characteristic class ¢ to be
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multiplicative or to commute with the canonical orientation 6 (since these properties are not used in the
proof of Theorem (iii), that 7.¢, preserves the pushforward operation).
(2) In particular, we have the following commutative diagrams:

L W\

with H,(X) = CH,.(X) in the algebraic context over a base field of characteristic zero, or H.(X) =

’

HEM(X) in the complex algebraic or compact complex analytic context. Here e([V b x D) == hily.

M., (V/X)

with H,(X) = CH,(X) in the algebraic context over a base field of any characteristic, or H,(X) =

X)®Q,

HBM (X) in the complex algebraic or compact complex analytic context. Here mCo([V 2 X]) :=
h.Ov] = ha[Ov].

M. (V/X)

/ &

HPM(X)® Q.

L.

Here X has to be a compact complex algebraic or analytic variety, with
sd([V % X]) = [h.Qv [dim V] = h.[Qy[dim V]] .
(3) It follows from Hironaka’s resolution of singularities ([23]]) that there exists a surjection
ML (V/X) = Ko(V/X)

in the algebraic context over a base field of characteristic zero, or in the compact complex analytic con-
text. It turns out that if the natural transformation ¢, : M,(V/X) — H,(X) ® R (with R a Q-algebra)
can be pushed down to the relative Grothendieck group K((V/X), then it has to be a specialization of
the Hirzebruch class transformation under a ring homomophism Q[y] — R, i.e., the following diagram
commutes (see [7]]):

M, (V/X) =~ H(X)®R

‘| I

Ko(V/X) —— H.(X)2Qlyl.
And one of the main results of our previous paper [7] claims that in this context the above three
diagrams also commute with M, (V/X') being replaced by the smaller group K, (V/X) (fitting with T},
fory = —1,00r1).

Now it is natural to pose the following
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Problem 3.6. Formulate a reasonable bivariant analogue Ko(V/X ER Y') of the relative Grothendieck
group Ko(V/X) so that the following hold:

(1) There is a natural group homomorphism q : Ko(V/X — pt) — Ko(V/X), which is an isomorphism
in the algebraic context over a base field of characteristic zero, or in the compact complex analytic
context.

(2) Bg : M(V/X ER Y) = Ko(V/X ER Y') is a certain quotient map, which specializes for Y a point
to the quotient map q : ML, (V/X) — Ko(V/X).

(3) T, : Ko(V/X ER Y) - H(X ER Y) ® Qly] is a Grothendieck transformation, which specializes
for'Y a point (in the algebraic context over a base field of characteristic zero, or in the compact complex
analytic context) to the motivic Hirzebruch class transformation Ty, : Ko(V/X) — H,(X) ® Q[y].

(4) The following diagram commutes:

M(V/X L V)

A]B/&

Ko(V/X L5 V) H(X L Y)®Qly.

Ty

Remark 3.7. The associated contravariant functor of such a bivariant theory Ko (V/X ER Y'), namely

K°(V/X) = Ko(V/X Mx, x ), can be considered as a contravariant counterpart of the relative
Grothen-dieck group Ko(V/X). The natural transformation T,y : K°(V/—) — H*(—) ® Q[y] can
be considered as a contravariant counterpart of the Hirzebruch class transformations T, satisfying the
module property.

4. A BIVARIANT GROTHENDIECK GROUP K(V/X ER Y)
The following theorem is proved using the “Weak Factorisation Theorem” of [} 40]:

Theorem 4.1 (Franziska Bittner [3]). Let Ko(V/X) be the relative Grothendieck group of varieties over
X € obj(V), with V = V,(qu) (resp., V = V&™) the category of (quasi-projective) algebraic (resp., com-
pact complex analytic) varieties over a base field k of characteristic zero. Then Ko(V/X) is isomorphic
to ML, (X)) modulo the “blow-up” relation

@ — X]=0 and [BlyX' = X|—-[E—X]=[X"—>X]-[Y = X],
for any cartesian diagram (which shall be called the “blow-up diagram” from here on)

E —" & BlyXx’

[ Js
y —— x L .x,
with i a closed embedding of smooth spaces and f : X' — X proper. Here Bly X' — X' is the blow-up

of X' along Y with exceptional divisor E. Note that all these spaces other than X are also smooth (and
quasi-projective in case X', Y € ob(V{¥)).

The kernel of the canonical quotient map ¢ : M, (V/X) — Ky(V/X) is the subgroup BL(V/X) of
M., (V/X) generated by [Bly X’ — X] — [F — X] — [X' — X] + [Y — X] for any blow-up diagram
as above.

To obtain a bivariant analogue of the subgroup BL(V/X), we first observe the following result:
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Lemma 4.2. Let h : X' — X be a smooth morphism, with i : S — X' a closed embedding such that
the composite h o i : Z — X is also smooth morphism. Consider the cartesian diagram

E —" 4 Blgx'

/| s

S—) X' T}X,

with q : Bls X' — X' the blow-up of X' along S and ¢’ : E — S the exceptional divisor map. Then:

(I) hoq: BlsX' — Xand hoqoi : E — X are also smooth morphisms, with BlgX', E
quasi-projective in case X', Y € ob(V{¥).

(2) This blow-up diagram commutes with any base change in X, i.e. the corresponding fiber-square
induced by pullback along a morphism X — X is isomorphic to the corresponding blow-up
diagram of S — X'.

(3) The closed embeddings i, are regular embeddings, and the projection map q as well as i, i are
of finite Tor-dimension.

Definition 4.3. For a morphism f : X — Y in the category V = V,(qu Jor V = V", we consider a
blow-up diagram

E —" 4 BlgX'

Ik K
s 5 X xSy,

with h proper and ¢ a closed embedding such that f o h as well as f o h o i are smooth.
Let BL(V/X ER Y') be the abelian subgroup of M(V/X ER Y') generated by

[BlsX' ™% x] — B M9 x] — [x' s X] 4[5 2 x)

for any such diagram, and we define
M(V/X L v)

Ko(V/X L v) = .
BL(V/X L Y)

The corresponding equivalence class of [V £ X] shall be denoted by [[V 2 x ]} .

Theorem 4.4 ([38]]). Let V = V;qu ) be the category of (quasi-projective) algebraic varieties (i.e., re-
duced separated schemes of finite type) over a base field k of any characteristic, or let V = V™ be the

category of compact reduced complex analytic spaces. Then Ko(V/X i> Y') becomes a bivariant theory
with the following three operations, so that the canonical projection Bq : M(V/—) — Ko(V/-) is a
Grothendieck transformation.

Product operation: For morphisms f : X — Y and g : Y — Z the product operation

x Ko/ X L Y)2Ke(V/Y % Z) » Ko(V/X 25 2)

is defined by [[V LN X}]*[[W LA Y]} = [[V LR X]eo[W LR Y]} and bilinearly extended.
Pushforward operation: For morphisms f : X — Y and g :' Y — Z with f € Prop the pushforward
operation

£ KoV/X 2L 2) S Ko(V)Y % 2)
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is defined by f, ( [[V 2, X]} ) = [f*([V 2, X])} and linearly extended.
X 9, x

Pullback operation: For an independent square f’l lf the pullback operation

Y —— Y
g

g Ko(V/X L v) 5 Ke(v/x' L vy
is defined by g* ( [[V LN X]} ) = [g*([V LN X])} and linearly extended.

For the proof of this theorem one only has to show that the three bivariant operations are well defined,

i.e. that the subgroup BL(V/X ER Y') is stable under the bivariant operations. For the pushforward
this is clear, but for pullback and product this uses Lemma [.2{2), as well as the fact that blowing up
commutes with smooth (or more generally flat) pullback.

Remark 4.5. In the case when Y is a point, the blow-up diagram defining BL(V/X ER pt) is nothing
but the following:

E —" 4 Blgx'

v K
s /4~ x Iy x,
such that h : X’ — X is proper, X’ and S are nonsingular, and ¢ : BlgX’' — X' is the blow-up

of X’ along S with ¢ : E — S the exceptional divisor map. Hence BL(V/X ERN pt) is nothing but
BL(V/X), i.e., we have by Bittner’s theorem Ko(V/X — pt) ~ Ky(V/X) in the compact complex
analytic context, as well as in the algebraic context over a base field of characteristic zero. Finally note
that we always have a group homomorphism Ko (V/X — pt) — Ko(V/X) , since BigX'\E ~ X'\ S
in the diagram above so that

[BlsX' — X] - [E — X] = [X' = X] - [S - X] € Ko(V/X).

5. MOTIVIC BIVARIANT CHERN AND HIRZEBRUCH CLASS TRANSFORMATIONS

Now we are ready to state the following main theorem, which is about the motivic bivariant Chern
and Hirzebruch class transformations.

Theorem 5.1 ([38]). Let V = V¥ be the category of quasi-projective algebraic varieties over a base
field k of any characteristic.
(1) There exists a unique Grothendieck transformation

mCy = A;’“’t Ko(VE /=) = Kag(—) ® Z[y]
satisfying the normalization condition that
At ([ 25 X)) = A, (17) 0 0

for a smooth morphism f : X — Y.
(2) Let T, = Ko(V{P/—) — H(—) ® Qly] be defined as the composition T o Aj***, renormalized by
x(1+ y)? on H'(—) ® Q[y]. Here H is either the operational bivariant Chow group or the even degree
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bivariant homology theory for k = C, with T the corresponding Riemann-Roch transformation. Then T},
is the unique Grothendieck transformation satisfying the normalization condition that

T, (X 225 X]]) = tdy (1)) o [
for a smooth morphism f : X =Y.

Remark 5.2. (1) Let ¢/ : Vect(—) — K°(—) ® Z[y] = K31,(—) ® Z[y| be the characteristic class

transformation ¢/(V') := A, (V*) given by the total A-class of the dual vector bundle V*. Then by
Theorem there is a unique Grothendieck transformation

Yeo : M(V/=) = Kaig(—) @ Z[y]
satisfying the normalization condition in (1) above. So one only has to show that this transformation .,

vanishes on all subgroups BL(V/X ER Y’) generated by the “bivariant blow-up relations”. The proof of
this given in [38]] is based on [22, Chapter IV, Theorem 1.2.1 and (1.2.6)].
(2) For the transformation

Ty:=(1+y)* x 7oA : Ko(ViP/=) = H(-) @ Qly, (L +y) ']

one only has to check the normalization condition of (2) above, which (as explained in [38]]) follows from
the Riemann—Roch formula

7(0f) = td(Ty) o [f],
for the bivariant Riemann—Roch transformation 7 (with f smooth).

Corollary 5.3 ([38]). Let V = V{¥ be the category of quasi-projective algebraic varieties over a base
field k of any characteristic. Then we have the following commutative diagrams of Grothendieck trans-

formations:
(1)
Ko(V{/-)
Kaig(—) . H(-) ® Q.
(2)
Ko(Vi¥/=)
/ -

if k is of characteristic zero. Here € is the unique Grothendieck transformation satisfying the normaliza-
tion condition 6( [[X Mx x ]D = 1 for a smooth morphism f : X — Y. Similarly for the bivariant
Chern class transformation y : F(—) — AP1(=) @ Q D CH(—) ® Q in case k = C.

(3) Assume k is of characteristic zero. Then the associated covariant transformations in Theorem |5.1
(1) and (2) agree under the identification Ko(V{* /X — pt) ~ Ko(V{¥ /X)) with the motivic Chern and
Hirzebruch class transformations mC,, and T .

Remark 5.4. We would speculate that Brasselet’s bivariant Chern class transformation v : F(—) —
H(—) to Fulton—-MacPherson’s bivariant homology H(—) (see [6]) satisfies for a smooth morphism
[+ X — Y the “strong normalization condition” v(1 ;) = ¢(Ty) e [f] € H(X ER Y') with [f] the
corresponding relative fundamental class. If this is the case, then Corollary [5.3](2) would also be true for
Brasselet’s bivariant Chern class transformation «y : F(—) — H(—).
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6. ORIENTED BIVARIANT THEORIES

In [28] Levine and Morel defined the algebraic cobordism (group) 25 ;,(X) for a smooth variety X,
which is a contravariant functor. In fact they first constructed algebraic “bordism” theory Q£ (X) for
any variety X as a covariant functor (for projective morphisms), with functorial Gysin maps for local
complete intersection morphisms. Then the algebraic cobordism of a smooth (pure-dimensional) variety
X is QF 3 (X) = Qi x (X))

Our naive question was

Question 6.1. What is a “real” cobordism theory on varieties or a contravariant version of Levine—
Morel’s algebraic “bordism” theory QLM (X)?

Their definition of Q£ (X') and their main theorem could be put as follows, omitting the things which
we do not need in this paper.

Definition-Theorem 6.2. We consider the category V = 'V, algebraic varieties over a base field k. For
a variety X the “bordism group” QLM (X) of algebraic cobordism cycles over X is defined by

+
{[V LN X; L1, Lo, ,Lm]‘ V' is smooth, h is projective, L; are line bundles over V}

QLM(X) .=
(Dim) Dimension Axiom,

three relations { (Sect) Section Axiom,
(FGL) Formal Group Law Axiom.

Then for k of characteristic zemﬂ QLM (X)) is the universal oriented (graded) Borel-Moore functor
with products of geometric type.

The line bundles L; in this definition are related to an “orientation” of this theory via the “first Chern
class operator”

(1) a(L): QEM(X) = QIM(X); [V & X Ly, Ly, -+ L] = [V 25 XLy, Lo, -+, Ly, L]
of a line bundle L over X, with [—] denoting an isomorphism class. Here an isomorphism of algebraic
cobordism cycles over X of (formal) dimension dim (V) —m

(VI XLy Loy L)~ (V! 25 XL L, L)

m

is given by an isomorphism g : V' ~ V' with h = h/og, such that L; ~ g* L/ (s for all i and a permutation

i

o of {1,...,m}. Then the set of such isomorphism classes
{[V LN X;Ly, Lo, -+, Ly,]| Vis smooth, h is projective, L; are line bundles over V}

becomes a monoid with respect to disjoint union LI, with unit the empty cobordism cycle. Then {---}T
denotes the corresponding group completion (of formal differences), which here is graded by the (formal)
dimension of an algebraic cobordism cycle.

The three imposed relations, (D) Dimension Axiom, (S) Section Axiom, and (FGL) Formal Group
Law Axiom, are related to the notion “of geometric type”, which also involves the first Chern class op-
erator, as shown in Definition [6.5]below. Hence, dropping all things related to first Chern class operators
of line bundles, the group completion of the corresponding monoid (with respect to disjoint union LJ)

+
M. (X) := {[V LN X]| Vis smooth,  is projective}

1They use resolution of singularities, thus characteristic zero is necessary since the case of resolution of singularities in a positive
characteristic is still unresolved.
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is the universal (graded) “Borel-Moore functor with products” in the following sense:

Definition 6.3. A covariant functor H, to the category of (graded) abelian groups is called a (graded)

Borel-Moore functor with products, if it satisfies the following conditions:

(BM-1) itis covariantly functorial (preserving degrees) for pushforward of projective morphisms (called
“projective pushforward”).

(BM-2) it is additive, i.e. Hy(X) @ H,.(Y) ~ H.(X UY') via (BM-1) for the closed inclusions X —
XUYandY — X UY.

(BM-3) it is contravariantly functorial (shifting degrees by the fiber dimension) for pullback of smooth
morphisms (called “smooth pullback™).

X 2 X
(BM-4) for any fiber square f’l lf with f projective and g smooth (hence f’ projective and
Y —— Y
g smooth). g° £, = f1(g')".
(BM-5) there exists a cross or external product x : H,(X) x H.(Y) — H.(X x Y) (adding degrees),

which is commutative and associative together with a unit 1,, € Hy(pt), such that it commutes
with projective pushforwards and smooth pullbacks.

Note that a smooth variety M has a “fundamental class” (with w5, : M — pt the constant smooth
morphism):

[M] =1y =7y 1y € Ho (M) .

For example, the relative Grothendieck group of algebraic varieties K(V/—) is such a Borel-Moore
functor with products. Similarly, M, (—) is covariantly functorial for projective morphisms by compo-
sition of arrows, as well as contravariantly functorial for smooth morphisms by taking fiber products,
with the cross product given in the obvious way. It is graded by the dimension of V. Finally, also the
Grothendieck group Go(—) of coherent sheaves, as well as for a base field k of characteristic zero the
group of constructible functions F'(—), are Borel-Moore functors with products. Similarly for the cobor-
dism group of selfdual constructible sheaf complexes £2(X) in the complex algebraic or analytic context.
Here we can even consider proper morphisms instead of projective morphisms in the definition above. Of
course, Ko(V/-), Go(—) and F(—) are ungraded, i.e. H,.(—) = Hy(—), whereas Q(X) is Zz-graded.

Definition 6.4. Let H, be a (graded) Borel-Moore functor with products. It is called oriented if for any
line bundle L on X there exists a homomorphism (called “the first Chern class operator”)

a(l): Ho(X) — H.1(X)
such that
(OBM-6) for line bundles L, L’ over X the two first Chern class operators commute; i.e.,
G(L) oG (L) = & (L) o (L)
Moreover ¢1 (L) = ¢1(L') for isomorphic line bundles L and L' .

(OBM-7) it is compatible with the projective pushforward, i.e., for a projective map f : X — Y with L a
line bundle over Y the following diagram commutes (i.e., f. o ¢1(f*L) = c1(L) o fi):

H(X) I o)
a(f*ml law)
H*,]_(X) T H*,l(Y) .

*
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(OBM-8) it is compatible with the smooth pullback, i.e., for a smooth map f : X — Y with L a line
bundle over Y the following diagram commutes (i.e., f* o ¢i(L) = ¢i(f*L) o f*):

Ha(X) < Hm.v)

ci(f*L)l la@)
H*_l(X) <f—* H*_l(Y) .

(OBM-9) the first Chern class operator commutes with the cross product, i.e., for a line bundle L over X,
m: X XY > Xanda € H,(X) and § € H.(Y) we have

a(L)(a) x f=ci(miL)(ax f).

For example, the universal oriented (graded) Borel-Moore functor with products is given by the group
completion of the monoid of cobordism cycles (as before):

+
Z(X) := {[V LN X; Ly, Lo, -+, Ly]| Vis smooth, h is projective, L; are line bundles over V}

Here we are using the obvious notion of a natural transformation of (oriented) Borel-Moore func-
tors with product to make sense of the corresponding universal property. A simple example of such a
transformation in the complex algebraic context is the “cycle class map” [—] : CH, — HEM ().
Definition 6.5. Let H, be an oriented (graded) Borel-Moore functor with products. It is called of geo-
metric type if the following three conditions holds:

(GT-10) (Dimension Axiom): For line bundles L1, Lo, - - - , L, on a smooth scheme M with r > dim M,

Gi(L1) 0 Gi(La)o--- 0@ (L,)([M]) = 0 € H,(M).

(GT-11) (Section Axiom): Let L be a line bundle over a smooth scheme M with s : M — L a sec-
tion transverse to the zero section of L. Let Z := s71(0) and iz : Z — M be the inclusion of this
submanifold. Then we have

a(L)([M]) = (iz)«([2]) € H (M) .
(GT-12) (Formal Group Law Axiom): Let L, L’ be line bundles over a smooth scheme M. There is a
formal group law Fy, (u,v) € H,.(pt)[[u, v]] such that

and Fy, (u,v) is the image of the universal formal group law F1,(u,v) € L.[[u, v]] under the homomor-
phism ¢p, : L. — H.(pt) classifying the formal group law Fy, on H,(pt). Here L, is the Lazard
ring.

For example the Chow group C'H,.(—), or in the complex algebraic context also the even degree Borel-
Moore homology H2 (—), have a canonical orientation with the additive formal group law F,, whereas
the Grothendieck group of coherent sheaves Go(—) has a canonical orientation with the multiplicative
formal group law F},,:

F,(u,v) :==u+v and F,(u,v):=u+v—u-v.

Finally, a deep result of Levine—-Morel [28]] tells us that the formal group law of their algebraic cobordism
QLM () over a base field k of characteristic zero is given by the universal formal group of the Lazard
ring L.

In [44] we introduced (in greater generality) the following notion of an oriented bivariant theory.
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Definition 6.6. Let B be a (graded) bivariant theory on the category V = 'V}, of algebraic varieties over
a base field k&, with all fiber squares as the independent squares, and the projective (or more generally
proper) morphisms as the confined maps.

Then B is called oriented if for any morphism g : X — Y and a line bundle L on X there exists a
homomorphism (of degree one in the graded context, called “the first Chern class operator’)

al):BXLYy)-BXLY)

such that
(OB-1) for line bundles L, L’ over X the two first Chern class operators commute, i.e.,

G(L)oa ()= (L)o(L):B(X LY)-BX SY).

Moreover ¢1(L) = ¢1(L’) for L, L' isomorphic line bundles.
(OB-2) it is compatible with the pushforward, i.e., for a confined map f : X — Y with L a line bundle
over Y one has for all morphisms g : ¥ — Z:

food(ffL)=a(L)of :BX 2L 2) 5 BIY % 2).
(OB-3) it is compatible with pullback, i.e., for any independent square

x 4, x

f /l lf
Y —— Y
g
and for L a line bundle over X one has:

g*od(L)=a(¢"L)og  :B(X LY) = BX L v,

(OB-4) the first Chern class operator commutes with the bivariant product, i.e., for all morphisms f :
X = Y,resp.,g:Y — Z, and a line bundle L over X, resp., L’ over Y, one has:

c(L)(weB)=ci(L)(a)e B, resp., ci(f*L)(aepB)=aeci(L')(B)
foralla € B(X L Y)and B € B(Y % 2).

Assume, for example, that the oriented (graded) bivariant theory B on the category V = Vj is also
commutative, together with a nice canonical orientation for the class of smooth morphisms. Then it
is easy to see that the associated covariant functor B, is a (graded) oriented Borel-Moore functor with
products, except maybe for the “additivity” property (BM-2) (required in Levine—-Morel [28]]), which in
the bivariant context is often not needed. Assume in addition that the bivariant theory B is also “additive”
in the sense that for all morphisms g : X UY — Z:

ixe @iy :BXX 2% 2) e By L% 2) 3BX LY & 2)

for the closed (and also projective) inclusions ¢x : X — X UY and iy : Y — X UY into the disjoint
union. Then B, also satisfies property (BM-2) so that it is a (graded) oriented Borel-Moore functor with
products. Finally, the canonical orientation 6 is called “additive” if

ix«(0(glx)) +iv+(0(gly)) = 0(g)
for all smooth morphisms g : X UY — Z.

As an “oriented” analogue of the pre-motivic bivariant theory M(V/X ER Y'), in [44] we showed the
following counterpart of Theorem 3.1} with (more or less) the same definition of the bivariant operations
and the first Chern class operator similarly to (I)) (given right after Definition-Theorem [6.2)):
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Theorem 6.7 (Universal oriented bivariant theory). Let

OB(X ER Y):= {[V LN XLy, Lm]| h is projective, f o his smooth, L; are line bundles over V}

be the free abelian group on isomorphism classes of f-relative cobordism cycles [V LNp's i L1, L)
Then we have:
(1) OB(X ER Y') is a universal oriented bivariant theory (graded by m minus the fiber dimension of

foh)
(2) OB, (X) := OB(X — pt) is a universal oriented Borel-Moore functor with products (graded by the
dimension of V minus m), but without the “additivity” property (BM-2).

If one wants to get the corresponding “additive” counterparts, then one only has to work with the
group completion

- +
OB* (X ER Y):= {[V b XLy, Ly]| h is projective, f o his smooth, L; are line bundles over V}

of the monoid of isomorphism classes of f-relative cobordism cycles (with respect to disjoint union in
V), so that the associated covariant theory
OB} (X) := OB (X — pt) = Z.(X)

is nothing other than the corresponding cycle group of Levin—Morel [28].

It remains to see if one can impose suitable “bivariant-theoretic” relations of the geometric type
(b-Dim): “bivariant Dimension Axiom”,
(b-Sect): “bivariant Section Axiom”,
(b-FGL): “bivariant Formal Group Law Axiom”,

on this oriented bivariant group OB " (X ER Y'), so that

0B (X L v)

BQX - Y) = {(b-Dim), (b-Sect), (b-FGL)}

becomes an oriented bivariant theory, with BQ(X — pt) = QEM(X). Then BQ(X ER Y) could
be called a bivariant algebraic cobordism and BQ(X Mo x ) would be a contravariant analogue of
QLM (X)),

Another possible way to a bivariant algebraic cobordism is the idea to adapt Levine—Pandharipande’s
new geometric construction of algebraic cobordism to a bivariant context, similarly to the way we extend
Bittner’s blow-up relation to a bivariant version.

In [29] Levine and Pandharipande gave a new geometric description to the algebraic cobordism (over
a base field k of characteristic zero). Let Y be a smooth scheme. A morphism 7 : ¥ — P! is called a
double point degeneration over 0 € PL if 7=1(0) can be written as

7 1(0)=AUB

where A and B are smooth codimension one closed subschemes of Y, intersecting transversely. The
intersection D = A N B is the double point locus of m over 0 € P'. Let Ny /p and Ny, p be the
normal bundles of D in A and B respectively. Then the projectivized bundles P(Op & N4,p) — D and
P(Op ® Np,p) — D are isomorphic (see [29])). Either one of these bundles is denoted by P(7) — D.

Definition 6.8. Let Y be smooth, with
g:Y - X xP!
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a projective morphism such that the composite
Ti=mog:Y = X xP' - P!

is a double point degeneration over 0 € P. Let ¢ € P! be a regular value of 7 (which exists by “generic
smoothness”, since we are in characteristic zero). Then the map g is called a double point cobordism
with degenerate fiber over 0 and smooth fiber over £ with Y := 771(£). The associated double point
relation over X is defined by

Ye - X] - [A— X]—[B— X|+ [P(7) = X].

Note that one is allowed above to have B = () (and therefore also P(7) = (}) with 0 and £ both regular
values of 7. The corresponding relation

Ye—=>X]|-[A—>X]=0
is called a “naive (co)bordism” between the smooth algebraic manifolds A = 7~1(0) and 7=1(¢). It is
just an “algebrization” of Quillen’s definition of the complex cobordism relation [34] (and also see the
next section). The “naive (co)bordism” relation holds in the algebraic cobordism group Q£ (X)), but it
is not enough to divide out the cycle group M, (X) only by this relation to get the algebraic cobordism
group (see [28, Remark 1.2.9]). So this is different from the differential topological context of Quillen
[34] in his study of complex cobordism. It is a beautiful and striking result of Levine—Pandharipande

[29] that one only has to add the simplest kind of singularities (namely “double points”) to get back the
algebraic cobordism group QLM (X):

Theorem 6.9 (Levine-Pandharipande [29]). Let R.(X) C M. (X) be the subgroup generated by all the
double point relations over X. One sets

+
wkP(X) = {[V LN X]‘ Vis smooth, hisprojective} /iR*(X) = M, (X)/R.(X).
Then wiP (X) = QEM(X) .

Motivated by our previous constructions, the group completion (with respect to disjoint union in V")

+
M(X ER Y):= {[V LN X]| his projective, f o his smooth}

+
is a bivariant analogue of the above group M, (X) = {[V X ]‘ Vis smooth, h is projective} . Thus

it remains to be seen if one can construct a corresponding bivariant analogue R.. (X ER Y') of the above
subgroup R, (X) of all the double point relations, such that

+
{[V LN X]| his projective, f o his smooth}

) Bt (x Ly) =

7 is a bivariant theory,
R(X =Y)

(2) BwiP(X) =BuwlP (X — pt) = wIP(X).
If this can be done, it gives us a geometrically defined bivariant algebraic cobordism and thus the con-

. id . . . ,
travariant part Bwl? (X 25 X ) could be considered as a contravariant analogue of Levine-Morel’s or
Levine—Pandharipande’s algebraic bordism.

7. A FINAL REMARK: CLASSICAL (CO)BORDISMS AND FIBERWISE BORDISM GROUPS

Thom’s oriented bordism group Q¢ is defined by

Q39 := {n-dimensional closed oriented differentiable manifolds} / bordant relation.
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Here two such n-dimensional manifolds AM7{* and MY are called bordant if there exists an (n + 1)-
dimensonal compact oriented differentiable manifold W"*! with boundary such that

OW = M U (—1)M,,

where the signed one (—1)Ms is the manfiold Ms with the orientation reversed.

M. Atiyah extended the bordism group to a covariant functor on the category of topological spaces:

Definition 7.1 (Atiyah [2]]). For a topological space X

Q50(X) = {M” x| Mrees,,

h is continuous } / bordant relation.

Here C27 . denotes the category of oriented closed €°°-manifolds. Two continuous maps h; : M{* — X

or,c

and hg : M3 — X are called bordant if

(1) there exists a compact (n+1)-dimensional oriented differentiable manifold W™+ with boundary
such that OW = M; U (—1) M,
(2) there exists a continuous map H : W™ — X such that H |y, = h; fori = 1,2.

Furthermore, Conner and Floyd [[13]] extended it as a generalized homology theory so that for a pair
(X, A) of CW-complexes, there exists a canonical isomorphism

®: O50(X,A) S5 (X, A {MSO>0)}) : = lim (577, (X/A) A MSO(i)],

Here {MSO(i)} is the corresponding Thom spectrum, i.e., the sequence of the Thom complexes
M SO(i), which are the Thom spaces of the universal oriented R-bundle &; over the classifying space
BSO(i). [A, By with the suffix 0 denotes the group of base-point preserving homotopy class of maps.

Definition 7.2. ([2]) For a topological pair (X, A) the bordism cohomology group 0%, (X, A) (called
the cobordism group) is defined as the generalized cohomology theory associated to the Thom spectrum

{MSO(i)}:
Yo(X, A) = H"(X, A;{MSO()}) : = lim [S"™ A (X/A), MSO(i)]

i—00 0

A naive and fundamental question on the bordism cohomology group Q%,(X) := Q% (X, 0) is the
following:

Question 7.3. Can one give a geometric description of this cohomology group Q% (X) like in the
definition of the bordism homology group Q5°(X)?

In fact, in the case when M is a closed oriented differentiable manifold, we have a simple solution for
the above question:

Lo(M) = {Ndim M—i by pp | NdimM—i Cor.cr 1 is continuous} /bordant relation .

This is thanks to the following Atiyah—Thom—Poincaré duality theorem:

Theorem 7.4. ([2]) For a closed oriented differentiable manifold M there exists canonical isomorphism
Do (M) = Q30 pr—i (M) .

Remark 7.5. The above definitions together with this duality theorem also hold similarly, if SO is
replaced by O or U, i.e., if one considers unoriented or complex (co)bordism (see [14} [34]).
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Motivated by our construction of the bivariant Grothendieck group Ko (V/X ER Y’) and the oriented

bivariant theory OB (X ER Y’), we can construct in a similar way a bivariant theory
BOSO(X L v)

on the category @ of differentiable manifolds (without boundary), such that BQS?(X — pt) ~
Q39(X) for X compact. Here the confined morphisms are the proper morphisms, whereas the indepen-
dent squares are by definition the “transversal squares”, i.e., with the differentiable maps f, g transversal
so that the corresponding fiber product X’ exists in this category € of differentiable manifolds. Note
that a submersion is transversal to any morphism in the category C*>°. The corresponding contravariant

theory BQSC (X thx, x ) can be seen as a new “cobordism group”.

The basic idea for that is the following notion of f-relative fiberwise bordism. We set FM ~"(X i>

Y') to be the set of isomorphism classes
Vv L X o his a proper submersion, whose tangent bundle to the fibers T'¢.;, is oriented of rank n ¢ .
[ prop g 1

Definition 7.6. Let hy : V73 — X and hy : Vo — X be two morphisms representing elements of the set
FM—™(X ER Y'). They are called elementary f-relative fiberwise bordant if there exists a differentiable
manifold W with boundary 0W and a morphism H : W — X such that

(1) foH :W —Y is aproper submersion (i.e., also f o H|gy is a submersion),
(2) the tangent bundle to the fibers T'yop is oriented of rank n + 1 (so that T, 7),,,;, gets an induced
orientation),
(3) foH:0W — Y isisomorphicto f o hy + f o hy : Vi U(—1)Vo — Y, where the signed one
(—1) V5 again indicates the reversed orientation of T'fop, .
By definition this notion only depends on the corresponding isomorphism classes. Moreover, the corre-
sponding “elementary f-relative fiberwise bordism” relation is symmetric and reflexive. Let “ f-relative
fiberwise bordism” be the equivalence relation generated by this, i.e., V| h—1> X and V5 h—2> X are
“ f-relative fiberwise bordant” if they can be related by a finite string of “elementary f-relative fiberwise
bordant” morphisms.

This equivalence relation is also compatible with the monoid structure on FM ~"(X i> Y') coming
from the disjoint union with respect to V, so that
FO™™(X EN Y):=FM ™X EN Y)/f—relative fiberwise bordism

gets an induced monoid structure. The “trivial bordism” W :=V x [0,1] — V %, X shows that it is
indeed an abelian group. By definition we have FQ™"(X — pt) ~ Q59 (X) for X compact, since any
continuous map V' — X between smooth manifolds can be approximated by a differentiable map.

In the case of FQ~ (X %, X), we have
FM™(X X, x )= {[V o x ] | his a proper submersion, with 77, is oriented of rank n} .

Then ¢d x -relative fiberwise bordism is just fiberwise bordism, where two proper oriented submersions
1% h—1> X and V, h—2> X are fiberwise bordant, if there exists a differentiable manifold W with boundary
OW and a proper oriented submersion H : W — X of fiber dimension n + 1 such that

H|,py=h1+hsy: ViU (=1)Vo = X .
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Note that in this case “elementary id x-relative fiberwise bordism” or fiberwise bordism is already an
equivalence relation thanks to the “tubular neighborhood theorem”. Thus we have

FQ™(X) = FQ™"(X X5 X) = FM~"(X %, X)/fiberwise bordant .
Note that there is a tautological group homomorphism (commuting with cross products)
FQ™(X) = Qg5(X)
to the usual oriented cobordism of the smooth manifold X, once we use the geometric definition of the

later given by Quillen [34] and Dold [14] in the smooth context (just forget that H : W — X needs to
be a submersion in our case).

Remark 7.7. (1) In the case when X = S* the 1-dimensional sphere, we have by the “mapping cylinder
construction” FQ~"(S1) = A,,, where A, is the bordism group of orientation-preserving diffeomor-
phisms of closed oriented C'°°-manifolds of dimension n. It was introduced by Browder [[11] and later
on studied deeply by Kreck [26] 27].

(2) There is a surjection FQ~"(X dx, X) — QX (pt,0). Here QX (Y,Y’) is Weishu Shih’s fiber
cobordism group [39] for a topological pair Y’ C Y.

Imitating the proof of Theorem [3.1] one finally gets the

Theorem 7.8. Consider the category C>° of differentiable manifolds (without boundary), where the
confined morphisms are the proper morphisms, whereas the independent squares are by definition the
“transversal squares”.

Then the “ f-relative fiberwise bordism group”

Fox Ly)=@ rox L)
n>0

becomes a graded bivariant theory with the bivariant operations defined as in Theorem[3.1]

In [3]] we will give more details about f-relative fiberwise bordism and the theorem above in the right
context, namely in the category of differentiable spaces (e.g., see [33]]), where instead of an orientation of
T'ton we work more generally with a o-structure in the sense of Dold [14] (e.g. with “structure groups”
O or U instead of SO). Then it also becomes in close connection to the recent work of Emerson—-Meyer
[[L6] on a topological description of K K -theory.
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EQUIVARIANT CHERN CLASSES AND LOCALIZATION THEOREM

ANDRZEJ WEBER

ABSTRACT. For a complex variety with a torus action we propose a new method of computing Chern-
Schwartz-MacPherson classes. The method does not apply resolution of singularities. It is based on the
Localization Theorem in equivariant cohomology.

This is an extended version of the talk given in Hefei in July 2011.

Equivariant cohomology is a powerful tool for studying complex manifolds equipped with a torus
action. The Localization Theorem of Atiyah and Bott and the resulting formula of Berline-Vergne allow
to compute global invariants, for example invariants of singular subsets, in terms of some data attached
to the fixed points of the action. We will concentrate on the equivariant Chern-Schwartz-MacPherson
classes. The global class is determined by the local contributions coming from the fixed points. On
the other hand, the sum of the local contributions divided by the Euler classes is equal to zero in an
appropriate localization of equivariant cohomology. Especially for Grassmannians we obtain interesting
formulas with nontrivial relations involving rational functions. We discuss the issue of positivity: the
local equivariant Chern class may be presented in various ways, depending on the choice of generating
circles of the torus. For some choices we find that the coefficients of the presentation are nonnegative.
Also the coefficients in the Schur basis are nonnegative in many examples, but it turns out that not always.

We begin with §1|which contains a review of the results concerning the equivariant fundamental class
of an invariant subvariety in a smooth G-manifold M. The first two chapters are valid for any algebraic
group, but further we will consider only torus actions. The equivariant fundamental class lives in the
equivariant cohomology H(M). The invariant subvarieties contained in a vector space V, on which
the torus G = T = (C*)" acts linearly, are of particular interest. If the weights of the torus action
are nonnegative then the equivariant fundamental class is a nonnegative combination of monomials in
H’;(V) = Q[tlat% cee vtn}'

In §2| we discuss the equivariant version of the Chern-Schwartz-MacPherson class, denoted by ¢”,
which is a refinement of the equivariant fundamental class. To give the precise definition, following [33]],
one has to introduce equivariant homology. Eventually we will assume that the variety is contained in
a smooth manifold. By Poincaré duality it is enough for our purpose to consider the equivariant Chern-
Schwartz-MacPherson classes as the elements of equivariant cohomology of the ambient space.

The main tool of the equivariant cohomology for a torus action is the Localization Theorem of Atiyah-
Bott or Berline-Vergne formula. It says that the equivariant cohomology class can be read from certain
data concentrated at the fixed points of the action. The precise formulation of the Localization Theorem
is recalled in

The section $d]is a kind of interlude for fun. We give some examples of calculations based on the Lo-
calization Theorem for torus acting on projective spaces and Grassmannians. For example we show how
the formula for Gysin map for the Grassmann bundle immediately follows from the Laplace determinant
expansion.

Key words and phrases. Equivariant cohomology, Chern classes of singular varieties, localization.
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Next, in §5| we discuss equivariant Chern-Schwartz-MacPherson classes of toric varieties. From the
Localization Theorem we deduce that the equivariant class of an orbit ¢ (T'z) is equal to the fundamental
class of its closure [T'x]. Exactly the same formula holds in the nonequivariant setting, by [7].

The section is important for whole inductive procedure of computations of equivariant Chern
classes. The key statement is the following:

Theorem 1. Suppose that X is a T-variety, not necessarily smooth, contained in a T-manifold M. Let
p € X be an isolated fixed point. Then the zero degree of the class c*' (X) restricted to {p} is Poincaré
dual of the product of weights appearing in the tangent representation T, M.

It is also convenient to consider a version of the Localization Theorem in which we express the global
cohomology class by its restriction to an arbitrary submanifold containing the fixed point set. The main
example is the projective space P™. The class which we want to compute is the equivariant Chern-
Schwartz-MacPherson class of the projective cone over a subvariety in P, In from partial localiza-
tion we deduce the following:

Proposition 2. Suppose that X is a T-invariant cone in a linear representation V of T. Let h =
el (Op(vy(1)) € HE(P(V)) be the equivariant Chern class. If
dim(V)—1
TRX) = (> b ) N BV € HI @V))
i=0
forb;(t) € H}(pt) then
cT(X) = (bo(t) +e0) N[V] € HI (V)
where e is the product of weights appearing in the representation V.

Even a seemingly trivial application of this result (discussed in is meaningful. If 7' = C* acts by
scalar multiplication on C"”, then T-invariant subvariety is just a cone in C™. The characteristic classes
of cones were already considered by Aluffi and Marcolli. In their paper [4] there was given a formula
for the Chern-Schwartz-MacPherson class of an open affine cone in P™. It is not a coincidence, that their
computation agrees with our result about the equivariant class in H}.(C"):

Proposition 3. Suppose X a cone in C". Let v = ¢1(Opn-1(1)) € H*(P"" 1) and let t € HZ(pt) be
the generator corresponding to the identity character. If

then

(X)) = (Tiaiti + t") n[c" e HI'(C™).
i=0

The result follows from the previous one since the equivariant Chern class b = ¢ (Opn-1(1)) is equal

to

lez—t®1le Hp(P" ') = Hj(pt) ® H*(P" ).
By the product property of equivariant Chern-Schwartz-MacPherson classes we obtain for free ,,Feynman
rule” for the polynomial G'x introduced [4, Lemma 3.10].

In the next section §9]we propose a new method of computing equivariant Chern-Schwartz-MacPherson
classes which does not involve resolution of singularities. It is based on the fact, that the sum of the
equivariant Chern-Schwartz-MacPherson classes localized at fixed points and divided by Euler classes
is equal to zero, except from the zero degree. A similar observation was already made by Féher and
Rimanyi in [16] §8.1] for computation of Thom polynomials. On the other hand the zero degree of the
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equivariant Chern class is given by the result of §7](stated before as Theorem I)). This way often we can
compute local Chern classes by induction on the depth of the singularity.

Our main example in is the determinant variety, the subset of square matrices n x n defined
by the equation det = 0. We study its compactification, the Schubert variety of codimension one in
Grass, (C?"). We discuss computational problems appearing for that example. The concrete formula for
the equivariant Chern class is a huge sum of fractions. Surprisingly all the difficulties lie in simplifying
that expression. We compute the equivariant Chern class for the determinant variety for n < 4. It turns
out that it is a nonnegative combination of monomials with suitable choice of generators of H2(pt). This
supports the conjecture of Aluffi-Mihalcea that the Chern-MacPherson-Schwartz class of the Schubert
varieties are effective. On the other hand for n = 4 the local equivariant Chern-Schwartz-MacPherson
class expanded in the Schur basis has negative coefficients in few places. We present the result of calcu-
lations in

The connection of our local formulas with the calculations of [5] and [23] is not clear. The formula
for the global class can be read from the local contributions by Theorem Nevertheless the shape of
this relation seems to be combinatorially nontrivial due to presence of the denominators.

I would like to thank Magdalena Zielenkiewicz for correcting some errors appearing in formulas of
the preliminary version of the paper. Also I would like to thank the Referee for his useful comments,
suggestions and questions that helped a lot to improve the manuscript.

1. EQUIVARIANT FUNDAMENTAL CLASS

Let M be a complex manifold and X C M a closed complex subvariety. The fundamental class of
X, which is the Poincaré dual of the cycle defined by X is denoted by
[X] e H2 codim(X)(M) )

When the ambient manifold M is contractible, for example when M is an affine space, there is no use of
[X] since the cohomology of M is trivial. An interesting situation appears when an algebraic group G
acts on M and X is preserved by the action. In that case there is an equivariant fundamental class of X
which belongs to the equivariant cohomology of M
Now even if M is contractible we obtain a remarkable invariant of the pair (M, X). For contractible M
its equivariant cohomology coincides with the equivariant cohomology of a point
Hécodim(X) (M) ~ Hécodim(X) (pt)
and the cohomology of a point is the ring of characteristic classes for G. In particular
o if G = (C*)" then Hf(pt) = Q[t1,ta, ..., tn]
e if G = GL, then H} (pt) = Qlo1,02,...,0,] = Qlt1,t2, ..., tn)""
e in general the ring of characteristic classes coincides with the invariants of the Weyl group acting
on the characteristic classes for the maximal torus
He(pt) = Hy(pt)".
(We consider here only cohomology with rational coefficients.)

For a torus G = T we identify H7.(pt) with the polynomial algebra spanned by characters of 7', i.e.

Hi(pt) = Q[T"] = P Sym*(T” @ Q] .
k=0

A character A : T — C* corresponds to an element of Hz(pt).
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We will briefly recall the construction of equivariant cohomology in The reader can find its basic
properties in [36]]. For a review of equivariant cohomology in algebraic geometry see e.g. [18]. An
extended discussions of different names for the equivariant fundamental class can be found in [9} §2.1].

For G = G'L,, equivariant cohomology and the equivariant fundamental classes [X] € H¢; (pt) has
turned out to be an adequate tool for studying the Thom polynomials of singularities of maps. Here X is
a set of singular jets in the space of all jets of maps. Its equivariant fundamental class [X] is the universal
characteristic class which describes cohomological properties of singular loci of maps. In the last decade
there appeared a series of papers by Rimanyi and his collaborators (starting from [37]) and Kazarian (see
e.g. [25]). Powerful tools allowing effective computations were developed and some structure theorems
were stated. The geometric approach to equivariant cohomology leads to positivity results [34, 31} 132].
The source of these results is the following principle:

Theorem 4. If X C CV is a cone in a polynomial representation of GL,, then [X] is a nonnegative
combination of Schur functions.

The examples of polynomial representations are the following: the natural representation, its tensor
products, symmetric products, exterior products and in general quotients of the sums of tensor products.
The Schur functions constitute a basis of the ring of characteristic classes

Hgp, (pt) = H*(Grass, (C™))

corresponding to the decomposition of the infinite Grassmannian into Schubert cells. For an algebraic
treatment of Schur functions see [28]].

A version of Theorem[d]holds for G being a product of the general linear groups. We will be interested
in torus actions. Theorem 5 stated in [35]] reduces to:

Theorem 5. Let T = (C*)™ and let t1,ts,...,t, € Hom(T,C*) be the characters corresponding to
the decomposition of T into the product. Suppose V.= @ V), is a representation of T such that each
weight X appearing in V is a nonnegative combination of t;’s. Let X C V be a variety preserved by
T-action. Then the equivariant fundamental class [X] C H3(V) = Q[t1,ta, ..., ] is a polynomial
with nonnegative coefficients.

2. EQUIVARIANT CHERN CLASS

Our goal is to study more delicate invariants of subvarieties in representations of algebraic groups, the
invariants which are refinements of the equivariant fundamental class. In most of the interesting cases
the subvarieties to study are singular. Our first choice is the equivariant version of the Chern-Schwartz-
MacPherson classes. We recall that the usual Chern-Schwartz-MacPherson classes, introduced in [29]
and denoted by cg)y, live in homology, they are Poincaré duals of the Chern classes of the tangent bundle
when the variety is smooth. These classes are functorial in a certain sense, and therefore usually they are
computed via resolution of singularities.

The equivariant version of Chern-Schwartz-MacPherson classes was developed by Ohmoto [33]. To
define these classes one has to recall the Borel construction of the equivariant cohomology. Let G be
a topological group. Denote by EG — BG = EG/G the universal principal G-bundle. This bundle
is defined up to G-equivariant homotopy. For a topological G-space the equivariant cohomology is by
definition the cohomology of the associated X-bundle EG x& X. Now we apply this construction to
G being an algebraic reductive group and X a complex algebraic G-variety. With the exclusion of the
case of the trivial group, EG does not admit a finite dimensional model. Instead, FG always has an
approximation by algebraic G-varieties, see [39]. For example if G = C*, then EG = C*> — {0}
and BG = P, It can be approximated by U = C™ — {0} with U/G = P"~!. In general as the
approximation of EG we take an open set U in a linear representation V' of G satisfying

e U is G-invariant,
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e (5 acts freely on U and the action admits a geometric quotient,
e IV — U has a sufficiently large codimension in V.

If we are interested only in the cohomology classes of degrees bounded by d we take an approximation
with 2 codim(V — U) > d + 1. Then

HE(X) = H*(U x© X)

for £ < 2d. The equivariant Chern classes of a smooth G-variety coincides with the equivariant Chern
class of the tangent bundle. By Borel construction it is the usual Chern class of the tangent bundle to
fibers of the fibration FG x¢ X — BG. Using an approximation it can be written as

(X)) =pe(U/G) ' UueU x% X) e H'(U x% X) ~ H4(X),

where p : U x& X — U/G is the projection. If X is singular we apply the same formula with obvious
modifications. First of all U x& X is singular and we have the homology Chern-Schwartz-MacPherson
class

csm (U x€ X) € HBM(U x¢ X).
(The superscript BM stands for Borel-Moore homology.) We are forced to use less known equivariant
homology H (X), [12}[14], which can be defined via approximation:
H(X) = HEYS gimu o) (U X9 X)
for 2n — k < 2codim(V — U) — 1, ie. for k > 2n — 2 codim(V — U) + 1.
Definition 6. The equivariant Chern-Schwartz-MacPherson class of X is defined by the formula
(X)) =p*e(U/G)  Nesu (U x9 X) € Hf—&—]\gdim(U/G)(U x9 X) ~ HE(X).
The definition can be extended to the equivariant constructible functions on X.

Note that H&(X) can have nontrivial negative degrees, but the equivariant Chern-Schwartz-
MacPherson class lives in HS,(X).

We will not use the long name equivariant Chern-Schwartz-MacPherson classes. Hopefully say-
ing just equivariant Chern classes in the context of possibly singular algebraic G-varieties or con-
structible functions will not lead to any confusion. Additionally we will always write ¢ (1 x) instead of
c%(X). Later, in § where we compute the equivariant Chern classes of a subvariety in a smooth
manifold M, for convenience we skip the cap-product N[M] in the notation identifying H! (M) with

2dim(M)—x*
H2mOD=(y,

The definition of equivariant Chern classes is in fact irrelevant. All what we need follows from the
formal properties.

o Normalization: if X is smooth, then ¢“(1x) is Poincaré dual of the usual equivariant Chern
class of the tangent bundle.
e Functoriality: for a G-constructible function « and a proper G-map f : X — Y we have

CG(f*O‘) = f*CG(O‘)~
e Product formula: if X is G-variety and Y is G’-variety, then
CGXG/(]I-XXY) _ CG(]lX) ® CG/(]ly)
under the Kiineth isomorphism HG*¢' (X x Y) ~ HY(X) ® HE (V). In particular when X
is a trivial G-space, then
G _ G —* BM
c"(Ix)=1®csm(lx) € H'(X) ~ H; (pt) @ H’V (X).
o Functoriality with respect to G: Let ¢ : G’ — G be a group homomorphism and X a G-space.
The induced map ¢* : HE(X) — HS' (X) sends ¢C (1x) to ¢ (1x).
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All five properties easily follow from the corresponding properties of the usual Chern-Schwartz-
MacPherson classes. The equivariant Chern class carries more information than nonequivariant Chern-
Schwartz-MacPherson class. There is a natural map HS (X) — HPM(X) which is induced by the
inclusion of the trivial group into G. It transports the equivariant Chern class to the nonequivariant one.
Let us focus on the case when G = T is a torus and V is a complex linear representation. The equi-
variant homology H! (V') is a free rank one module over H.(pt) generated by [V] € H, dim(v)(V)- The

action of a character A € HZ(pt) lowers the degree by 2. By Poincaré duality we have the isomorphisms
H (V) = Hy ™70 (V) = BE 7 (pt) = Sym®™ 7MY 0 Q).
We start with the basic example.

Example 7. Let V be a complex linear representation of a torus 7. Suppose that V' decomposes as the
sum of the weight spaces
V=@x.
A

H 1 + )\ dim(Vy) ) N [V] c Hz“(v) ~ Symdim(V)f*(T\/ ®Q)
A

Then

and
cT(ll{o} [{0}] = H Adim( V* V] € HI (V) ~ Sym¥™V)(TV Q).

The last formula follows from covarlant functoriality.
Now let us see what the equivariant Chern class means for conical sets in affine spaces.

Example 8. Let ' = C* acts on C" by scalar multiplication. Consider a nonempty cone X C C". We
will compute its equivariant Chern class with respect to the action of 7". Denote by P(X) C P! the
projectivization of X. Let h = ¢1(0(1)) € H?(P"~1) and lett € HZ(pt) be the element corresponding
to the identity character. Suppose that

CSM(]l]P’(X)) = (ao +arth+---+ an_lhn_l) N [Pn] € H*(IP") .
We will show in §8]that the equivariant Chern class of the cone is equal to
'(1x) = (ap+ait+---+a,_1t" 1 +t")N[C"] € HI(C").

This formula agrees with computation of Aluffi-Marcolli who calculated the invariant of conical sets
defined as the Chern-Schwartz-MacPherson class of the constructible function 1 x considered not in C™
but in P™.

Now suppose G =T = (C*)™ is acting on a vector space V' as in Theorem We pose a question:
Question. When does ¢ (1x) € HI (V) ~ Ql[t1, t2, . . - , t,] have nonnegative coefficients?

This is a special property of X since in general the answer is negative. If the equivariant Chern classes
are effective, i.e. represented by an invariant cycle, then the answer is positive. Also it is easy to find a
counterexample: if 7' = C* acts on V' = C" by scalar multiplication and let X be a cone over a curve of
genus g > 1 and of degree d. Then

c"(Lx) = ([X] +2(1 - g)t" ™ +¢") N [C"] = d[C?] +2(1 — g)[C'] + [C7)]
is a counterexample. On the other hand we have a bunch of positive examples: local equivariant Chern
classes have nonnegative coefficients for

e toric singularities (see Corollary [T8§),
e generic hyperplane arrangements with a small number of hyperplanes [2]],
e banana Feynman motives [3]].
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3. LOCALIZATION THEOREM

For the moment we leave the question of positivity. Our current goal is to develop a calculus which
would allow to compute equivariant Chern classes avoiding resolution of singularities. Our main tool
is the Localization Theorem for torus action. The topological setup is the following: suppose the torus
T = (S')™ or (C*)™ acts on a compact space M (decent enough, e.g. equivariant CW-complex). The
equivariant cohomology H3.(M) is a module over equivariant cohomology of the point

Hi(pt) = Qlty, ta, ... ty].
The following theorem goes back to Borel.
Theorem 9 ([36], [6]). The restriction to the fixed set
o HE (M) — Hp(M7T)
becomes an isomorphism after localizing in the multiplicative set generated by the nontrivial characters
S=T"V—0cC H2(pt).

If M is a manifold, then the inverse of the restriction map is given by the Atiyah-Bott/Berline-Vergne
formula. To explain that let us fix a notation. We decompose the fixed point set into components M7 =
|lyca Mo. Each M, is a manifold and denote by e, € H(My) = H*(My) ® Q[t1,t2,...1,] the
equivariant Euler class of the normal bundle. The following map is the inverse of the restriction to the
fixed points

STHHM") = @ueaS'HF(Ma) —  STHR(M)
(1)
{xa}QGA = ZaeA Lok (%) )

where 1o, : My < M is the inclusion. The key point in the formula (I) is that the Euler class e, is
invertible in STYHX(M,,).

Remark 10. Note that if M is a smooth compact algebraic variety and the action of the torus is algebraic,
then HJ.(M) is a free module over H..(pt), so we do not kill any class inverting nontrivial characters.

I other words we can state the theorem:
Theorem 11 ([6,[15]). Let M be an algebraic variety with algebraic torus action, then with the previous

notation
x
x:Elm(m>eHﬁMy

e
acA «

Therefore we can say that x is a sum of local contributions. Although one has to understand that this
statement is a bit misleading. In fact it is not possible to extract individual summands in H7.(M). This
can be done only in the localized ring. How a single fixed point component contributes to the global class
is obscured by the weights of the tangent representation.

Furthermore consider the push-forward, i.e. the integration along M

D :/ H;(M) N H;_Qdim(M)(pt)
M

where p : M — pt is the constant map. Another form of the Localization Theorem allows to express the
integration along M by integrations along components of the fixed point set.
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Theorem 12 (Berline-Vergne [10]). For x € H3} (M) the integral can be computed by summation of
local contributions

xr Mg
@ S
M aed/ Mo Ca

In particular, when the fixed point set is discrete MT = {pg, p1,...p,} then the Euler class is the
product of weights

ep = [ 2™ € Hy({p}) € Qltr, ta, - 1],

AEA
provided that T, M, the tangent space at p is the sum of weight spaces
T,M =PVi.
AEA

The integral along M is equal to the sum of fractions:
@p
a= —_.
/ M Z €p
peEMT

Remark 13. The Berline-Vergne formula (2) can be formulated for singular spaces embedded into a

smooth manifold. The local factor — is replaced by X ]'M“ , see [15019]. There is a generalization of the
Theorem (TT) for equivariant homology (or Chow groups) of singular spaces, but one needs an additional
assumption allowing to define ¢*, [15} Proposition 6].

4. SOME CALCULI OF RATIONAL FUNCTIONS

Before examining equivariant Chern classes of Schubert varieties let us look closer at some compu-
tations based on the Localization Theorem for Grassmannians. Let us start with the projective space
M = P" with the standard torus 7' = (C*)"*! action. The fixed point set is discrete and consists of
coordinate lines

T
= {pOapla .- pn} .
The tangent space at the point p;, decomposes into one dimensional representations:

TpkM = @Cteftk .
O£k

epe = [ [ (0 — i)

£k
Let us integrate powers of ¢1 := ¢1(0(1)). Of course

m_ JO for m<mn
. ‘=11 for m=n
Applying Berline-Vergne (2)) formula we get the identity

Y (_t’“)m_{O for m<n
k=0 Hé;ﬁk(tf - tk) 1 for m= n,

which is not obvious at the first sight. For example we encourage the reader to compute by hand the sum

The Euler class is equal to

3)

t2 t3 t3 ta
(t1—to)(t2—to)(ts—to) + (to—t1)(t2—t1)(ts—t1) + (to—t2)(t1—t2)(ts—t2) + (to—t3)(t1—t3)(t2—t3) "
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This is exactly the expression (3)) for m = 2, n = 3. Replacing

tOZO, t1:1, t2:2,...,tn:n

(i.e. specializing to a subtorus) the sum (3) is equal to

i: (_1)m+kk.m
I(n — k)!

P El(n — k)!

Multiplying by n! we obtain

" /n ym+kym _ J O for

]CZO <k;)( 1) k= {n! for

which is a good exercise for students.

m
m

<n
=n.

The integral of higher powers of c; is even more interesting: Let us see what we do get for m > n?

For example n = 2, m = 4 we have

ta t4

5

+ +
(t1 —to)(t2 —to) ~ (to —t1)(t2 —t1)
It takes some time to check that the sum is equal to

3+ 13 4+ t5 + toty + toto + tita, .

In terms of the elementary symmetric functions it is equal to

O’%—O’z.

(ot [ et

Proposition 14. In general

(to —t2)(t1 — t2)

is equal to the Schur function Sy, (which corresponds to the Segre class of vector bundles).

Proof. By Jacobi-Trudy formula (which is the definition of the Schur function)

n+k n—1 n—2
tOJrk tO 1 tO 2
n n— n—
tlJrk tl 1 tl 2
n n— n—
t2 t2 t2

tﬁ-‘rk tn— 1 tg—Q

o1
o1
o1
tlo1

Sk(to,tl,...,tn)z nl_[ (t-
A AN

—t;)

To prove the proposition it is enough to use Laplace expansion with respect to the first column and watch

carefully the signs.

O

Remark 15. It is wiser to use the dual Grassmannian of hyperplanes, then one gets rid of the factor
(—1)*. The general formula with positive signs for Grassmannians is given by Theorem

We will have a look now at the calculus on Grass,,(C™). The fixed point set consists of coordinate

subspaces:

Grass,,(C)T ={px : A= (M <X << Ap), 1< A, Ay <00}

The tangent space at the fixed point p) decomposes into distinct line representations of 7":

T,,Grass,, (C") = @ Ci,s, -

kENLZN



162 ANDRZEJ WEBER

The Euler class is equal to

€py = H (tl - tk) .

kEX, £¢X
Let us integrate a characteristic class of the tautological bundle R,,. Suppose that the class ¢(R,,) is
given by a symmetric polynomial in Chern roots W (z1, z2, ..., ,,). Then

Wit;:ie X
/ O(R) = irel)
Grass, (C™) N er)\, 122N (tl - tk)

It looks like a rational function, but we obtain a polynomial in ¢;’s of degree deg(WW')—dim(Grass,, (C")).
This expression can be written as the iterated residueﬂ

W(z1, 22, 2Zm) H#j(zi —zj)
[T TS (8 — 25) 7
see [8]]. Of course if deg(W) < dim(Grass,,,(C™)) = (n — m)m, then
W(t; i€ M)
3 [T, egn(te —t)

1
4) %Reszlszestoo ... Res,, —

=0
If deg(W) = dim(Grass,, (C")), then we get a constant. For example for T = ¢ (Grassm (€) (-

(14224 +2m)) (n=m)m e obtain the degree of the Pliicker embedding Grass,, (C™) C P(S™(C™))
(or the volume of Grass,,(C™)). According to Hook Formula [19] §4.3]

(m(n —m))!
H(i,j)eA h(’i,j) ’
where h(i, j) denotes the length of the hook with vertex at (7, j) € A contained in the rectangle m x (n —
m). For Grass3(CT) the hook lengths are the following

deg(Grass,, (C")) =

1615]4]3]
51413 |2
413121
Hence the degree is equal to
12!

= 462.
6-5-4-3-5-4-3-2-4-3-2-1

It would be interesting to find an immediate connection of the Hook formula and the residue method
given by the formula ().

Let us now formulate a generalization of Proposition For a partition I = (i; > 42 > 4, the Schur
function is defined by Jacobi-Trudy formula [28] §1.3]

n—141i1 n—241is n—3+1i3 1+in 1 i
ty . t; . t; . - t%_;,_' tln
e R 0

n—141i1 n—2+is n—3+i3 14+in—1 in
ts ts ts R ts

n—1+1i n—2+1is n—3+i3 14+in—1 in
t t t t t

Sr(ti,ta, ..., t,) =
I( 1,02, ’ n) H1§1<]§n(tz _t])

'More general formulas were found recently by Magdalena Zielenkiewicz for Grassmannians of all classical groups.
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The definition of Schur function is extended to characteristic classes of vector bundles. Expanding the
determinant with respect to the first block column containing m X m minors we find the formula for
push-forward:

Theorem 16. Consider the quotient bundle Q and the tautological bundle R over Grass,,(C™). Let
J=1>742> > jnem)and K = (k1 > ko > --- > ky,) be partitions. Suppose jp_p, —m > k.
Then

/ S7(Q)Sk(R) = Si(ty,ta, ... tn),
Grass,, (C™)

Where]:(jl_msz_mZ"'Zjn—m_mzklZkQZ"'ka)-

A suitable modifications of Theorem [I6]can be easily formulated for the partitions not satisfying the
inequality j,—,, —m > k;. The integral is equal up a sign to the Schur function for another partition or
it is zero. By the splitting principle Theorem [I6]implies the corresponding statement for Grassmannian
bundles over any base, not necessarily over the classifying space BT'. This way we obtain a proof of the
Gysin homomorphism formula [24]], 20, §4.1].

The equivariant Schubert calculus was studied by a number of authors: Knutson—Tao [26], Laksov—
Thorup [27], Gatto—Santiago [21] and others. Some formulas can be obtained by taking residue at infinity
[8,19]. Concluding this section I would like to say that it seems that still the calculus of rational symmetric
functions is not developed enough. In §10]we will present a method of computation of equivariant Chern
classes of Schubert varieties. Unfortunately I do not know (maybe except Theorem a tool which
would allow us to simplify the expressions which appear in computation.

5. TORIC VARIETIES

We keep in mind that our purpose is to compute equivariant Chern classes. From the Localization
Theorem it follows that equivariant Chern classes are determined by local equivariant Chern classes
belonging to the homologies of the components of M. In the beginning let us consider the toric varieties,
which are quite easy, but unfortunately not very general from our point of view.

Theorem 17. Let X be a toric variety. Consider the cycle =x which is equal to the sum of the closures
of orbits. Then Zx represents the equivariant Chern class ¢ (1x) € HI (X).

Proof. First we consider the case when X is a smooth toric variety. If X = C! with the standard action of
T = C* then, indeed, the equivariant Chern class is equal [C] 4 [0] = [Ex]. By Whitney formula and the
product property of sets the statement holds for X = C™ with the standard action of 7' = (C*)™. Every
smooth toric variety locally looks like C™ with the standard action of the torus, therefore the equation
c'(1x) = [Ex] holds locally, i.e. after restriction to each fixed point. Let X be a complete smooth toric
variety. Then HI (X)) is free over Hz(pt). By the Localization Theorem ¢” (1 x) = Zx holds globally.
The noncomplete case follows since any smooth toric variety can be compactified equivariantly.

The singular case can be deduced as usual by functoriality. One sees that for smooth toric varieties the
equivariant Chern class of the constructible function supported by a single orbit is exactly the fundamental
class of the closure of that orbit without boundary cycles. The equality is preserved by the push-forward.
O

Note that the theorem holds in equivariant homology of X and we do not have to use any embedding
into a smooth manifold. The non-equivariant case was proven by Ehlers and Barthel-Brasselet-Fieseler
[7] and it also follows immediately from [[1].

The cycle representing the equivariant Chern class of a toric variety is effective. Therefore for the
embedded case by Theorem [5| we have the corollary:
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Corollary 18. Let V be a representation of T'. Suppose an affine T-variety X (possibly singular) is em-
bedded equivariantly into V. If the weights of the torus acting on V' are nonnegative then the coefficients
of I (1x) € Hi(V) = Q[t1,t2, ..., t,] are nonnegative.

The situation described in the Corollary [T8]appears when
X = X, = Spec(C(a¥ N N))
is presented in the usual way: the embedding into
V = Spec(Clz1, za,...,z,])
is given by a choice of the generators of the semigroup oV N N, see [17} §1.3].

Remark 19. All the singularities of the Schubert varieties in Grassmannians of planes Grasss(C™) are
toric. Therefore the local equivariant Chern classes are nonnegative combinations of monomials for a
suitable choice of a basis of H2(pt).

The global positivity of Chern classes of Schubert varieties in Grasss(C™) seems not to follow auto-
matically. Except from the case of projective spaces only the Schubert varieties with isolated singularities
(the partitions (n — 3, k) for k& < n — 4, according to the standard convention) are toric. Nevertheless
it was shown in [5] §4.3] that the nonequivariant Chern classes of Schubert varieties in Grasss(C™) are
indeed effective.

6. EQUIVARIANT CHERN CLASS OF DEGREE ZERO

The following Theorem [20] is the key to the inductive procedure for computing equivariant Chern
classes. The theorem says that the degree zero component of the equivariant Chern class localized at a
fixed point does not depend seriously on the set itself, but only on wether the point belongs to the set or
not.

Theorem 20. Suppose that X is a T-variety, not necessarily smooth, contained in a T-manifold M. Let
p € X be an isolated fixed point. Then the degree zero component of the class c* (1 x) restricted to {p}
is Poincaré dual to the product of weights appearing in the tangent representation T, M

(" (Ax)(), = e N Ip]-

By additivity of equivariant Chern classes it follows that if p & X then (' (1x)(0))|) = 0.
The core of the proof is the basic equation of Euler characteristics

X(X) = x(x7).
Nevertheless the argument demands some formal manipulations. First of all we note the following fact.

Proposition 21. Let N be a complete manifold with a torus action. Let us decompose the fixed point
set NT = U,ca N, into connected components. Let i, : Ny — N be the inclusion. The equivariant
cohomology top Chern class of N is equal to the sum

5) clop(N) = 3 (ia)s (crop(Na)) € H ™M (V).
acA

Dually we have

(6) "(An) o) = D (i)« (esar(1n,) () € Hy (N).

a€cA
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Proof. The proof is the straightforward application of the Theorem (11) since
in(Clop(N)) = €a - ctop(Na) € Hp(Na) = Hi(pt) ® H*(Na) -

top
O

Proof of Theorem Denote by ¢, : {p} — M the inclusion of the point. We will argue that for any
equivariant constructible function o : M — Z the equality holds

(" (@) = a(p) ey N [p] € HL, gin(ary ({P}) -

It is enough to show that statement for M complete and the constructible function of the shape a =
f«(1 ) for an equivariant map f : N — M from a smooth complete variety N. (We can assume that N
is smooth by the usual argument which is available thanks to equivariant completion [38] and equivariant
resolution of singularities [11]].) It remains to prove that

(N i fo (T (An) o) = x(f (D) ep N [p] € HTQdim(]VI)({p}) :

Let i, be as in Proposition 21{and f, = fi, : N, — M. We compute the push-forward of the zero
degree component:

fect (1) (o) = Z filia)s (csmr (In, ) (o))

acA

(8) =Y (fa)« (csm(In.) (o) € Hy (M).

acA

Let B C A be the set of components of N7 which are mapped to p. Then

L;(f*cT(]I'N)(O)) = L;( Z(fﬁ)*c(]lNﬁ>(0))

BEB

=15 X(Ng) [p]

BEB

) = > x(Ns)e,Np].

BEB

We conclude that the equation (7) holds because x (f~*(p)) = x(f~(p)") and f~* ()" = Usep No-
O

7. PARTIAL LOCALIZATION

There exists the following modification of the localization formula: we can replace M’ by any in-
variant submanifold or even arbitrary invariant subset) Y containing the fixed point set M 7. Then the
restriction map

Hp(M) = Hp(Y)
becomes an isomorphism after inversion of nontrivial characters S. Also the Berline-Vergne formula
holds, but it makes sense only for Y being a submanifold. Suppose that Y = Y; U {p}. It follows that
for any x € Hy (M) we have

T €T
(10) ﬁ+/ Moy
ep Y, €Y1

for degree smaller than dim(M ). We will apply this formula for Poincaré dual of ¢? (1x ). The integral
of the zero degree Chern-Schwartz-MacPherson class (which corresponds to the top degree of the coho-
mology class) is equal to the Euler characteristic and the same holds for the equivariant Chern class by
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the commutativity of the diagram:

CT(]lx)(O) S HE(M) — Ho(M) = C(X)(O)
A A

Juc"Ax)o) € Hi(pt) — Ho(pt) > x(X).
We apply the partial localization and we find that

(CT(X)(O))p+/ ("(X) )

€y,

(11) — (X).

€p
Here ey, is the equivariant Euler class of the normal bundle of Y;. (Of course it may be of different
degrees over distinct components of Y7.)

Example 22. The partial localization allows us to compute the equivariant Chern class of the affine cone
over a projective variety. Suppose 7" acts on C™ with nonzero weights
W1, Wy« e oy Wy
First recall that the equivariant cohomology ring of P"~! is the quotient of the polynomial algebra
Hi(pt)[h] = Z[t1, ta, ... tn, h]

by the relation

n

[Ih+w:) =o.
i=1
Using the elementary symmetric functions o; the relation takes form

n

(12) Zai(w.)h’” =0.

i=0
Let X C C" be a nonempty T-invariant cone and P(X) C P"! its projectivization. We consider
X = X —P(X) as a constructible set in P"* and we will compute its equivariant Chern class in H.(P™).

In this example we skip the Poincaré duals in the notation. Denote by ¢ : P*~! — P" the inclusion. The
equivariant Chern class of X restricted to P"~! is equal to

el (Ix) = el(Ig) — e (Ipex)
=(1+h)- CT(]IIP’(X)) —h- CT(]l]P’(X))

=" (lp(x)) -
Suppose that the equivariant Chern class of P(X) is written as

n—1

(Ipx)) = Y bi(t)h' € Hy(P"1)
=0

for some polynomials b;(t) € H7(pt) of degree < n — 1 — . To compute the local equivariant Chern
class at 0 we will apply the formulas and toM =P, Y ={0}UP" tandY; = P! We

compute
CT(lx) n—1 ‘
= b ()R L.
L. L w0

! i=0
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Except from i = 0 the summands are integral (belong to H(P"~ 1)) and they are of degree smaller than

n — 1. Therefore
/ (L) / bo(t)
prn—1 % prn—1 h ’

An easy calculation using shows that the inverse Euler class of the normal bundle to P"~! is equal

to "
Zan % wo hz_l.
=1 Un(
Hence -
¢ (1x) / — oni(We) iy bo (1)
= - bo(t) Y =l pisl -
/]Pm,—l €y, pn—1 0( )Z O'n(UJ.) Jn(w.)

i=1
By the formulas and and since o, (ws) = e, we find that

(Lx)pp _ bo(?)

€p €p

=x(X)=1.

Therefore
T (1x)jp = bo(t) + e € Hp({p})
We obtain the following result:
Proposition 23. Suppose that X is a nonempty T-invariant cone in a linear representation V of T. Let
h = cf (Opv)(1)) be the equivariant Chern class. If
dim(V)—1
(13) Tro) = (D wOr) NPV € HI(P(V)
i=0
then
(1x) = (bo(t) + eo) N[V] € HI (V)
where e is the Euler class of the representation V.
Proof. First note, that restriction H;.(V') — HZ.(pt) is an isomorphism. We apply the calculation of the
previous example. The degree of by is at most dim (V') — 1, therefore it does not interfere with e,,, which
is homogeneous of degree dim(V). m|

8. CONICAL SETS IN AN AFFINE SPACE

We come back to the Example([8|of §2] which was the starting point of our interest in equivariant Chern
classes. In [4] there was defined an invariant of a conical set X C C™. Itis equal to the Chern-Schwartz-
MacPherson class of X considered as a constructible set in [P"*. This Chern class

csm(lx) € H*(P")
is expressed via the Chern class of the projectivization. The calculation is based on the following formula:

Proposition 24 ([3, Prop 5.2]). Let X C C" be a nonempty conical set. Let X = X UP(X) be the
closure of X in P". Let x = ¢1(Opn-1(1)) and & = ¢1(Opr(1)). Suppose that

n—1

(14) csn (Lp(x (Za YNP e Ha(p )
then

(15) csm (1) ( (1+2) Zaz ") N [P"] € H.(P")
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It follows that
(16) csm(lx) (Zalx +2 ) N[P"] € H.(P")

It seems natural to look at the conical sets from the point of view of equivariant cohomology. Let
T = C* acts on C" by scalar multiplication.

Proposition 25. Under assumption of Proposition

n—1

(17) (Z ait! + t") [c" € HT(C")

Proof. Assume that the usual, nonequivariant Chern class of P(X) satisfies the formula . To apply
Proposition 23| we have to express the equivariant Chern class CT(]l[p:( x)) = 1 ® csp(Ipx)) by h =
1 (Op(x)(1)). The point is that the torus 7" acts on the fibers of the tautological bundle O(—1) with
weight equal to one, therefore the equivariant Chern class of Opr-1(1) is equal to

h=1zr—-t®l=x—t
under the identification
Hy (") = Qt] @ H*(B"~") = H* (B )[t].
Hence the equivariant Chern class of 1p(x) can be written as

n—1 n—1 1

T (Ipxy) = (Zai(tht)i) N [P (ZZ< )am W) N Y.

=0 =0 j7=0

Here the coefficient by (¢) of the expression is equal to

n—1
t)=> at".
i=0
By Proposition 23] we obtain the claim. O

We see that formally the Chern-MacPherson-Schwartz class of 1x in P™ and the equivariant Chern
class in C" satisfy the same formula. The equivariant approach has the advantage that we have for free
the Chern class of the product

CTXT(IlXXy) = CT(]lx) X CT(]ly).

Further we can restrict the Chern class of the product via diagonal inclusion 7' < T x T to obtain
e (1xxy). With the original approach the proof of the above property was a bit demanding, see [4]
Lemma 3.10]

9. COMPUTING EQUIVARIANT CHERN CLASSES WITHOUT RESOLUTION OF SINGULARITIES

Below we sketch a method of computing the equivariant Chern class of a T-invariant singular variety
not using a resolution of singularities. The calculi will be done in equivariant cohomology and we will
omit the Poincaré duality in the notation.

Assume that the fixed point set of the action of the torus on a complex manifold M is discrete. For
a given class ¥ € HE(M) of degree k < 2 dim(M) the integral I} s T vanishes. By the Localization
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Theorem also the sum Zpe MT zeﬁ has to vanish. In particular if x = ¢* (1 x), then except from the zero
¥
degree

T
C (]l X)\p
18 ——— =0.
(18) E o
peEMT
This relation between local equivariant Chern classes allows in many cases to compute them induc-

tively. Suppose M1 = {po,p1,-..,pn} and assume that we know all local equivariant Chern classes
for p1,p2,...,pn. Then

N

e
(19) T (Ax)py == 2" (Ix)y,
i=1 P

except from the zero degree. For Grassmannians the quotient Zﬂ simplifies remarkably.
Pi

The zero component of the local equivariant Chern class is easy. If p € X7 then by Theoremthis
class is equal to the Euler class at the point p

(20) (" (1x)0))p = ep € Hy MM (1),

In fact this statement is the crucial point for computation. Any other equivariant characteristic class
satisfies the relation [I9 The condition fixing the zero equivariant Chern class and vanishing for the
degrees higher than the dimension of the ambient space makes the equivariant Chern class unique.

Computation of the local equivariant Chern classes

Of course the inductive step of computation can be applied when for a given singularity one can find
a compact variety for which this singularity is the only deepest one. If X C C™ is a cone then taking the
closure of X in P™ will not introduce new singularities. In the next section we present another situation,
when the compactifying variety is the Grassmannian.
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10. COMPUTATION OF LOCAL EQUIVARIANT CHERN CLASS OF THE DETERMINANT VARIETY

Let us compute the local equivariant Chern class of the variety
Q9 (n) = {¢ € Hom(C",C") : det(¢) =0}.
Its compactification in Grass,, (C?") is the Schubert variety of codimension one
Qi(n) ={W : Wn{(e,ea,...,en) #0}.
We will apply the method sketched above. Let us start with n = 2. The canonical neighborhood of the
point p; o in Grassy (C?) is identified with
Hom(span(e,e2), span(es, eq))

and the variety Q(2) intersected with this neighbourhood is exactly 29(2). The corresponding elements
of £21(2) are the planes spanned by the row-vectors of the matrix

1 0 a b

01 ¢ d)-
a b

det(c d)—O.

Before performing computations let us draw the Goresky-Kottwitz-MacPherson graph ([22| Th. 7.2]) for
M = Grasso(C*) with the variety 2 (2) displayed.

The equation of Q;(2) is

Schubert variety 1 in Grass,(C*).
The numbers attached to the edges indicate the weights of the T" actions along the one dimensional
orbits. For example at the point p; 3 in the direction towards p; o the action is by the character t5 — 3.
The variety Q4 (2) is singular at the point p; 2 and it is smooth at the remaining points. For example at

the point p; 3 the coordinates are
1 a 0 b
0 ¢c 1 d
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and the equation of §2;(2) is b = 0. For that point the local equivariant Chern class is equal to
(ta—t1) (X +ta —t1) (1 +to —t3)(1 +ta —t3).
The summand in the formula (I8) is the following
(ta—t1)(L+ta —t1) (1 +t2 —t3)(1 +t4 — t3) _
(ta —t1)(t2 — t1)(ta — t3)(ts — t3)

=(1+ ! 1+ ! 1+ !
B to — 11 to — t5 ty — t5

We sum up the contribution coming from the fixed points p1 3, p1,4, P2,3, P2,4, simplify and multiply by
—(tg - tl)(t4 — tl)(tg — t2)(t4 — tQ). We obtain

(ts +ts —t1 —ta) deg =1
(t3 +ty —t1 — t2)? deg = 2
(t3 +tg —t1 — to)(2t1ty — tity — tots — tity — toty + 2t3ty) deg =3
—4(ts —t1)(ta — t1)(ts — t2)(ts — t2) deg = 4

The terms of degree < 4 coincide with the equivariant Chern class of 2, (2) localized at the point p o.
The result is symmetric in two groups of variables: {¢1, t2} and {¢3, ¢4 }. The coefficients of the expansion
in the basis of the Schur functions

(lg,) =) arsSi(—t1, —ta) - Sy(ts, ta)

has the following coefficients:

0 1 11 2 21 22
0 11 1 2 1
111 1 1 1
11711 3 1
211 1 1
2112 1
22 11

Computations of the equivariant Chern class 21 (3) C Grass3(C®) can be continued without problems
by the same method. At the points of the type p; with |I N {1,2,3}| = 1 the variety is smooth, while at
the points p; with |1 N {1,2,3}| = 2 the singularity is of the type ;(2),, , x C°. We write the sum of
fractions according to the rule (I9) and simplify. For example the expression which has to be simplified
to compute the degree one is the following:

(83 — t1)($3 — t2)(51 - t3)(52 - t3)

(53 —s1)(s3 — s2)(t1 — t3)(t2 — t3) (5 = ta) + sym. +
(s3 —t1)(s3 — t2)(s1 — t3)(s2 — t3)
(51— 53)(s52 — 53)(t3 — t1)(t3 — t2)
(Here s; = t4, s2 = t5, s3 = tg.) The given summands are the contributions coming from the points
p3,4,5 and pq 2 6. Of course the sum is equal to the fundamental class

[Q] =51+ 82+ 83—t —ta — 13

(which may be computed in another way). This example shows how a complicated rational functions
may in fact lead to a simple result. The difficulty lies in simplifying that expression. Higher degree terms
are much more complex. We write the final result in the Schur basis

"(lg,) =) arsSi(—t1, —ta, —ts) - Sy(s1, 52, 53) -

2

(s1+ 82 —t1 —ta) + sym.
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The coefficients are the following:

0 1 11 2 111 21 8 211 31 22 311 221 32 321 222 33 331 322 332 333
0 1 2 2 4 51 9 3 4 6 9 3 8 4 1 3 6 3 1
7114 8 5 12 122 19 5 8 8 16 4 &8 10 1 2 4 1
1112 8 12 9 16 16 3 18 6 8 6 10 4 4 1 1
2125 9 4 1 91 13 2 5 3 10 1 2 5 1
111(4 12 16 11 8 16 4 6 10 4 1
21151216 9 16 14 2 15 3 5 3 5 1 1
g 112 3 1 4 2 3 1 2 1
21119 19 18 13 15 3 3 5 1
8113 5 6 2 6 3 3 1 1
2214 8 8 5 10 51 5 1 1
31116 8 6 3 3 1
22119 16 10 10 5 2 1
213 4 4 1 4 1 1
32118 8 4 2 1
22214 10 5 1
83|11 1 1 1
83113 2 1
32216 4 1
33213 1
3331

We note that all the coefficients are nonnegative.

While computing the equivariant Chern class of 1 (4) C Grass,(C®) appears a problem with the size
of the expressions, since dim(Grassy(C®)) = 16 and dim(7) = 8. In a polynomial of degree 15 in 8
variables there are

490 314 monomials.

The expression is a sums of 68 fractions with factors ¢; —t; in denominators. We might have used another
compactification of C'6, e.g. the projective space P'6. There are less fixed points, but the denominators
are more complicated. They are of the form [[[(¢; — ¢;) — (tx — t¢)].

One practical solution appears naturally. The fixed points can be divided into groups with |I N
{1,2,...,n}| fixed. Let fi(ue, ve) be the expression for the local equivariant Chern class of 21 (k) with
ue = (t1,t2,...,1;) and ve = (tg41,tk+2,.-.,tar). The local equivariant Chern cT(]lgl(n))‘pm,__,n
class can by computed by the formula (I9), which becomes

n—1
22) - > o D oD,
k=1 IC{1a2a’2n} "

[I| =n, [IN{1,2,....,n}| =k
where f}(I) depends on the two group of variables

Ue = t[ﬁ{1,2,...,n} and Ve = t{n+1,n+2,...,2n}\[

and g (I) is the equivariant Chern class of the singular stratum of the type Q1 (k). The factors in the
quotients 6“627" cancel out partially and miraculously all the summands for a fixed & turn out to be
Pr

integral. For n = 3 and degree one the summands are given by the formula (21).
Such a division of fixed points has a geometric meaning. In fact we deal with the partial localization

(see §7). Consider the action of the subtorus C* acting on C?" with weight 1 on the first n coordinates
and with the weight —1 on the remaining coordinates. Then the fixed point set decomposes into disjoint
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union of the products of the Grassmannians:
n
Grass, (C?")¢" = |_| Grassg (C™) x Grass,_,(C").
k=0
The summand for £ = 0 consists of one point
{O} S <5n+1a Ent2y- .- a52n> s
which does not belong to 21 (n), while for kK = n we have
(61,62, ..,6n) ® {0},

the point which we are concerned with. Let Ry, and Qj, be the tautological and the quotient bundles over
Grassy (C™). The result of the sum is equal to

n—1
NENEDY / (R Q1) 7] »
k—1 v Grassy (C") x Grass, — (C™)

where g, is (up to multiplication by a certain Euler class) the equivariant Chern class of the stratum of
the singularity type 21 (k). Precisely

I, = e(QZ ® Qnk) - 6(932 ® Rp—t.)-
(R @ Q) - e(RE_L @ Q) (A @R _L).
Using Fubini theorem we do not have to simplify a large expression in one step and we arrive to the result
relatively quickly. Also knowing the Schur expansion of the functions fj, one can apply Theorem
11. GKM-RELATIONS

Less time-consuming method of computation of the local equivariant Chern class is based on the
relation discovered by Chen-Skjelbred [13]], called GKM-relations after the rediscovery in [22]]. These
relation allow us to determine the local equivariant Chern class at the point p; knowing only the local
equivariant Chern classes at the neighbouring points in the GKM-graph. This is so since

cT(]lv)‘pI = cT(]lv)|pJ modulo (t; —t;),

whenever

J=T-{i})u{j}.
Again the method works for all the degrees smaller then the dimension of the Grassmannian, since the
intersection of the ideals (¢; — t;) is contained in the degree greater or equal to the dimension of the
Grassmannian. That is so for any GKM-space. Now the problem of simplifying huge rational function is
replaced by solving a relatively small system of linear equations.

12. THE RESULT FOR Grassy(C®)
Let us write the local equivariant Chern class in the Schur basis
(Lo (1)) 1prass = ZGI,JSI(*IH, —tg, —t3, —t4) - Sy(ts,t6, t7,8) -
Just to quench readers curiosity we show here the most interesting fragment of the table of coefficients.

It is hard not to have impression that there should be a way of writing down this equivariant Chern
class in a compact way. For example the equivariant Chern class of the tangent bundle written in the
Schur basis is as much complicated as ours, but it is just c(Hom(R,,, Q,,)).
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It turns out that the local equivariant Chern class of {21 (4) is a positive combination of monomials in
—ty, —ta, —t3, —t4,ts5,t,t7,ts. As one can see it is not a positive combinations of products of Schur
functions. Fortunately we do not have a contradiction with the conjecture of Aluffi and Mihalcea [5]]
which says that the Chern-Schwartz-MacPherson classes are effective. Note that the Schubert varieties
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are only 7T-invariant, and the Theorem [4] does not apply. Instead we have a freedom with choosing the
basis of weights. The local equivariant Chern class is a polynomial in u; ; = ¢; — t;. To write ¢” (1x)
in a unique way we chose a spanning tree of the full graph with vertices 1, 2, ..., 2n. The edge between
¢ and j (with the orientation forced by the partition) corresponds to the generator ¢; — ;. Some choices
lead to an expression with nonnegative coefficients.

Positive monomial bases for Grass, (C*)

A)ta — 11, t4—t2, t3—14
B)to —t1, t3—t2, t4—1to
Oty —t1, ty—ta, ta—1t3
D)ts —t1, ts3—ta, t4— to thisisnot a positive basis

The positivity condition for a graph is the following:
e Characters of the tangent representation are nonnegative sums of base elements.
That in fact supports the conjecture of Aluffi and Mihalcea in a stronger, equivariant version.

The original, nonequivariant version was checked by B. Jones [23] for cells in Grass,, (C™) form < 3.
In his computations equivariant cohomology and the Localization Theorem was used to compute the
push-forward of classes from a resolution.

13. FURTHER DIRECTIONS OF WORK

Several goals have not been reached so far. The most obvious directions of further work would be:

e deduce positivity results,

o study global equivariant Chern classes of Schubert varieties and open cells,

e in particular relate our computations to the determinant formulas of [5] and the combinatorial
interpretation of [30],

e develop a suitable calculus of symmetric rational functions to handle expressions appearing in
the Berline-Vergne formula for Grassmannians.

We hope to realize this program in future.

REFERENCES

[1] P. Aluffi. Classes de Chern des varietes singulieres, revisitées, C. R. Math. Acad. Sci. Paris, 342(6), 405-410, (2006) [DOI:
10.1016/j.crma.2006.01.002

[2] P. Aluffi. Grothendieck classes and Chern classes of hyperplane arrangements, arXiv:1103.2777

[3] P. Alufi, M. Marcolli. Feynman Motives of banana graphs, Commun. Number Theory Phys. 3 (2009), no. 1, 1-57.

[4] P. Alufi, M. Marcolli. Algebro-geometric Feynman rules, Int. J. Geom. Methods Mod. Phys., 8, 203-237, (2011) [DOIL:
10.1142/S0219887811005099

[5] P. Aluffi, L. C. Mihalcea. Chern classes of Schubert cells and varieties, J. Algebraic Geom. 18 (2009), no. 1, 63-100.

[6] M. Atiyah, R. Bott The moment map and equivariant cohomology Topology, 23 (1984) 1-28. DOI: 10.1016/0040-
9383(84)90021-1

[7]1 G. Barthel, J-P. Brasselet, H. Fieseler. Classes de Chern des varietes toriques singulieres, C. R. Acad. Sci. Paris, t. 315, Serie
1(1992), 187-192.

[8] G. Bérczi. Thom polynomials and the Green-Griffiths conjecture, arXiv:1011.4710

[9] G. Bérezi, A. Szenes. Thom polynomials of Morin singularities, arXiv: math.AT/0608285.


http://dx.doi.org/10.1016/j.crma.2006.01.002
http://dx.doi.org/10.1016/j.crma.2006.01.002
http://dx.doi.org/10.1142/S0219887811005099
http://dx.doi.org/10.1142/S0219887811005099
http://dx.doi.org/10.1016/0040-9383(84)90021-1
http://dx.doi.org/10.1016/0040-9383(84)90021-1

176 ANDRZEJ WEBER

[10] N. Berline, M. Vergne. Classes caractéristiques equivariantes. Formule de localization en cohomologie équivariante, C.R.
Acad. Sc. Paris 295 (1982), 539-541.

[11] E. Bierstone, D. Milman. Canonical desingularization in characteristic zero by blowing up the maximum strata of a local
invariant, Invent. Math. 128 (1997), 207-302. DOI: 10.1007/s002220050141

[12] J-L. Brylinski, B. Zhang. Equivariant Todd Classes for Toric Varieties arXiv:math/0311318

[13] T.Chang, T. Skjelbred. The topological Schur lemma and related, Ann. Math. (2) 100, 307-321 (1974). DOI: 10.2307/1971074

[14] D. Edidin, W. Graham. Egquivariant intersection theory, Invent. Math. 131, No.3, 595-644 (1998). |DOI:
10.1007/s002220050214

[15] D. Edidin, W. Graham. Localization in equivariant intersection theory and the Bott residue formula, Am. J. Math. 120, No.3,
619-636 (1998) DOI: 10.1353/ajm.1998.0020

[16] L. M. Fehér, R. Riményi. Thom series of contact singularities arXiv:0809.2925

[17] W. Fulton. Introduction to toric varieties, Annals of Mathematics Studies. 131. Princeton University Press, 1989

[18] W. Fulton. Equivariant Cohomology in Algebraic Geometry, Notes by D. Anderson,
http://www.math.washington.edu/~dandersn/eilenberg

[19] W. Fulton. Young tableaux. With applications to representation theory and geometry, Number 35 in London Mathematical
Society Student Texts. Cambridge University Press, 1997.

[20] W. Fulton, P. Pragacz. Schubert varieties and degeneracy loci. LNM 1689, Springer, 1998.

[21] L. Gatto, T. Santiago. Equivariant Schubert calculus, Ark. Mat. 48, No. 1, 41-55 (2010) DOI: 10.1007/s11512-009-0093-5

[22] M. Goresky, R. Kottwitz, R. MacPherson, Equivariant Cohomology, Koszul Duality, and the Localization Theorem, In-
vent. Math. 131, No.1, (1998), 25-83

[23] B. F. Jones. Singular Chern Classes of Schubert Varieties via Small Resolution, Int. Math. Res. Not. IMRN 2010, no. 8,
1371-1416.

[24] T. Jozefiak, A. Lascoux, P. Pragacz. Classes of determinantal varieties associated with symmetric and skew-symmetric ma-
trices, (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), no. 3, 662-673

[25] M. Kazarian. Classifying spaces of singularities and Thom polynomials, in: New developments in Singularity Theory, (Cam-
bridge 2000), NATO Sci.Ser. II Math.Phys.Chem, 21, Kluwer Acad. Publ., Dordrecht, 2001, 117-134.

[26] A.Knutson, T. Tao. Puzzles and (equivariant) cohomology of Grassmannians, Duke Math. J. 119, no. 2 (2003), 221-260|DOI:
10.1215/S0012-7094-03-11922-5

[27] D.D. Laksov. A formalism for equivariant Schubert calculus, Algebra Number Theory 3, No. 6, 711-727 (2009) [DOI:
10.2140/ant.2009.3.711

[28] 1.G. Macdonald. Symmetric functions and Hall polynomials, 2nd ed. Oxford Science Publications (1998)

[29] R. MacPherson, Chern classes for singular algebraic varieties, Ann. of Math. (2), 100, 423-432, (1974) |DOLI:
10.2307/1971080

[30] L. C. Mihalcea, Sums of binomial determinants, non-intersecting lattice paths and positivity of Chern-Schwartz-MacPherson
classes, arXiv:math/0702566

[31] M. Mikosz, P. Pragacz, A. Weber, Positivity of Thom polynomials II; the Lagrange singularities, Fund. Math. 202 (2009),
65-79..DOI: 10.4064/fm202-1-3

[32] M. Mikosz, P. Pragacz, A. Weber. Positivity of Legendrian Thom polynomials, J. Diff. Geom. vol. 89 (1), 111-132

[33] T. Ohmoto. Equivariant Chern classes for singular algebraic varieties with group actions, Math. Proc. Cambridge Phil. Soc.
140, (2006), 115-134 DOI: 10.1017/S0305004105008820

[34] P. Pragacz, A. Weber. Positivity of Schur function expansions of Thom polynomials, Fundamenta Mathematicae, 195, 85-95,
2007..DOI: 10.4064/fm195-1-3

[35] P. Pragacz, A. Weber. Thom polynomials of invariant cones, Schur functions, and positivity, in: ”Algebraic cycles, sheaves,
shtukas, and moduli”, ”Trends in Mathematics”, Birkhauser, 2007, 117-129

[36] D. Quillen The Spectrum of an Equivariant Cohomology Ring: I, Ann. Math., Vol. 94, No. 3, 549-572 DOI: 10.2307/19707706

[37] R. Rimdnyi, Thom polynomials, symmetries and incidences of singularities, Inv. Math., 143 499-521, (2001) |DOI:
10.1007/s002220000113

[38] H. Sumihiro. Equivariant completions I, Math. Kyoto Univ. 14, 1-28, (1974)

[39] B. Totaro. The Chow ring of a classifying space in Algebraic K-theory, ed. W. Raskind et al., Proc. Symp. Pure Math. 67,
249-281 (1999).

INSTITUTE OF MATHEMATICS, UNIVERSITY OF WARSAW, BANACHA 2, 02-097 WARSZAWA, POLAND
E-mail address: aweber@mimuw.edu.pl


http://dx.doi.org/10.1007/s002220050141
http://dx.doi.org/10.2307/1971074
http://dx.doi.org/10.1007/s002220050214
http://dx.doi.org/10.1007/s002220050214
http://dx.doi.org/10.1353/ajm.1998.0020
http://dx.doi.org/10.1007/s11512-009-0093-5
http://dx.doi.org/10.1215/S0012-7094-03-11922-5
http://dx.doi.org/10.1215/S0012-7094-03-11922-5
http://dx.doi.org/10.2140/ant.2009.3.711
http://dx.doi.org/10.2140/ant.2009.3.711
http://dx.doi.org/10.2307/1971080
http://dx.doi.org/10.2307/1971080
http://dx.doi.org/10.4064/fm202-1-3
http://dx.doi.org/10.1017/S0305004105008820
http://dx.doi.org/10.4064/fm195-1-3
http://dx.doi.org/10.2307/19707706
http://dx.doi.org/10.1007/s002220000113
http://dx.doi.org/10.1007/s002220000113







	aleksandrov.pdf
	Introduction
	1. The logarithmic de Rham complex
	2. Logarithmic forms with poles along reducible hypersurfaces
	3. A decomposition of meromorphic forms along complete intersections
	4. The multiple residue map
	5. Regular meromorphic differential forms
	6. Multiple residues of logarithmic forms
	7. Closed differential forms and the image of the residue map
	8. The weight filtration
	References

	aluffi.pdf
	1. Introduction
	2. Set-up
	2.1. 
	2.2. 
	2.3. 
	2.4. 
	2.5. 

	3. Proof of Theorem 1.1
	3.1. 
	3.2. 
	3.3. 

	4. Further remarks and examples
	4.1. An example
	4.2. A projection formula
	4.3. 

	References

	artal-cogolludo-matei.pdf
	Introduction
	1. Orbifold groups
	2. Saturated orbifolds
	3. Orbifolds and characteristic varieties
	4. Unbranched and branched orbifold covers
	5. Sakuma's formulæ
	References

	banagl-maxim.pdf
	1. Introduction
	2. Intersection Spaces
	3. String Theory and Mirror Symmetry
	4. Deformations of Singularities
	5. Open Questions
	References

	banagl.pdf
	1. Introduction
	2. Required Properties of Homotopy Pushouts
	3. Spatial Homology Truncation
	4. Homological Tools
	5. Construction of the Intersection Spaces
	6. The Duality Theorem
	References

	bobadilla-kollar.pdf
	Families of curves
	Reduction to 1-parameter families
	Localization
	Families of cubic hypersurfaces
	References

	kohno.pdf
	1. Introduction
	2. Lawrence-Krammer-Bigelow representations
	3. KZ connection
	4. Space of null vectors
	5. Relation between LKB representation and KZ connection
	6. Hypergeometric integrals
	7. Proof of Theorem 5.1
	8. Integral representation of the space of conformal blocks
	References

	liao.pdf
	1. introduction
	2. technical preparations
	2.1. Chern-Schwartz-MacPherson class of a hypersurface
	2.2. sheaves of logarithmic vector fields

	3. A Riemann-Roch type formula
	4. A further discussion of the Riemann-Roch type formula
	References

	libgober.pdf
	1. Introduction
	2. Preliminaries
	3. Proof of theorem 1.1
	4. Elliptic surfaces related to Fermat curves
	4.1. Cyclic covers of P1

	5. Abelian varieties, families with higher dimensional bases and some questions
	5.1. Isotrivial abelian varieties.
	5.2. Remarks on isotrivial elliptic threefolds.

	References

	schuermann-yokura.pdf
	1. Introduction
	2. Fulton–MacPherson's bivariant theory
	3. A universal bivariant theory on the category of varieties
	4. A bivariant Grothendieck group K0(V/ Xf Y)
	5. Motivic bivariant Chern and Hirzebruch class transformations
	6. Oriented bivariant theories
	7. A final remark: Classical (co)bordisms and Fiberwise bordism groups
	References

	weber.pdf
	1. Equivariant fundamental class
	2. Equivariant Chern class
	3. Localization theorem
	4. Some calculi of rational functions
	5. Toric varieties
	6. Equivariant Chern class of degree zero
	7. Partial localization
	8. Conical sets in an affine space
	9. Computing equivariant Chern classes without resolution of singularities
	10. Computation of local equivariant Chern class of the determinant variety
	11. GKM-relations
	12. The result for Grass4(C8)
	13. Further directions of work
	References




