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ABSTRACT. This paper is a sequel to [Hell] and [GH17]. In [Hell] a notion of marking
of isolated hypersurface singularities was defined, and a moduli space M*%" for marked
singularities in one pu-homotopy class of isolated hypersurface singularities was established. It
is an analogue of a Teichmiiller space. It comes together with a p-constant monodromy group
G™" C Gyz. Here Gy is the group of automorphisms of a Milnor lattice which respect the
Seifert form.

It was conjectured that M*®" is connected. This is equivalent to G™?" = G7z. Also
Torelli type conjectures were formulated. In [Hell] and [GH17] M**",Gz and G™®" were
determined and all conjectures were proved for the simple, the unimodal and the exceptional
bimodal singularities. In this paper the quadrangle singularities and the bimodal series are
treated. The Torelli type conjectures are true. But the conjecture that G™*" = Gz and
M;e" is connected does not hold for certain subseries of the bimodal series.

CONTENTS

Introduction

Z-lattices with unimodal bilinear form and monodromy
Some Fuchsian groups

Review on the topology of singularities

The group Gz for the bimodal series singularities

The group Gz for the quadrangle singularities
Gauss-Manin connection and Brieskorn lattice

Review on marked singularities, their moduli spaces, p-constant monodromy groups

and Torelli conjectures

Period maps and Torelli results for the bimodal series and Gz 2 G™" for the

subseries
Period maps and Torelli results for the quadrangle singularities

References

2000 Mathematics Subject Classification. 32515, 32540, 14D22, 58K70.
Key words and phrases. p-constant monodromy group, marked singularity, moduli space, Torelli type problem,
quadrangle singularities, bimodal series.
This work was supported by the DFG grant He2287/4-1 (SISYPH). Moreover the first author gratefully
acknowledges support from the JSPS Postdoctoral Fellowship for Research in Japan ID No. PE17702.

120
124
132
137
140
170
173

182
187

202
213


http://dx.doi.org/10.5427/jsing.2018.18i

120 FALKO GAUSS AND CLAUS HERTLING

1. INTRODUCTION

We dedicate this paper to the memory of Egbert Brieskorn. It has its roots in work which the
second author, Claus Hertling, had done as a student of Brieskorn in Bonn in the early 90’s.

1.1. Reminiscences of the second author. Prof. Dr. Egbert Brieskorn accepted me as a
diploma student in the spring of 1989. On March 10 and 13, 1989, he gave two full days (Friday
+ Monday) of lectures for his new diploma students (including me) and doctoral students. I still
have his handwritten manuscript of 52 pages. There he introduced us to isolated hypersurface
singularities. He talked about the Jacobi algebra, the universal unfolding with its discriminant,
the Milnor fibration, its monodromy, local systems and integrable connections and systems
of regular singular linear differential equations in general, his own work on the Gauss-Manin
connection and especially the Brieskorn lattice, and the mixed Hodge structure which it induces.
He strongly recommended to read [AGV88], [SaM89] and [SS85]. He proposed to me to work on
the moduli of singularities using the Gauss-Manin connection.

I followed his advice in my diploma thesis and my doctoral thesis and beyond the doctoral
thesis. The subject developed into a long-going project of mine, which I took up again and
again. The present paper is in some sense a final step of it.

In the doctoral thesis [He93], I formulated the global Torelli type conjecture that an isolated
hypersurface singularity is determined up to right equivalence by its Brieskorn lattice together
with the Milnor lattice and the Seifert form (conjecture 1.1 (b) reformulates this conjecture). I
proved it in the doctoral thesis for all unimodal singularities, the exceptional bimodal singulari-
ties, the bimodal quadrangle singularities, and the bimodal series Es .

For the other seven bimodal series, I made in the spring 1993, some months after finishing the
doctoral thesis, long calculations (120 pages) which led to a proof of this Torelli type conjecture
for all series except the three bimodal subseries Sgylo,ﬂ S1,10r, Z1,14r- At that time I thought that
I would never review and publish these results. The paper [He95] recapitulated the main results
of the doctoral thesis and of these calculations for the eight bimodal series, but it did not at all
give all details (only 2.5 pages are devoted to the bimodal series).

Later I constructed a classifying space Dpy, for Brieskorn lattices [He99] and a moduli space
M,,(fo) of the right equivalence classes of all singularities in the p-homotopy class of a reference
singularity fo [He02]. More recently, in [Hell], I defined the notion of a marked singularity, 1
constructed a classifying space M I’Z”"( fo) for marked singularities, and I formulated a Torelli
type conjecture for marked singualarities, which is stronger than the Torelli type conjecture in
the doctoral thesis for unmarked singularities.

The three papers [Hell], [GH17] and the present paper prove the Torelli conjecture for marked
singularities for all singularities with modality 0, 1 and 2. The present paper deals with the
bimodal quadrangle singularities and the eight bimodal series. It comprises the calculations
from the spring 1993 and adds a lot more arguments and calculations, which are necessary for
the marked version.

It is satisfying, that the Torelli type conjectures hold for all singularities with modality 0, 1
and 2. For each family, the interplay between the variations of the Brieskorn lattices and the
automorphism group of the Milnor lattice with Seifert form is fascinating and takes the best
possible shape. I believe that Brieskorn would have liked these positive results and the many
techniques used for their proofs. I thank him for proposing to me in March 1989 to work on the
moduli of singularities using the Gauss-Manin connection. It was a good advice.

1.2. Notions, conjectures and results. In this paper, a singularity is a holomorphic function
germ f : (C"*1 0) — (C,0) with an isolated singularity at 0. Then its Milnor lattice M1(f) = Z*
is the Z-lattice H,,(f~1(7),Z) for some small 7 € R+ for a suitable representative of f. Its Seifert
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form is called L : MI(f) x MI(f) — Z. Its monodromy is called My, : MI(f) — MI(f). The
automorphism group of the Milnor lattice with the Seifert form is Gz(f) := Aut(MI(f),L). It
will play a predominant role in this paper.

This paper is a sequel to [Hell] and [GH17]. In [Hell], a strongly marked singularity (f, p)
and a marked singularity (f, £p) are defined. Here one has to fix first a reference singularity fj.
Then f is in the p-homotopy class of fy, i.e. a p-constant family of singularities exists which
contains fo and f. And p : (MI(f),L(f)) — (MU(fo),L(fo)) is a chosen isomorphism. Two
singularities f; and fo are right equivalent if a coordinate change ¢ with f; = f2 0 exists. Two
strongly marked singularities (f1,p1) and (fa, p2) are right equivalent if a coordinate change ¢
with fi = fa o and p1 = p2 © (Q)hom exists, where (©)pom : MI(f1) — MI(f2) is the induced
isomorphism.

In [He02] a moduli space M, (fy) for the right equivalence classes of all singularities in the
p-homotopy class of a reference singularity fy was constructed as an analytic geometric quotient.
In [Hell], this construction was enhanced to the construction of moduli spaces MZ[“”'( fo) and
M (fo) of marked and strongly marked singularities. Here M;™"(fy) is Hausdorff and an
analytic space only if assumption (8.1) or assumption (8.2) holds.

Assumption (8.1): Any singularity in the p-homotopy
class of fp has multiplicity > 3.

Assumption (8.2): Any singularity in the p-homotopy
class of fp has multiplicity 2.

We expect that one of them holds for any p-homotopy class of singularities. This would be an
implication of the Zariski multiplicity conjecture. But that is not proved in general.

But M Z]“"( fo) is Hausdorff and an analytic space, independently of these assumptions. Lo-
cally it is isomorphic to the p-constant stratum S,(f) of a singularity in the base space of
a universal unfolding of that singularity. The group Gz(fo) acts properly discontinuously on
M7 (fo). The quotient is M7 (fo)/Gz = M(fo). Therefore a neighborhood of [f] in M, (fo)
is isomorphic to the quotient of S, (f) by a finite group. M]**"(fy) can be considered as a Te-
ichmiiller space for singularities, in analogy to the Teichmiiller spaces for closed complex curves.
It can also be considered as a global p-constant stratum, simultaneously for all singularities in
one p-homotopy class.

The papers [Hell], [GH17] and this paper determine M*"(fo) for all singularities with
modality 0, 1 and 2. The second column of the following table (1.1) gives their isomorphism
classes.

Singularity family M (fo) Dgr(fo)

ADE-singularities point point

simple elliptic sing. H H

hyperbolic sing. C C

exc. unimodal sing. C C (1.1)
exc. bimodal sing. C? C?

quadrangle sing. (H — (a discrete set)) x C H x C

the 8 series, for m fp C*xC CNsr

the 8 subseries with m|p oo many copies of C* x C H x CN5z
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Here the eight series and the respective numbers m are given in the following table (1.2).
Here p € Z>;.

; # #
Series Wl,p SLP Ul)p E37p Zl,p Qz)p Wl’p Sl)p

m 12 10 9 18 14 12 12 10 (12)

One sees that M"(fy) is simply connected for all singularities with modality 0 and 1 and
for the exceptional bimodal singularities. For the quadrangle singularities and the series with
m /|p, it is connected, but not simply connected. And for the subseries with m/|p, it is not
even connected, but has infinitely many components. This last result is a counterexample to
conjecture 3.2 (a) in [Hell], which said that M*"(fo) should be connected.

In [Hel1], also two subgroups G*™"(fy) and G™"(fo) of Gz(fo) were defined. G*™"( f,) was
defined as the subgroup which is generated by the transversal monodromies of all p-constant
families which contain fy. Here the transversal monodromy of a p-constant family fi, ¢t € T,
with fio = fo is the representation 71(7T,t°) — Gz(fo) which comes from the local system
Uier MI(ft). Then G™(fo) is the group generated by G*™*"(fy) and —id. A rough way to
talk about this description is to say that the elements of G*™*"(f,) are of geometric origin.
G™"(fp) can also be characterized as the subgroup of Gz which maps the component (M, ZZ“")O
of M™"(fy), which contains [(fo, +id)], to itself. This last characterization gives

Gz(fo)/G™ (fo) % {components of M (fo)}. (1.3)

In view of this, M;"*"(fo) is connected if and only if Gz(fo) = G™*"(fo). By table (1.1), this
holds for all singularities with modality 0, 1 or 2 except the eight subseries with m|p. Obviously, it
is important to control Gz(fo). This was the major task in [Hell] and [GH17] for the singularities
considered there, and it takes approximately half of this paper for the singularities considered
here, the bimodal series and the quadrangle singularities. The rough outcome in all cases is
that the pair (MI(fy), L) is surprisingly rigid and that Gz(fo) is surprisingly small. The next
table (1.4) gives more information on Gz(fy) for all singularities with modality 0, 1 and 2. Here
My, € Gy is the classical monodromy. It commutes with all elements of Gz. The only families
in table (1.4) where {=M} |k € Z} is not finite, are the hyperbolic singularities Tp;-.

Singularity family Gz(fo)/{EMF |k € Z}

ADE-singularities {id} or Ss or S3

simple elliptic sing. a finite extension of SL(2,7Z)

hyperbolic sing. a finite group

exc. unimodal sing. {id} or S3 or S3 (1.4)
exc. bimodal sing. {id} or Sy or S5

quadrangle sing. a triangle group

the 8 series, for m fp a cyclic finite group

the 8 subseries with m|p an infinite Fuchsian group

[Hell] treats the ADE-singularities and 22 of the 28 exceptional (unimodal and bimodal)
singularities. [GH17] treats the other 6 exceptional singularities, the simple elliptic singularities
and the hyperbolic singularities. The present paper treats the quadrangle singularities and the
8 series.

In the case of the eight subseries with m|p, G™*"(fy) is the finite subgroup of the infinite
group Gz(fo) such that G™"(fo)/{£M} |k € Z} is the finite cyclic group which is generated
by one elliptic element.

If the p-homotopy class of fy contains at least one singularity with multiplicity two, then
—id € G*™"(fy) and G*™"(fy) = G™*"(fp). Conjecture 3.2 (b) in [Hell] complements this.
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It claims that —id ¢ G*™"(fp) if assumption (8.1) holds. This is true for all singularities with
modality 0, 1 and 2. For the bimodal series and the quadrangle singularities, it is proved in this
paper.

In [He99] the second author defined a classifying space Dpr(fo) for Brieskorn like lattices
(i.e. for objects which are sufficiently similar to the Brieskorn lattice H{J(fo), see section 7
before theorem 7.11 for details). The group Gz(fo) acts properly discontinuously on it. The
elements of Dpr(fo) are marked Brieskorn like lattices, and the elements of Dpr(fo)/Gz(fo)
are isomorphism classes of Brieskorn like lattices. One obtains a holomorphic period map

BL : M7 (fo) = Dir(fo)- (1.5)

By [He02, Theorem 12.8] it is Gz(fo)-equivariant, and it is an immersion (this fact is an infini-
tesimal Torelli type result). Now the following Torelli type conjectures are natural. Part (a) is
for marked singularities. Part (b) recasts the Torelli type conjecture in [He93]. Part (a) implies
part (b).

Conjecture 1.1. (a) [Hell, Conjecture 5.3] The map BL is injective.
(b) [He93, Kap. 2 d)] The map BL/Gz(fo) : M, (fo) = Dpr(fo)/Gz(fo) is injective.

Theorem 1.2. ([He93|[Hell][GH17] and the theorems 9.1 and 10.1 in this paper) Both Torelli
type conjectures are true for all singularities with modality 0, 1 and 2.

The proofs have in almost all cases two parts:

(1) A good control of an (often multivalued) period map T" — Dpr(fy), where T is the
parameter space of a well chosen family of normal forms.
(2) A good control of Gz(f) and its action on M**"(fy) and Dpr(fo)-

In all cases, (1) is less work than (2). For the ADE-singularities, (1) is empty as there T is a
point, but (2) is not.

Part (b) of conjecture 1.1 was proved in [He93] for the unimodal and bimodal singularities
except seven of the eight series. For the seven series, the second author had unpublished cal-
culations shortly after [He93]. But for technical reasons, part (b) stayed open for the subseries
S§,10r7 S1.10r, Z1,14r- [He93] and these unpublished calculations give (1) and a part of (2).

In view of these old results, the major point in [Hell], [GH17] and in this paper is (2). But
also some refinement of (1) is needed in the case of the singularities in this paper. The refinement
is used for a better control of the transversal monodromy of the family of normal forms.

Finally, the conjecture Gz(fo) = G™*"(fy) is probably wrong in general as it is wrong for
the subseries with m|p. But for all singularities with modality 0, 1 and 2 except the eight
series, the Torelli result for marked singularities and (1.3) require Gz(fo) = G™"(fo) to be true,
as BL is an immersion and there dim M;"‘”(fo) = modality(fo) = dim Dpr(fo). And there
Gz(fo) = G™(fo) holds indeed. For the eight series, dim Dpr,(fo) > dim M (fo), so there
is enough space in Dpy, for infinitely many copies of (M " ( fo))°.

Open questions are now how to control the subgroup G™"(fy) C Gz(fo) in general, and how
to attack the Torelli conjectures in greater generality. For the second question, we plan to thicken
M (fo) to a p-dimensional F-manifold M™"(fo) which is locally at each point of M " (fo)
the base space of a universal unfolding. Then we will try to embed the Torelli type conjecture
for M7" into a family of Torelli type conjectures for all the y-homotopy strata of multigerms
of singularities in M™?"( fy). We hope that this global point of view and the different geometry
there with Stokes structures will give us new techniques. But this is a hope for the future.

1.3. Structure of the paper. Section 2 is a collection of techniques which are useful to
control the automorphisms of a pair (A,L) or a pair (A, M) where A is a Z-lattice, L is a
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unimodular bilinear form and Mj, is an automorphism of finite order. We define Orlik blocks and
study their automorphisms (lemma 2.8 will be very useful), and we cite classical algebraic facts
on unit roots ¢ and the rings Z[(]. All this is needed for the control of Gz(fy) in the sections 5
and 6.

Section 3 discusses infinite Fuchsian groups which arise as subgroups of groups GL(2,Z[(])
with ¢ a unit root. They are in fact arithmetic Fuchsian groups. But our treatment is essentially
self-contained. Solutions of Pell equations with coeflicients in Z[(] play a role. For the quadrangle
singularities, we need a precise analysis of some of these groups. They are certain triangle groups.

Section 4 recalls some classical notions and facts around singularities: Milnor fibration,
Milnor lattice MI(f), monodromy My, Seifert form L, Coxeter-Dynkin diagram, Stokes matrix,
Thom-Sebastiani type results, suspension, polarized mixed Hodge structure on Hg°, its polarizing
form.

Section 5 is long. It studies Gz(fy) for the eight bimodal series. Theorem 5.1 states the
results. We start with a distinguished basis of the Milnor lattice with Coxeter-Dynkin diagram
in [Eb81]. We calculate the monodromy M, and find 2 or 3 (3 only for Z; ;) Orlik blocks whose
direct sum is of index 1 or 2 in M(fy). Then Gz(fp) is studied using these Orlik blocks and their
rigidity and the results from the sections 2 and 3. A lot of calculations are needed, the different
series behave differently. The singularities in the families Q2 p, Wi 6s—3, 51,10 need special care.

Section 6 gives similar results for Gz(fo) for the quadrangle singularities. Theorem 6.1 states
the results. Many, but not all, calculations and arguments in section 5 are also valid in section
6. Therefore this section is much shorter.

Section 7 gives a rather complete account on the Gauss-Manin connection and the Brieskorn
lattice H{/(f) of a singularity f. It does not rewrite the proofs in [Br70] and other papers, but it
cites almost all known results. A highlight is the treatment of the bilinear forms. The polarizing
form of the polarized mixed Hodge structure is connected with the restriction of K. Saito’s higher
residue pairings to H{(f) and with Pham’s intersection form for Lefschetz thimbles. We need
the Fourier-Laplace transform FL(H{/(f)) for a Thom-Sebastiani formula for Brieskorn lattices.
We need this in the special case of a suspension f(zo,...,2n) + Z%H because we want to treat
the suspensions in a more conceptual way than in [He93][Hell][GH17].

Section 8 reviews the notions and results from [Hel1], the (strongly) marked singularities and
their moduli spaces M;™"(fo) and M]**"(fo), the u-constant monodromy groups G*™"(fo) and
G™"(fy), and the Torelli conjectures. Corollary 8.14 is an application of the Thom-Sebastiani
result for F'L(H{(f)) in section 7 and states that the marked Torelli conjecture for fj is equivalent
to the marked Torelli conjecture for fq(zo0, ..., 2n) + Z:n:n 417 for any fixed m > n + 1. This
allows us to consider in the sections 9 and 10 only the surface singularities.

Section 9 proves the marked Torelli conjecture for the bimodal series (theorem 9.1). It
establishes the good control (1) of the multivalued period map T'— Dpr.(fo) where T = C* x C
is the parameter space of normal forms in [AGV85]. Theorem 5.1 provides crucial information
on Gz(f())

Section 10 proves the marked Torelli conjecture for the quadrangle singularities (theorem
10.1). It starts with a careful choice of normal forms with parameter space T'= (C—{0,1}) x C.
It establishes the good control (1) of the multivalued period map T" — Dpr(fy). Theorem 6.1
provides crucial information on Gz(fo).

2. Z-LATTICES WITH UNIMODAL BILINEAR FORM AND MONODROMY

This section provides tools for the study of the Milnor lattices with Seifert form and monodromy
for the bimodal series and the quadrangle singularities, in the sections 5 and 6. These lattices
turn out to be quite rigid and to have rather few automorphisms. This is important for the global
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Torelli results in the sections 9 and 10. This section puts together elementary, but nontrivial
observations about Z-lattices with a unimodal bilinear form and an (induced) monodromy.

Let A be a Z-lattice of rank p € Z>1, i.e. a free Z-module of rank p. Let L : A x A — Z be
a unimodal bilinear form, i.e. for any basis d1,...,0, we have det(L(d;, ;)i j=1,.. ) = £1. We
do not suppose that L is symmetric or antisymmetric. Let M} : A — A be the automorphism
which is uniquely determined by

L(Mp(a),b) = —L(b,a)for a,b € A. (2.6)
We call L the Seifert form and My, the monodromy. (2.6) implies
L(Mn(a), My (b)) = L(a,b), (2.7)

i.e. L is Mp-invariant. We make the assumption that
My, is finite, (2.8)
i.e. Mjp is semisimple and its eigenvalues are unit roots. Then the characteristic polynomial pa

of My, is a product of cyclotomic polynomials.

Notations 2.1. (a) For any subring R C C denote Agr := A ®z R. For any monodromy
invariant subspace V' C Ac denote by E(V) C S! the set of eigenvalues of My on V and by py
its characteristic polynomial. For A € E(V') denote Vy := ker(M}, — Xid : V — V) C V. For

any monodromy invariant sublattice A(Y) € A write E(A(l)) = E(A((Cl)) and pya) == p, ) and
A(Al) = (A((Cl)),\. For any product p € Z[t] of cyclotomic polynomials with p|p,a) denote

AL = @B AV andAl =AY N AW, (2.9)
A: p(A)=0

Then Aél) is a primitive and monodromy invariant sublattice of A().

(b) Recall that a sublattice A1) of A is primitive (in A) if and only if A/A™) has no torsion.
Recall also that for any sublattice A2) C A there is a unique primitive sublattice A®) with
AY =AY, that it is A®) =AY N A and that [A®) : A®)] < oo,

(¢c) For n € Z>1, the cyclotomic polynomial ®,, is
o, = J[ @¢-N.
Arord(A)=n
It is unitary, in Z[t] and irreducible in Z[t] and Q[t].
(d) We define the square root on S! — {1} by Ve2mia .= e™* for o €] — 1, 1.

Lemma 2.2. (a) Let A € E(A) — {1}. Then the sesquilinear (i.e., linearx semilinear) form
h,\ZA,\XA)\—>(Cwith

ha(a,b) := v=X- L(a,b) (2.10)
is hermitian, i.e. hy(b,a) = hy(a,b). Especially, /—X-L(a,a) € R. Together, these forms define
a hermitian form h := @)\GE(A)f{l} hy.

(b) Let V. C Ac be a monodromy invariant subspace with 1 ¢ E(V). The following two
properties are equivalent.

() h|y is positive definite. ~ ~
(B8) The hermitian form on V defined by (a,b) — L(a,b) + L(b, a) is positive definite.
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Proof: (a) For a,b € V),
V=A-L(b,a) = —V=X-L(Mp(a),b)=—vV—X-X-L(a,b)
= \/j-L(a,B) =vV=X-L(a,D).
(b) Consider some A € E(V). Observe v/—\ + V=X>0and for a,b eV
L(a,b) + L(b,a) = L(a,b)+ L(b,a)
= VX ha(a,b) + V—r-hy(b,a)
= (V-x+ V=) - hy(a,b). O

Remarks 2.3. (i) The surface singularities considered in this paper do not have 1 as an eigen-
value of their monodromy. Therefore we do not treat the case A = 1 here.

(ii) Part (b) of lemma 2.2 connects to the polarization of the polarized Hodge structure of
these surface singularities and rewrites it in different ways. () is the classical way, with —L — L*
on Ag as intersection form and L+ L! as polarizing form. And () is the way used in the sections
3, 5 and 6.

In 1972 Orlik formulated the beautiful conjecture 2.5 below on the integral monodromy of
quasihomogeneous singularities [Or72]. It is known to be true for the quasihomogeneous curve
singularities [MW86] and for the quasihomogeneous singularities with modality < 2 [He95]. But
it is open for most other quasihomogeneous singularities.

A key observation for the treatment of the Milnor lattices of the bimodal series singularities
and the quadrangle singularities is that they all have a structure close to Orlik’s conjecture. The
following definition gives the ingredients.

Definition 2.4. Let (A, L, M) be as above. An Orlik block is a primitive and monodromy
invariant sublattice A(Y) ¢ A with A 2 {0} and with a cyclic generator, i.e. a lattice vector
e € A with

deg Py —1

AV = Pz MeW). (2.11)
7=0

Conjecture 2.5. [Or72, conjecture 3.1] Let (A, My) be the Milnor lattice with monodromy of
a quasihomogeneous singularity. Let k := max(dimAy|X € E(A)). Then a decomposition

A= @?:1 A®) into Orlik blocks AV, ..., AR with PaG+ [Py for 0 < j < k exists.

Remarks 2.6. (i) A cyclic monodromy module has only one Jordan block for each eigenvalue.
In this paper M}, is semisimple. Therefore in an Orlik block, each eigenvalue has multiplicity
one.

(ii) In Orlik’s conjecture 2.5, the polynomials paq),...,pak are unique. They are

PAG) = II (t—\) forj=1,...,k (2.12)
AEE(A):dim Ax>j

(i) In the sections 5 and 6, we will work most often with two Orlik blocks A" and A(?) such
that A + A® = AM ¢ A and that it is either equal to A or has index 2 in A and such that
LA, A®) = L(A®), AM) = o,

(iv) In all cases in section 5 with [A : A1) @ A®)] = 2 except Si 10, we will show
Aut(A, L) = Aut(AD & A®) | L), (2.13)
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In many of these cases, there is an element ~y5 € Agﬁ — {0} which is mapped by any element
g of Aut(A, L) U Aut(AM @ AP L) to +v5 and such that

AV @ AP = {a e A|L(a,vs) € 2Z}. (2.14)

Then any g € Aut(A, L) maps A @ A® to itself, so Aut(A, L) C Aut(AM & AP L).

If this inclusion C holds, the following argument shows that Aut(A, L) is either equal to or a
subgroup of index 2 in Aut(A(Y) @ A®) L). Unfortunately it looks hard to exclude the second
case. Therefore in section 5 we show the equality (2.13) in a different (and more laborious) way.

Let A ¢ Ag be the unique lattice such that

L:AO x (AD @ A®) 57
is unimodal. Then A® > A 5 AM @ A® and [A(®) : A] = 2 and
Aut(AD @ AP L) = Aut(AD, L).

1st case, A0 /(AWM GAR)) = Z/47. Then A is the unique lattice between A(®) and A @A)
with [A(®) : A] = 2. Then any g € Aut(A™® @ A®) | L) respects A, so (2.13) holds.

2nd case, A /(A @ A®)) = 7,/27 x 7,/27. Then there are three lattices between A(©)
and A @ A?) with index 2 in A, one for each subgroup of index 2 in Z/2Z x Z/27Z. One
of them is A. Another one is {a € A(®) | L(a,~5) € 2Z}. No element of Aut(A(®), L) maps A to
this lattice. But it looks hard to exclude the possibility that half of the elements of Aut(A(O), L)
map A to the third lattice between A® and A ¢ A@).

(v) If AM) C A is an Orlik block with cyclic generator () and if p,) = py -ps with degp; > 1
and degps > 1, then the sublattice A?) := A}(,ll) is also an Orlik block, and a cyclic generator is

e@ = py(Mp,) (M), (2.15)

(vi) If A®) C A is an Orlik block with generator e(®) and A € E(A(Y)) is an eigenvalue of the
monodromy on A then an eigenvector is

o(e,A) i= P (M) (). (2.16)

And then
L(v(e(l), A), v(e(l) )

= L0, N), L) (D))

Prw -
= L(ﬁ(Mh Ho(

PA) [~
= SO0 (e, ), )

PA) ~ PAG
= SO0 LEES ) (), ), (217)

This calculation will be useful in section 5.

>

g

W0, eM)

The following two lemmata concern automorphisms of sums of Orlik blocks (lemma 2.7) or of
a single Orlik block (lemma 2.8). They will be useful tools in order to show the rigidity of the
Milnor lattices in the sections 5 and 6.

Lemma 2.7. Let (A, My) be as above (we will not need L here, only My,). Let AV ... A®) c A
be Orlik blocks with cyclic generators eV, ... e®) and with

AD 4 1 A®D ZAD g AR,
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Consider an element
ge Aut(AY @ .. e AP My,).

Then there are unique polynomials p;; € Z[t]<rank/\u> fori,g=1,... k with
() Zp (M) (D), (2.18)
Suppose now that pg € Z[t] divides ged(ppa), ..., Pak) and that
g =1id on Ap ) /o for any j, (2.19)

so that g acts nontrivial only on (AN @ ... & A®), . Then

=8ij + pA;) i (2.20)

for suitable polynomials q;; € Z[t] <deg po -
Suppose furthermore that a unit root & satisfies po(§) = 0. Then g with respect to the eigen-

vectors v(el), €) € Aél), (e ) e Aék) (defined in (2.16)) is given by
k

gw(eD, €)= 3§, + p;—( - gi)(€) - v(e®, ) (2.21)

i=1
Proof: Only the part after (2.18) is nontrivial. Suppose that py and g are as stated above.
By assumption

geD)— e € ADg.. @Aw))
k

Pac, @p““ WAL,
i=1

i=1

PpG PG
Thus p;; — d;5 € % - C[t], thus p;; — ;5 € 2? - Z[t] <deg po-
The following calculation proves (2.21).

J _ Paw) j _ Paw g
soe,9) = o (Lm0 ) = B2 0) (e )

k
= ) (Z (&ﬁp;;)- )(th @))

i=1

(511 + Baw '%‘) : ff%) (Mp)(e)

5” + — DA ' 'j) (5) : ’U(e(i),f).

Il
1M 10 11
= [ =

> (
>~ (0 + 2 g5 ) () (w(e,©)
> (

d

Let (A,L,My) be as above, and suppose that A is a single Orlik block. Because of
(2.8) Aut(A,L, M) D {£MF|k € Z}. The paper [Hel8] solves the problem when equality
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Aut(A, L, My) = {£M} | k € Z} holds. It turns out that it depends only on the finite set
Ord := {ord A | A eigenvalue of My} C Z>, (2.22)

of orders of the eigenvalues of the monodromy M}. Though the necessary and sufficient condi-
tions in theorem 1.2 in [Hel8] are involved. They use the directed graph with vertex set Ord
and set of directed edges {(a,b) € Ord? | b is a power of a prime number}. A simpler sufficient
condition (which is sufficient for the cases in this paper) is given in the following lemma. There
the graph is connected and has a root m1, and an additional property holds for the prime number
2. The lemma is cited from [Hell, lemma 8.2], but it goes back to arguments in [He98, ch. 6].

Lemma 2.8. Let (A, L, My) be as above. Suppose that A is a single Orlik block. We make
the following nontrivial assumption on the set Ord: There exist four sequences (M;)i—1,...|Ord |,
(7(9))i=2,.... 0rd|> (Pi)i=2,... Ord|s (Ki)i=2,..., | Ora| Of numbers in Z>1 and two numbers iy, iz € Z>y
with i1 < iy < |Ord| and with the properties:
Ord = {ml,...,m‘ord‘},
p; 18 a prime number, p; = 2 for iy +1 <1 < ig, p; > 3 else,
Jj)y=1—1 fori; +1<i<ig, j(i) <1 else,
mi = mj) /v
Then

Aut(A, L, M) = {£M} |k € Z}. (2.23)

We will need some basic facts for the unit roots ¢ = €2™/™ with m € {10,12,14,18}. The
following theorem 2.9 collects some facts for general unit roots. Theorem 2.10 cites two classical
results on orders in algebraic number fields. Lemma 2.11 puts together some specific properties
for the unit roots of the orders m € {10, 12, 14, 18}.

Theorem 2.9. Fiz m € Z>3 and define ¢ := e*™"/™ p, := ( + .
(a) )
Eiw(¢) := {+C(F|keZ}
= {unit roots in Q(¢)} = {unit roots in Z[(]}
= A{aeZ[]]lal =1}
(b) Z[C] is the ring of algebraic integers of Q(C).
(c) Z[p1] is the ring of algebraic integers of Q(p1). And Q(p1) is the maximal real subfield of

Q(Q).
(d) Q(C) has class field number 1 and thus Z[C] is a principal ideal domain if and only if

m € A; U Ay U Az where

A = {1,3,5,...,21} U {25,27,33,35, 45},
Ay = {2n|n S 141}‘7
Ay = {dn|ne A}, Ag=1{1,2,3,... 12} U{15,21}.

(e) If Q(C) has class field number 1, then Q(p1) has class field number 1 and thus Z[p1] is a
principal ideal domain.

(f) ¢ — 1€ (Z[¢])* if m ¢ {p*|p a prime number, k € Z>1}.

C+1€(ZK)* if m & {2-p*|p a prime number, k € Z>1}.

Proof: (a) [Wa97] lemma 1.6 and exercise 2.3. (b) [Wa97] theorem 2.6. (c¢) [Wa97] proposition
2.16. (d) [Wa97] theorem 11.1. (e) [Wa97] theorem 4.10. (f) [Wa97] proposition 2.8. O
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Theorem 2.10. Let K be an algebraic number field of degree n = s + 2t over Q with s real
embeddings 05 : K = R, j =1,...,s, and 2t complex embeddings 0; : K - C, j=s+1,...,n,
With 0syi1j =051 forj=1,...,t.

(a) [BS66, Ch. 2, 3.1 Theorem 1] Define g := (01,...,051¢) : K — R* x Ct @ R". Any
Q-basis of K maps to an R-basis of R™. Thus the image under o of any order O C K is a lattice
of rank n in R™.

(b) (Dirichlet’s unit theorem, [BS66, Ch. 2, 4.3 Theorem 5]) Let O C K be an order. One
can choose r = s+t — 1 units a,...,a, € OF such that any unit has a unique representation
f-a’f1~...-a’,f" with ki,..., k. € Z and § a root of 1 in O.

Of course, n = p(m) = 2t in the case O = Z[{] C K = Q({), and n = %m) = s in the case
O = Z[p1] € K = Q[py], where ¢ = €*™/™ and p; = ¢ + C.

The unit roots of orders m € {10,12,14,18} are most important in this paper. The next
lemma collects specific properties of Z[(] for these orders.

Lemma 2.11. Fiz m € {10,12,14,18} and define { = e2™ /™ and py = ¢+ C.

Z[¢] and Z[p1] are principal ideal domains (by theorem 2.9 (d)+(e)).
(a) m =10: ®1o(t) =t* — 3+ 12 —t + 1,

Z[)T = Eiw(Q) - Zp:]" > {¢ -1},

Zp ) = {1} x{p¥|keZ} > {p1 —2,p1 — 1,p1,p1 + 1},
5+ 1 . -3 —/B4+1
P = \f2 >Oap3::<3+C3:fT<Oa
Gal(Q(p1) : Q) = {id,p}, ¢ : p1 = p3 = p1,
(x—p)(x—p3) = 2®—ax—Lpi+ps=1 pips=-1, pi =p; + 1.

(b) m=12: ®19(t) =t* — 2 + 1,

ZI(® = Eiw(() - Z[p " U (¢ + 1) - Eiw(() - Z[p]”
= Eiw(() - {(C+D*|ke€Z} D{¢-1,¢+1},
ZIp]* = {£1} x{pi|k € Z} D {p1 — 2,p1 + 2},
po= V3>0p5:=C 40 =-VE<0,
Gal(Q(p1) : Q) = {id,p}, 01 p1 = ps = p1,
(z—p1)(@—ps) = 2*=3,p1+ps=0, pips = =3, pl =3.

—14- _ 46 _ 45 44 43 | 42
ST S e A ol 2l e ol P
(c) m=14: O14(t) =t° —t> +t* —t* +t* -t + 1

Z[C]" = Eiw(() - Z[p1]" D {¢ -1},
Zip]* = {1} x {p"pk | ki ks € Z}
> {p1—2,p1—1,p1,p1 +1},
po> 0, py=CGH >0 psi=C+ <0,

Gal(Q(p1) : Q) {idacpa@Q}aW ‘P17 p3 > ps > p1,
(z—p)(x—p3)(@—ps) = a®—a®—22+1,pi+ps+ps=1,

pipsps = —L,pips=p1 —1,pf = —ps + 2.
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(d) m =18: ®y5(t) =t — 3+ 1,
Z[¢]" Eiw(C) - Z[p1|" 2 {¢ -1},
Zip1|* = {1} x {p}'pk® | kr, ks € Z}

D {p1—2,p1,p1 + 1},
pr > 0, ps ;:§5+Z5<0, p71=C7+Z7<07
Gal(Q(p1) : Q) = {ida%sﬁz}ﬂﬁ ‘P12 P52 P P,
(z—p)(x—ps)(@—pr) = a®=3z—1,p1+ps+p7r=0,
pipspr = Lipips = —ps —L,p; = —pr +2.

Proof: That the index [Z[C]* : Eiw(() - Z[p1]*] is 1 for m € {10,14,18} and 2 for m = 12,
follows from [Wa97, theorem 4.12 and corollary 4.13]. That Z[p1]* is as stated, follows for
m € {10, 14, 18} from [Wa97, theorem 8.2 and lemma 8.1 (a)]. For m = 12 [Wa97, §8.1] is not so
useful, but there the proof of Z[p;]* = {£1} - {p¥ | k € Z} is easy. Everything else is elementary.
(|

Part (b) of the following lemma applies with A = MI(f) and A®) = B, @ B, (see the theorems
5.1 and 6.1) to most of the Milnor lattices in the sections 5 and 6. We will need (2.24).

Lemma 2.12. (a) Let p = [[;c; Pm, be a product of cyclotomic polynomials. Then p(1) = 1(2)
if and only if all m; € Z>1 — {2¥ |k € Z>0}.

(b) Let (A, L, My) be as above (we will not need L here, only My). Let A C A be an
My, -invariant sublattice with [A : AV] = 2. Write

pA = p1-pewith p; = H P
me.J;
and J1 CZsy— {28 |k € Zso}, Jo C {2% |k € Z>o}.
Then Jy # 0, ps # 1, and
A, = Ag,l) for any p with p|ps, (2.24)
[Ap - Ag)] = 2 for any p with pa|p. (2.25)

Proof: (a) Observe @y (t) = 2" +1for k>1and
21 = (@ e 22 2 ), (2.26)

For odd ¢ > 1, the second factor has at t = 1 the odd value gq. Therefore ®,,(1) = 1(2) for any
m with 2¥|m|2¥ - ¢ and 2F # m with ¢ odd.

(b) For an arbitrary element v € A — A1),
A-AD = 4+ AW,

This set is Mp-invariant because A() is My-invariant. Thus for any k € VAS M,’f (v) e A= A,
By part (a) p1(1) = 1(2). Thus py(My)(y) € A — AD) and

pr(Mp)(A =AWy c A — AW,
On the other hand
p1(Mp)(Ay,) = {0} € AW thus A,, ¢ AW thus (2.24).
pr(Mp)(A) < Ay, thus Ay, N (A — AD) £ 0 thus (2.25).
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3. SOME FUCHSIAN GROUPS

Notations 3.1. For any m € Z>3 define ¢ := e?™/™ and p; := ¢ + ¢. The letter ¢ will denote
in this section a primitive m-th unit root. An element of Q(¢) will be written as a or a(¢). Then

a(€) is the image ¢(a) for ¢ € Gal(Q(¢) : Q) with ¢(¢) = &.

a b
Any element A = (c d

which is an automorphism of P!C. The limit set L(I') C P'C of a subgroup I' C GL(2,C) is
[Le64, I11 1B]

) € GL(2,C) acts on P'C by the linear transformation z gjis,

L) = {z€P'C|3 2 €P'C and I a sequence of different
elements v; € T with v;(z9) — z}.
A subgroup I' C GL(2,C) and the induced subgroup of PGL(2,C) are called Fuchsian if T' maps
a certain circle C C PIC to itself and L(I') C C. By a theorem of Poincaré [Le64, III 31|, a
subgroup I' € GL(2,C) is Fuchsian if it maps a certain circle C' C P'C to itself and is discrete
in GL(2,C).
In the sections 5 and 6 we will encounter Fuchsian groups which arise in the following way.

Theorem 3.2. Let m € Zs3, ¢ = e2™/™ py :=(+(, and w = w(¢) € Q(¢) with

w(¢) >0 (thus w(¢) = w(C) € Qp1)), (3.1)
w(€) <0 for any primitive m-th unit root & ¢ {¢, (}. (3.2)
Then the matriz group
I':={AeGL(2,Z[(]) ] (_1 O) =A' (‘1 0) A} (3.3)
0 w 0 w
is an infinite Fuchsian group. It preserves the circle
C={zeC||z]* =w}). (3.4)
The map
{(a,¢,8) € Z[C)* x Biw(¢) | |a|* =1 =w-|¢|*’} = T
(a,6,0) > A= (‘CL e 5) (3.5)

is a bijection (here Eiw(¢) = {C* | k € Z}, see theorem 2.9 (a)).

Proof: The matrix (_01 3)) defines an indefinite hermitian form on C2. The isotropic lines

are C - (i) with z € C. Therefore any matrix A € I' maps C to itself.

The matrix equation which defines I" can be spelled out as follows,

-1 0 . a c -1 0 a b
0 w o b d 0 w/\e d
—aa +wce  —ab + wed
—ab+wed —bb+wdd)
The determinant ¢ = det A = ad — be is in Z[(] and has absolute value 1, so it is in Eiw({) by
theorem 2.9 (a). The equations above give
ad = a(ad —bc) = (wee+ 1)d — (wed)e = d, (3.7
wed = weé(ad —be) = (ab)a — (aa — 1)b =b.

(3.6)
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This yields the bijection (3.5).
The defining equation
[a(Q))” =1 =w(Q) - |e()P (3.8)
for the pairs (a(¢),c(¢)) € Z[¢]? on the left hand side of (3.5) is in the case (a,c) € Z[p;1]? and
w(C) € Z[p1] a Pell equation. We obtain the inequalities

0 < Je(Q)P = w(¢)" (lalQ)P — 1),

(@) > 1 (39
and
0 < |e(OF = (~w(©) (1~ la(§)*) < (~w(€) ™,
la(¢€)] < 1for any primitive m-th unit root & ¢ {¢,(}. (3.10)

I' maps C to itself. Therefore by Poincaré’s theorem, it is a Fuchsian group if it is a discrete
matrix group. This holds if the set

Py ={a€z[¢]|3 ceZ] with |a]2 — 1 = w-|c[2}

intersects each compact set K C C in a finite set.
The embedding ¢ : Q(¢) — R¥(™ from theorem 2.10 (a) maps Z[(] to a lattice in R¥("),
Because of (3.10), it maps Py N K to a subset of

o) N (K x {2 € C| |z < 1#/27)

This is a finite set. Therefore I' is a Fuchsian group.
The next lemma shows that the set P; and the group I' contain infinitely many elements. [

Lemma 3.3. Let m € Z>3, ¢,p1 and w € Q(p1) be as in theorem 3.2. Then the set
Py :={(a,c) € Zp]|a* =1 =w-c?} (3.11)
contains infinitely many pairs. If w € Z[p1], then Py contains pairs (a,c) with w|(a — 1).

Proof: If w = w - u? for some u € Z[p;] — {0} then a pair (a,¢) € Z[p1)? with a®> — 1 =@ -2
induces a pair (a,c) = (a,¢ - u) in Py. Therefore we can suppose w € Z[p].

We will now construct infinitely many units in Z[v/w,p1]* — Z[p1]* and from them infinitely
many pairs (a,c¢) in Ps.

The algebraic number field Q(v/w, p1) has degree p(m) over Q and two real embeddings and
w(m) — 2 complex embeddings, because of (3.1) and (3.2). By Dirichlet’s unit theorem (theorem
2.10 (b)), the unit group Z[v/w, p1]* of the order Z[\/w, p1] in Q(v/w,p1) contains a free abelian

m)—2 m
group ofrank2+%_1: %_

The unit group Z[p;]* contains only a free abelian group of rank @ — 1. Therefore infinitely

many units a; + y/wey € Z[y/w, p1]* with a; # 0 and ¢; # 0 exist. Then also a1 — Jwey,

(a1 + Vwer)? = (a3 +we?) + Vvw(2aic1) =: ay + Vwes,
andh = (a3 + vwer)(ar — Vwer) = ad —wed
are units, h being in Z[p;1]*. Then
az ¢
(a3, c3) = (fa f) S (3.12)
because
a3 —wei = 2(a2 — wed) = h % (ay + Vwes)(az — Vwes)

b=
h™2%(a1 + vwer)* (a1 — Vwey)? = 1.
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Only finitely many units a; ++/wc; can give the same pair (ag, c3). Therefore there are infinitely
many pairs (as,cs) in Ps.
For the last statement, suppose that (a4, c4) € Py with ¢4 # 0. Then the pair
(a5,¢5) := (a] + wci, 2a4cq)

is also in Py,
2

ai —wc: = (as + Vawes)(as — vwes)
= (as + Vwes)*(ag — Vwes)? = (af —wed)® = 1.
And it satisfies w|(as — 1) because of
as —1 = a3 +wc —1=2wcl.
O

Remarks 3.4. (i) The equation a? — 1 = wc? is for w € Z[p1] a Pell equation. A generalization
of lemma 3.3 is theorem 3 in [Sch06].

(ii) The notion of an arithmetic Fuchsian group is defined in [Sh71, ch 9.2]. The group I in
theorem 3.2 is in fact an arithmetic Fuchsian group. This would follow immediately from [Ta75,
theorem 2], if it were clear a priori that I' is a Fuchsian group of the first kind, i.e. a Fuchsian
group with limit set L(T") = C. Tt follows with some work from a comparison of the data in
theorem 3.2 with the data in [Sh71, ch. 9.2].

(iii) The five triangle groups below in theorem 3.6 are arithmetic triangle groups. They are
in the list in [Ta77, theorem 3] of all 85 arithmetic triangle groups.

(iv) Theorem 3.2 and lemma 3.3 will be used in the steps 2 and 4 in the proof of theorem 5.1
on the groups Gz for the bimodal series.

Remarks 3.5. (i) The triangle groups below in theorem 3.6 will arise in theorem 6.1 as quotients
of the groups Gz for the quadrangle singularities.

(ii) There the first six of the eight elements w(¢) in table (5.72) in the case r = 0 will be used.
So here W1 g and S19 are seen as 0-th members of the series Wlﬁ)p and Sg’p, not the series W1,
and Sy p.

(ili) Using the notations and formulas from lemma 2.11, the first six of the eight elements
w(¢) in table (5.72) in the case r = 0 can be written as follows. In the case Uy o we change from
m =9 to m = 18, so below ¢ = €2™/18 for E3 o and U, q.

Wio s w0 = G = g Y
Sto ¢ w(() = ﬁ =1-2p.

Uo : w(() = m =1-pi(p1 +2).

Esp : w(() = (1011(22)_(;)11)1) =(2-p1)* pilp1 +2).
Zio : w(() = _%5 =1-(=ps) ' =1-(m—1).

Qo w(@)=2"P— @ p).

. 3.13
p1+1 p1+1 ( )
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(iv) In theorem 3.2 one can replace w by w := w - ww for any u € Z[(]*. The group I" for w
and the group I for w are isomorphic, and the triples in (3.5) are related by

(@,¢,0) = (a,c-u~",0).

We can choose u such that w is simpler to work with than w. In the products for w in (iii), the
left terms are of the form ww for a suitable unit v € Z[(]*. The right terms are w. We will work
with the terms w in theorem 3.6.

Theorem 3.6. The image in PGL(2,C) of the group I" in theorem 3.2 for the following values
of m and w

W0 Si0 | Eso & Ui | Z1yo Q2.0
m | 12 10 |18 14 12 (3.14)
w | 2pi(p1+2) | 2p} | pi(p1+2) | (=ps)™ ' | (1 +1)7!

is a Schwarzian triangle group of the following type:

W0 S10 Eso0 & Uiy

Zl,O Q2,0
(2,12,12) | (2,10,10) | (2,3,18) (3.15)

(2,3,14) | (2,3,12)

Proof: The proof has three steps. In step 1, we will present two matrices A; and As in T’
whose images in PGL(2,C) are elliptic and generate in each case a Schwarzian triangle group
of the claimed type. We will prove this. In step 2, we will show that no matrix in I" is closer to
A; than As. This will be used in step 3 to prove that the images in PGL(2,C) of A; and A,
generate the image of ' in PGL(2,C). The steps 1 and 3 together give theorem 3.6.

Step 1: One checks easily with (3.5) that the following matrices A; and A, are in T.

Ay = (8 ?) for all 5 cases. (3.16)
, _(p1+2 —2pi(p1+2) _
WI,O : A2 = 1 —(p1 + ?2)) 7det A2 = 17
Dp1 —2pi¢
Sio A= (CF 10) det Ay = —
1,0 2 1 _(<+ 1)171 ,de€ 2 <7
. _(p1+1 —pi(p1+2) _
E370 & Ul,O : A2 = 1 —(p1 + 1) ,dlet A2 = ]., (317)
1 (g
ZI,O . A2 :pl(l - <3) : (1 ( f)f) ) 7det A2 = C37
) _(¢+1 —C _
Q2,0 : Ay = (p1+1 _(<+1)>,detA2_ C.

A matrix A € GL(2,C) is elliptic if its eigenvalues \; and A\q satisfy i—f € St Let (zlj> be

an eigenvector with eigenvalue A; for j = 1,2 (possibly z; = 0 and 22 = 00). Then the linear
transformation of A is a rotation around the fixed point z; with angle a(A) = arg i—f ForAel
elliptic we number the eigenvalues A1, Ay such that |21] < |22|, so then |21]?> < w and 2; is in the
interior of the circle C'. One sees in all 5 cases

[\

(A1) = 1de(A4) = Ca(Ar) = = (3.18)

tI'(AQ) = 0,0é(AQ) . (319)
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The following table lists for the product A; A, the eigenvalues A1, Ao and the angle a(A4;As).

)\1 )\2 «
we & & %
S , C C =T
Elz«:?) & Uypo (8 2 % (3:20)
2170 ’ 2i/6(2  o2mi/6(2 ;%w
Q2,0 ¢t ¢ ="

Therefore the images of A; and Ay in PGL(2,C) generate a Schwarzian triangle group of the
type in table (3.15) [Le64, VII 1G].

Step 2: Write Ay = az by and write A = (¢ b for any A € T.
co2  dy c d
Claim 1: Any A € T" with ¢ # 0 satisfies |a| > |ag|.

The proof consists in making the proof of theorem 3.2 more constructive.

First we look for candidates f € Z[p1] of |a|?> which are compatible with the inequalities
(3.9) and (3.10) and which satisfy f < |az|>. Then we will show that these candidates are not
compatible with the equality |a|?> =1+ w - |¢|?.

Denote by

o® = (o}, ... 70’5("1)/2) :Q(py) — R¥(™)/2

the tuple of the embeddings O'JR : Q(p1) = R. Then o®(Z[p1]) is a Z-lattice in R¥("™)/2, The
candidates are the numbers f = f(p;) in Z[p;] with

() e 1, agl? x ]0,1[Ptm)/2L, (3.21)

This follows from the inequalities (3.9) and (3.10). With sufficient numerical precision of the
numbers p; in lemma 2.11, it is easy to find these candidates. They are as follows.

Wio + f(p)=a-14+8-p1,(a,8) €{(2,1),(4,2),(6,3)}.
Sio ¢ flp1)=a-1+8-p1,(a,8) €{(2,2),(2,3)}.
Eso & Uy : 0.
Zio 0.
Q20 : 0.
All these candidates will be excluded with the help of the condition
Norm(|a|*> — 1) = Norm(w - |¢|?) = Norm(w) - Norm(|b|?).
Here the norm is the norm in Q(p;) and Z[p;] with values in Q respectively Z.

The case Wi o: Norm(w) = —12, Norm(1l + p1) = —2, Norm(3 + 2p;) = —3,
Norm(5 + 3p1) = —2.

The case Si9: Norm(w) = —4, Norm(1 4 2p;) = —1,Norm(1 + 3p;1) = —5.
Step 3: It is sufficient to show the following claim 2.
Claim 2: For any matrix As € I’ with ¢3 # 0, a number k € Z exists such that the product

_ b —kp,
Ay = As - ATF Ay Ak = <Z§ dj,) <sz2 Cdz 2) (3.22)

satisfies

lea] < |esl, here ¢4 = czas + CFdses. (3.23)
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We can choose k£ € Z such that

T

B = |arg(csas) — arg(—¢Fdsey)| < — (3.24)
Observe
-1

S G o e

lesaz|? T leP1, 21— las|—2" (3.25)
. wi@ ol ?

The trivial inequality 1—|az| =2 < 1 and the inequality |a3| > |az| from step 2 give the inequalities
(1—az|~?) [esaz]® < [¢Fdseal? < [ezasl®. (3.26)

Observe also

V1 —laz|72 < cos z (3.27)
m

Therefore
lea] = |esaz]?(sin B) + (|esas| cos B — |dsca|)?
< JesanP(sin 24 (1= VT a2l %) fesasf
= Jesl? - Ja? ((sin T+ (1-vi- a2|2)>2)
D el (3.28)
(2 follows in all 5 cases by an explicit calculation. (I

4. REVIEW ON THE TOPOLOGY OF SINGULARITIES
In this section, we recall some classical facts about the topology of singularities, and we fix some
notations.

An isolated hypersurface singularity (short: singularity) is a holomorphic function germ
f:(C"*1 0) — (C,0) with an isolated singularity at 0. Its Jacobi ideal is

J(f) = <8f of ) C Ognir p.

dxg’ " Oy,

Its Jacobi algebra is Ocn+1 o/ J(f). Its Milnor number p := dim Ogn+1 o/ J(f) is finite. For the
following notions and facts compare [AGV88] and [Eb07]. A good representative of f has to be
defined with some care [Mi68][AGVS8S|[Eb07]. Tt is f : X — A with A = {7 € C||7| < §} a
small disk around 0 and X = {z € C"™!||z| < e} N f71(A) for some sufficiently small £ > 0
(first choose ¢, then §). Then f: X’ — A’ with X’ = X — f~1(0) and A’ = A — {0} is a locally
trivial C°°-fibration, the Milnor fibration. Each fiber has the homotopy type of a bouquet of u
n-spheres [Mi68].
Therefore the (reduced for n = 0) middle homology groups are

Hr(fed)(f_l(r),Z) ~ 7+ for 7 € A'. Each comes equipped with an intersection form I, which
is a datum of one fiber, a monodromy M}, and a Seifert form L, which come from the Milnor
fibration, see [AGV88, 1.2.3] for their definitions. M}, is a quasiunipotent automorphism, I and
L are bilinear forms with values in Z, I is (—1)™-symmetric, and L is unimodular. L determines
M, and I because of the formulas [AGV88, 1.2.3]

L(Mpa,b) = (=1)""'L(b,a), (4.1)
I(a,b) = —L(a,b)+ (—=1)""'L(b,a) = L((M —id)a,b). (4.2)
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(4.2) tells especially that ker(M; — id) is the radical of I and that L is (—1)"*!-symmetric on
this radical. The semisimple part of M}, is called My, the unipotent part M,,, the nilpotent part
N =log M,.

The Milnor lattices H,,(f~(7),Z) for all Milnor fibrations f : X’ — A’ and then all

T€R>OOA/

are canonically isomorphic, and the isomorphisms respect My, I and L. This follows from
Lemma 2.2 in [LR73]. These lattices are identified and called Milnor lattice MI(f).
The group Gy is

Gz = Gz(f) == Aut(MI(f), L) = Aut(MI(f), My, I, L), (4.3)

the second equality is true because L determines M), and I. A good control of this group for
the bimodal series and the quadrangle singularities will be crucial in this paper. It is the task
of the sections 5 and 6.

The Milnor lattice comes equipped with a set B of distinguished bases, certain tuples § =
(01,...,6,) of Z-bases of the Milnor lattice. Each one is defined with a generic deformation of f
which has 1 A;i-singularities which have all different critical values. One chooses a distinguished
system of paths in A from the critical values to § € A and pushes vanishing cycles along these
paths to H,(f~1(8),Z) = MI(f). See [AGVSS8] or [Eb07] for details. In all cases except the
simple singularities, the set B is infinite. FEach distinguished basis determines the monodromy
by the formula

My, = s5,0...055, (4.4)
where
ss 1 MI(f) = MI(f),
ss(b) = b— (=1)" V2. 1(6b) -6, (4.5)

is the Picard-Lefschetz transformation of a vanishing cycle §, a reflection for even n and a
symplectic transvection for odd n.

The matrix of the Seifert form with respect to a distinguished basis is lower triangular with
(—1)(+D(+2)/2 on the diagonal. This motivates two definitions, the normalized Seifert form

Lhnor — (_1)(n+1)(n+2)/2 L, (46)
and the Stokes matriz S of the distinguished basis with
S = (_1)(n+1)(n+2)/2 . L(ét7é)t — Lhnor(ét’é)t. (47)

S is an upper triangular matrix in GL(u,Z) with 1’s on the diagonal.

The Cozeter-Dynkin diagram (short: CDD) of a distinguished basis encodes S in a geometric
way. It has p vertices which are numbered from 1 to p. Between two vertices i and j with i < j
one draws

no edge it S;; =0,
|Sz3| edges if Sl] <0,
S;; dotted edges if S;; > 0.

Coxeter-Dynkin diagrams for the 8 bimodal series will be given in section 5, following [Eb81].

A result of Thom and Sebastiani compares the Milnor lattices and monodromies of the singu-
larities f = f(I'Oa s a*xn)ag = g(y07 cee aym) and f +g9= f(l'(), EER xn) + g(anrl, LR mernJrl)'
There are extensions by Deligne for the Seifert form and by Gabrielov for distinguished bases.
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All results are in [AGV88, 1.2.7]. They are restated here. There is a canonical isomorphism

®:MI(f+g) — MI(f)® Mi(g), (4.8)
with My (f +9) = Mu(f) ® Mi(g) (4.9)
and Lhnor(f + g) o~ Lhnor(f) ® Lhnor(g)' (410)

If 0 = (01,...,0,(p)) and v = (71,..-,u(g)) are distinguished bases of f and g with Stokes
matrices S(f) and S(g), then

cD_l((Sl ®’Yl7--~751 ®7u(g)762 ®’717"'a62 ®7/,L(g)7"'a5u(f) ®71)"'76;¢(f) ®’7,u(g))

is a distinguished basis of MI(f + g), that means, one takes the vanishing cycles ®~1(§; ®v;) in
the lexicographic order. Then by (4.7) and (4.10), the matrix

S(f+9)=5()©S(9) (4.11)

(where the tensor product is defined so that it fits to the lexicographic order) is the Stokes matrix
of this distinguished basis.

In the special case g = $n+1» the function germ f 4+ g = f(zo,...,2n) + an € Ognt2 is
called stabilization or suspension of f. As there are only two 1som0rphlsms Ml(xz +1) — Z, and
they differ by a sign, there are two equally canonical isomorphisms MI(f) — MI(f + x2 ),
and they differ just by a sign. Therefore automorphisms and bilinear forms on MI(f) can be
identified with automorphisms and bilinear forms on MI(f+22_ ;). In this sense [AGVSS8, 1.2.7]

Lhor(f+ai,) = L"(f), (4.12)
M(f+ap,) = —M(f), (4.13)
Go(f +ah1) = Gu(f) (4.14)

The image in MI(f + x2,,) of a distinguished basis in MI(f) under either of the both iso-
morphisms MI(f) — MI(f + x2,,) is again a distinguished basis, and it has the same Stokes
matrix.

Denote by H& the p-dimensional vector space of global flat multi-valued sections in the flat
cohomology bundle J, oA/ H"(f~%(7),C) (reduced cohomology for n = 0). It comes equipped
with a Z-lattice H;°, a real subspace HR°, a monodromy which is also denoted by Mj, and
the dual L™" of the normalized Seifert form L""°". It is a unimodular form on Hz°, and the
analogue of (4.1),

L""(Mpa,b) = (=1)" T L™" (b, a)for a,b € HE, (4.15)
holds.
We apply the notations 2.1 (a) to MI(f) and to HZ® and extend them slightly:
MI(f)x = ker(My — ANid)* 'Ml(f)@—>Ml(f) (4.16)
Mi(f)p = EMI(f)r, MI(f = Mif

A#£1 A#E—1

Mi(f)y = @ MUHrMUS)pz = MI(f), 0 MI(F).
A:p(A)=0

HY, HY, H |, Hy® and HJ are defined analogously.

There are a natural Hodge filtration Fg§, on Hg® and a weight filtration W, on Hg’
such that (H;’fl,H;’f1 7, F&, We,—N, S) is a polarized mixed Hodge structure of weight n and
(H®, HY, F§;, We, =N, S) is a polarized mixed Hodge structure of weight n+1 [He02, Theorem
10.30].
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In the case of a singularity with semisimple monodromy, so N = 0, the weight filtrations
become trivial, and the polarized mixed Hodge structures are polarized pure Hodge structures.
This holds for all bimodal singularities. Therefore we do not care here about the weight filtra-
tion. We will define the Hodge filtration using the Brieskorn lattice in theorem 7.7 (following
Varchenko, Scherk&Steenbrink and M. Saito).

The pure Hodge structure of weight n on H I for any singularity with semisimple monodromy
has the following properties. The Hodge filtration is Mg-invariant and satisfies

HY = @HY" Pfor A #1, (4.17)
pEL
where HY"™P = FPHN FrorHX, (= H;fp’p =H{"P))
equivalently Hy® = FPHY @ Frti-PHX.
The polarizing form carries an isotropy and a positivity condition,
S(HL™ P HI™0) = 0if p+q#£0, (4.18)
=P . S(g,@) >0 forac HY" P —{0}. (4.19)

The pure Hodge structure of weight n + 1 on H7° has analogous properties, with n replaced by
n—+ 1.
The polarizing form S : H§® x Hg® — Q is defined by [He02, 10.6].

S(a,b) :=—L""(a,vb) (4.20)
where v : H3® — Hg® is the M),-invariant automorphism
1 _ H>®

1/:{ Magid D (4.21)
Mp—a OM 4T

S is nondegenerate and Mj-invariant. It is (—1)"-symmetric on H2q and (—1)"*L_symmetric
on H{°. The restriction to HJ is (=)™ +D/2 . 1V where IV on HZ is dual to I (which is
nondegenerate on MI(f)1).

5. THE GROUP (Gz FOR THE BIMODAL SERIES SINGULARITIES

The normal forms from [AGVS85, §13] for the eight bimodal series will be listed below in section
9. The following table gives their names, the Milnor numbers, certain polynomials b1, bs or,
in the case of the series Z;,, polynomials by, by, b3 such that biby respectively bibabs is the
characteristic polynomial of the surface singularities, and two important numbers m and r;. In
the series p € Z>;.

series 12 b1 b2 b3 m rr

Wi, 15+p O (2P —1)/d;, — 12 1

S, ld+p DpP, (1P —1)/d;, — 10 1

U17p 14—|—p ‘1)9 (t9+p - 1)/(1)1 - 9 1

Es, 16+p ®3P, 19+ 41 - 18 2 (5.1)
ZLP 15+ P @14(:[)2 t7+p +1 @2 14 2

Qg’p 14 + p @12@4@3 t6+p +1 — 12 2

Wi, 15+p ®10PaP3P, 677 +1 - 12 2

Sl,p 14 + p ‘1)10(1)5(1)2 t5+P +1 - 10 2
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The following theorem on the group Gz will be proved in two steps. Directly after the
theorem, the arguments and properties which hold for all eight series will be given. Then in
eight subsections, one for each series, the corresponding objects will be made explicit and some
specific details will be given. For each series, denote ¢ := e>™/™ ¢ S§1 c C.

Theorem 5.1. For any surface singularity f in any of the eight bimodal series, the following
holds.

(a) (See definition 2.3 for the notion Orlik block) For all series except Zi ,, there are Orlik
blocks B1, By C MI(f), and for the series Z1,, there are Orlik blocks By, Ba, Bs C MI(f) with
the following properties. The characteristic polynomial pg; of the monodromy on Bj is bj. The
sum Y~ By is a direct sum @;5, Bj, and it is a sublattice of MI(f) of full rank p and of
index ry. Define

B { Do, e et A 52
Then

L(B1,By) = 0= L(By,By) for all series, (5.3)
Gy = Aut(@ B;,L) for all series except S1,10. (5.4)

i>1

In the case Si 10, a substitute for (5.4) is
g € Gz with g((B1)a,,) = (B1)a,, = 9(B;) = B; for j =1,2. (5.5)

(b) ®p, fby <= m [fp. In that case

Gz = {(EM|5,) x (£M;2[B,) | k1, ke € Z}. (5.6)

(c) In the case of the subseries with m|p, the eigenspace MI(f)c C MI(f)c is 2-dimensional.
The hermitian form he on it from lemma 2.2 (a) with h¢(a,b) == /=C- L(a,b) for a,b € MI(f).
is nondegenerate and indefinite, so P(MI(f)¢) =2 P! contains a half-plane

He:={C-a|a € MI(f) with h¢(a,a) < 0} CP(MI(f)c). (5.7)
Therefore the group Aut(MI(f)c, he)/S* -id is isomorphic to PSL(2,R). The homomorphism
U : Gz — Aut(MI(f)¢, he)/S - id, g — glan(p) mod S - id, (5.8)
is well-defined. W(Gz) is an infinite Fuchsian group acting on the half-plane H.. And
ket U0 = {£M}|kecZ}. (5.9)

Proof: Here we explain the common arguments of the proof, which hold for all eight series.
We will announce definitions and properties of several objects. In the following eight subsections,
one for each series, the objects will be defined, and their properties will be shown.

(a) For each of the eight series of surface singularities, a distinguished basis eq, ..., e, with
the Coxeter-Dynkin diagram in the corresponding figure will be given in the subsections 5.1 to
5.8. The distinguished basis is the one in [Eb81, Tabelle 6 & Abb. 16], with a small change
in the cases Wi1 and Sy;. They are exceptional in [Eb81]. With the actions of the braids
ai,..., a1 (see [Eb07, 5.7] for these braids and their actions) and a sign change, we arrive
at a new numbering of the same unnumbered diagram, such that Wi ; and S;; are no longer
exceptional (i.e. the top vertex has the number p + ¢ + r + 3 in the notation of [Eb81, Abb. 16]
even for Wy 1 and Sy 1). We thank Wolfgang Ebeling for the explanation how to arrive at this
numbering.
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Recall that for a surface singularity (then n = 2) the reflection along a vanishing cycle § is
ss5(b) =b+1(5,b)-0 for any b € MI(f).
The Coxeter-Dynkin diagram has between the vertices ¢ and j with ¢ < j no edge if S;; = 0,
|Si;| edges if S;; < 0 and S;; dotted edges if S;; > 0. Here for i < j
I(€i7€j) :I(ej,ei) = _Sija I(ei,ei) = —2, (5 10)
L(e;,ej) =0, L(ej,e;) = Sij, L(ei,e;) =1. ’

The monodromy can be calculated fairly efficiently by hand (one should write down some inter-
mediate steps) with the formula

M}y, = 5¢,0...05¢,. (5.11)
The cyclic sublattices B; C MI(f) are chosen by choosing the generating lattice vectors §; with
j =Y L M(5)): (5.12)
i>0
The following table gives them.
series [ B2 Ps
Wlﬂ’p €3 €8 —
Sg’p €g €9 —
Up €3 e —
Bsp es e — (5.13)
Z1p €g €11 €3 — €4 — €9
Qz,p es €11 —
Wip es+e+er e —
S1p —esteis €15 —

We will write down the action of the powers of the monodromy,
deg b;
Bj = Mp(B;) = Mi(B)) v .. M7 (B), (5.14)

in the subsections. Verifying b;(M},)(6;) = 0 will show that the characteristic polynomial of Mj,
on Bj is b;. We will also write down nice generators of B;. This will show that B; is a primitive
sublattice of MI(f), that 3,5, B; = €D, Bj is a direct sum and that it is a sublattice of full
rank and of index 77 in MI(f). In all cases except W1, and Si ,, the index r; is obvious from
the nice generators, in the two cases W1 p and Sy p, it requires the calculation of a determinant.

The left and right L-orthogonality of 31 and Bs in (5. 3) will be proved now e, is a cyclic
generator for By in all eight series. The nice generators for By show By C @ Z e; for all cases

except Wi 1 and Si1. This and L(e;,e,) = 0 for i < p show L(Bl, ey) =0, thus L(Bl, Bsy) =0.
From the CDD one sees easﬂy L(ey,e;) =0 for i < p—2 for all cases except Wi ;1 and S 1, thus
L(eH,Bl) =0 and L(Bg,Bl) = 0. For the cases Wi and Sy 1, L(B1,e,) =0 = L(ey, B1) and
thus L(Bl, Bg) =0= (Bg,Bl) hold also.

(5.5) for S1,10 will be shown in subsection 5.8. With respect to part (a), it rests to show (5.4).
It is trivial for the 3 series with r; = 1. It will be shown in subsection 5.6 for the series ()2, and
in subsection 5.7 for the subseries Wi g5—3 (s € Z>1) of the series Wy ,. For all other series, it
will be shown below. It requires a study of smaller Orlik blocks. ®5]b; holds in the series Sf o
Es3p, Z1,p, Wi p and S1p. In these cases define (see (2.16) for the notion v(8, —1))

= U(ﬁl,—l) = bl

@(Mh)(&) (5.15)
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and calculate L(v1,v1) using (2.17): L(y1,m) = %12(71) - L(y1, B1).

series 71 L(v,m)
Sgp CI)lo(Mh)(eg) =2e1+ey—e4—€5—egt+eg O
E37p (I)lg(Mh)(eg) = —€9 + 263 + € — €7 + €9 6
Zip  Pra(Mpy)(es)
=e9+e3—3es —eg+er—3eg —eg 21 (516)
Wi,  (P12P6P3)(Mp)(es + eg + e11)
=e4—e5+eg+e —e3—es 6
Sip (P10Ps)(Mp)(—es + e13)
:72€1+67768769761176127614 ].O
In the case of the series Z; ,, define v3 := B3 and calculate
L(v3,73) = 3, L(7y1,73) = L(y3,m) = 7. (5.17)
®5|bo holds in certain subseries of the series Sf’p, Es3p, Z1p, Wip and Sip. In these cases
define
by
Y2 == v(Ba, —1) 1= @(Mh)(ﬁz) (5.18)

and calculate L(72,72) using (2.17): L(y2,72) = ¢ (1) - L(2, Ba)-

series  Condition for ®5|bs  L(7y2,72)

St p=0(2) 5+2

Es;, p=0(2) 18 +2p 519
Zi, p=0(2) 14+ 2p (5.19)
Wi, p=1(2) 12+ 2p

Sip, p=0(2) 10+ 2p

In table (5.20), the first line for S’gm is the case p = 0(4), the second line is the case p = 2(4).

series o

2+p/4
Sgﬁp —eg +e4+e5+eg—er+ Ej:l (7425 + 610+§+2j)

—estes5+ Zgiﬁp)ﬂ(*%ny + €e1112425)
Egyp —eo +2e5 +eg —er+eg+ 2 Z?ii’/2 €8+2; (5 20)
Zip —ez+2e5+es—er+epnt+2 Z?:Ifﬂ €942;
Wip —2e3+eqs+es+eg+err +ez+es+2 Z§1:+1p)/2 €14+2;
SLP 2(—61 —eg+eq+es +€6) —e7 — €y
+eg +e11 +e12 +e1q —2 fol €14+2;
In the subseries of Es ,, W1, and Sy, with ®o|by, one sees
- 1 !
V2 = 5(71 +72) € MI(f). (5.21)
In the subseries of Z; ,, with ®5|bs, one sees
i

o = L + 72 — 313) € MI() (5.22)



144 FALKO GAUSS AND CLAUS HERTLING

Together with [MI(f) : By @ Bs] = 2 for these subseries, this shows
Ml(f)@z = Z’yl @ Zag fOI‘ E3,2q, W1,2q—17 5172Q’ (523)
Ml(f)q;z = 2(71 - 2’73) D Zrs @ Zrys for ARTE (524)

For 5’?72(1, MI(f) = B1 @ Bz gives MI(f)a, = Zy1 @ Zvy2. The matrices of L for these bases
of MI(f)s, in these cases are

5124 Es 9,4 ARY
5 0 6 3 K 2 1
0 54 3 64 2 5+aq 1
q 4 1 -1 3 (5.25)
Wi2q-1 S1,24

6 3 10 5
3 4d+¢ 5 544

These matrices are positive definite. The corresponding quadratic forms (z; x2)(matrix) (il)
2

1
respectively (z1 z2 z3)(matrix) | zo | are
T3
523+ (5+q)a}  for Sf,,
373 + 3(w1 +22)* + (3+q)xs  for E3
(2.731 + 1]2)2 + (1]1 + $3)2
H(wy —23)° + (3+q)rs + 23 for Z194 (5.26)
327 + 3(x1 + 22)? + (L + q)x3  for Wyag—1
522 + 5(x1 +x2)? + g3 for Sy,

This shows
{a € MI(f)a, | L(a,a) = L(v1,7)} = {+n}. (5.27)
for Wi 0q—1 with ¢ # 2, for S 24 with ¢ # 5, and for all Sf’Qq and Fs a4. It shows for Z; a4
{a € Mi(f)e,|L(a,a) =3} = {&73}, (5.28)
{a € MI(f)o, | L(a,a) =5} = {£(n1 —273)} (5.29)

All this implies
Aut(MU(f)ay, L) = {Fidlzy, } x {Fid]z,}  for 57,

for Es o4, for Sy o4 with ¢ # 5,

and for Wy 941 with g # 2, (5.30)

Aut(MI(f)ao,, L) = {Fid|zy0zvs} X {£id |z, } for Z1 4. (5.31)

In the cases Sﬁ)zqfl, Es394-1, Z1,2¢-1, W12 and S1,24—1 with @3 fbo,
MI(f)e, = (B1)s,and Aut(MI(f)e,, L) = {+id}. (5.32)
Define

vy = Al for E3,p7 Wl,p7 Sl,p
' Y1 — 3’}/3 for ZLP'
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Then for E3,, Wi, with p # 3, S1, with p # 10, Z;,

g(v4) = T4 for g € Gz, (5.34)
and for Es p,, Wi, (including p = 3), S1, (including p = 10), Z;
By ® By = {a € MI(f)| L(a,vs) = 0(2)}. (5.35)

Here C in (5.35) follows from
L(BQ,’)Q;) = O and L(ﬂ17’74) = 0(2)

and in the case of Z;, L(B3,74) = 4. Now = in (5.35) follows from L(MI(f),v4) = Z and
[MI(f) : B1 @ Bs] = 2. Together (5.34) and (5.35) show that any g € Gz respects By @ Ba, so
Gz C Aut(By @ B, L) (5.36)
for Es p,, W1, with p # 3, S1,, with p # 10 and Z; ,. We claim that (5.34) and thus (5.36) hold
also for Wy 3. That will be proved in the subsection 5.7.
It rests to show Aut(B; & By, L) C Gy for the series Es ,, Z1 ,, Wi p, S1,p. We will extend
the definition of 4 in such a way to the cases with ®o fbs that (By ® Bs2)+Z -2 = MI(f). And
we will show g(72) € MI(f) for any g € Aut(B1 @ Bz, L). This implies Aut(B; @ Bs, L) C Gz.

The proof of g(72) € MI(f) requires a better control of Aut(By & Bs, L).
Consider all eight series and define

ng(bl, bg) bl
by 1= —————— = ged(5—, ba) € Z[t]. 5.37
U dr b, By 0l be) € 20 (5.37)
Then
1 for W1u7p7 S%,Qq—l? Uip, E32¢—1, 21,21,
Q2,p with p # 0(4), W1,2¢, S1,2¢—1,
by =4 for ngq, E3 94, Z1,2q, W1,2¢g—1 With ¢ # 2(3), S1.24, (5.38)
b, for Q2 4s,

(P6(I)2 for W1,6573~

We claim that in all cases except S7 10, any g € Gz U Aut(él @ Bs, L) maps (§1)b4 to (El)l74
and (Bag)p, to (Bz)p,. In the cases with by = 1 this is an empty statement as then

(B1)b, = {0} = (B2,
In the cases @2, with p = 0(4) and W g5_3, this will be shown in the subsections 5.6 and 5.7.
In all other cases by = @5 and (Bs)p, = Z - 72 and

D | Z-(m1—2v3)BZ -3 for Zy a4,
(B1)bs = { Z - else. (5.39)

Because (B; ® Bo)e, C MIU(f)a,, (5.27)-(5.29) hold also with (By @ By) o, instead of MI(f)q,.
They characterize (By)g, within MI(f)s, and within (By @ Bs)g,. Thus any

g S GZ UAut(gl D BQ7L)

maps (El)% to itself, and then it maps also the L-orthogonal sublattice (Bg)s, to itself.
For all eight series except Si 10, this implies the following. For any g € Gz U Aut(B; & B, L)

g: B — By and By — B, if m [p, (5.40)

g: (El)bl/q,m _>(§1)b1/<1>m if m|p and the
. (5.41)

g : (B2)v,/a,, = (B2)by /0, type is not St 10.
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Now we want to apply lemma 2.8 to these Orlik blocks. One checks easily that all hypotheses
are satisfied. Therefore

Aut(B; @ By, L) (5.42)
= (M5 |k €T} x (£Mf]p, |k €T} itm [,
and if m|p and the type is not Sy 10, then Aut(él @ Bs, L) projects to a subgroup of

Aut((B1)y, /s, L) x Aut((B2)s,/a,,, L) (5.43)

= {iM/ﬂ(él)bl/% |k € Z} x {+Mj|(By),, 0, |k € Z}.

The group Aut(El @ By, L) for m fp is generated by
Mh, —id, My, B X id|327 and (—ld|§1) X id|B27

and analogously for the group in (5.43) if m|p.
Now we extend the definition of vo. For E394—1, Z1,24—1 and Sy 24—1 define it as follows:

V2 = ez —eg+er+egfor Esoq_1, (5.44)
Y2 = ez —eg+er+epfor Zy o401,
Yo = 2(—e; —ea+ Z ej) —er —eg+ Z ejfor S194-1.
j€{4,5,6} je{9,11,12,14}
(5.105), (5.110) and (5.162) show vo € By. For W1 94 (so p = 2q) define
p—1
Yo = (PE+1)P12+ Y t7)(My)(ers) (5.45)
j=0 -
= (PA+t— =B+t +£°) + ) ) (Mp)(ers)
3=0

= 72€2+2€67267+€4+65+697611 +e13 — €15.

Observe that in the case 12|p, @12 divides Z?;é t7 so that then vy, € ®12(Mp)(B2) = (B2)p, /@15

In all four cases 3(v4 +72) € MI(f).
Now for the series Fs p,, Z1 p, Wi, and S1,

e Bre, { zi i féz)bz/ém i Zé?’ (5.46)
Yo = %(74 4 ) € MI(f), (5.47)
MI(f) = (B1 ® B2) + Z72, (5.48)

(Mg, x1d|B,)(32) = ((=id|5,) x id|B,)(72)
= %(—74+72) = —7 + 72 € MI(f). (5.49)

Therefore any g € Aut(f?l @ Bs, L) maps 2 to an element of MI(f). Thus it maps MI(f) to
MI(f), thus g € Gz. This finishes the proof of (5.4) and of part (a) for all series except Qa2
and Wy 653 and Si,10. For Q2 and W; g,_3 and S 19 see the subsections 5.6, 5.7 and 5.8.

(b) This follows immediately from (5.4) and (5.42). The subsections 5.6 and 5.7 establish
(5.4) and (5.42) also for the series 2, and Wi gs_3.
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(c) Now we consider the eight subseries with m|p. Write p = m -7 with r € Z>;. Recall
¢ = e2™/™ and recall that Z[(] is a principal ideal domain (lemma 2.11). In the following, ¢
will be any primitive m-th unit root.

Formula (2.24) in lemma 2.12 (b) applies with A = Mi(f),A®) = B, ® By, p = ®,,, and gives

MI(f)s,, = (B1 @ Ba)s, = (B1® B2)a,, = (Bi)s,, ® (B2)as,,. (5.50)

Therefore the space

Mi(flezig = MI(f)e N MI(f)z (5.51)
is a free Z[¢]-module of rank 2 with basis vy ¢, vo ¢ with
b; )
vig = v(f5,8) = 5 _Jg(Mh)(ﬂj) for j=1,2 (5.52)

(see (2.16) for the notion v(5;,)). Observe v,z = Vj¢.

The proof of part (c¢) will consist of four steps. Step 1 calculates the values of the hermitian
form he from lemma 2.2 on a suitable Z[(]-basis of MI(f)¢ zj¢)- Step 2 analyzes what this implies
for automorphisms of the pair (MI(f)¢ zj¢), L) and thus gives a first approximation to ¥(Gz).
Step 3 uses (5.5) for S 19 and (5.41) for all other singularities and the Orlik block structure of
the blocks Bj to control the action of g € Gz on all eigenspaces simultaneously. It will prove
(5.9). Step 4 combines the steps 2 and 3 with results from section 3 and shows that U(Gy) is
an infinite Fuchsian group.

Step 1: The form
he : MI(f)e x MI(f)e = C, (a,b) = /=€ - L(a,b)

from lemma 2.2 is hermitian. In this step it will be calculated with respect to the Z[(]-basis
V1,¢,V2,¢ Of Ml(f)g’z[c]. For i # j

he(vig,vie) = V=€ L(vig,v,2) =0 (5.53)
because of (5.3). L(vj¢,v; ) will be calculated with (2.17),
b; - b,
L(vje,v;z) = i(f) L _Jg(Mh)(ﬂj),Bj), (5.54)
first for j = 2, then for j = 1.
One calculates for all eight subseries:
Eo 0] 1 |2] - |deghs—1] deg by |
LOMF(B2),B2) | 1| —1]0]---] 0  |0ifr;=1, —1ifr;>2|

For the three subseries with 7 =1 (so Wlﬁ,mr, Sfﬁmr, Ui,or)

by P —1 -1 mat m+p—1—j  41j

A TR D DI (555)
tb_zg(ﬁ) = -1 (m+p)-E=mA+r)E-1)""-¢ (5.56)
L(tbf (Mn)(B2).B2) = (E-1)7E-(1-§=E, (5.57)

he(vag,v26) = m(l+7)-(1=8)7"-\/=£>0. (5.58)
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For the five subseries with r; = 2

m/2+p—1

tbfg _ tm/t2+p£+1: JZZ(:) fm/2+p—1—j.tj7
by — m m
220 = (G =T,
LGP OB)(E). ) = ~E01-8),

he(vag,v2¢) = %(1 +2r) - (1=§)-/=€>0.

Now we turn to he(vi¢,v1,¢). One calculates for all eight series

k o]l 1|23 14| 5|6 |78 ]9]10]11
L(MF (1), 1)
forwi, [1][-1[1]0 [0 1
for Sf, |1|-1]0] 1 |0
for Uy, 1/-1]0l0|1]0|=1]0]0
for B3, 1|-1/1l0 1] 0] 1]0]1
for 71, 1{-1{0]0|1]01]O
for Q2. 1|{=1]0] 1/o]l 0|0 |0o]O|O|=1]0
for Wi, 31 -3(2|-1]0] 1 |=1]|1]=1(0]1|-2
for Sy, 21 -2|0] 1|0|-1] 11 0]|-1]0
and
£ # by _ P12 43 2 2 3
OrWl,p t—fit—fit +€t +(§ 71)t+(§ 75)7
b ProPy O +1 ,
for S , t_lg: tf; =1=¢ =t &t + €42 + B+ ¢,
by Oy o+ 34+1
fOI‘Ul,p t—fzt—fz t—E
=+ + PP+ (E+ D+ (Ot + (£ + 6,
b B3P T4+t — ¢t — 3+t +1 .
for Es t—1§: tli; _ = =104 (64 1)t°
FE+ O+ (EC+ON+ T+ O+ (P + N+,
b t"+1 -
for Zy, t—lf =1¢ =16 4 &5 + 24 + 383 + €42 + 5t + £8,
by D1oPy D3 B+ tT O+ 24t 41
for Q2 t—fz - = -

=T+ (E+ DO (E@ e+ D H(E+E2 40t
FE+E+P)PH(E+E+ P+ (P + N+ &,

(5.59)

(5.60)

(5.61)

(5.62)
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by DpPeP3Py 17+ 10 ittt 41

fOI‘WLp t—f_ t—£ = t—f
=34+ 4+ DT+ (E+ O+ (E+ )+ (@ + )
HE+OW + (T + W+ (L + N+ &,

for S1, by D1P5Py Z?:o t/

t—¢ t—=¢ t—=¢
=t DT+ (@ HEF D H(E+EF e+ 1)
HEHE+E D+ (E+E+E+ O
HE N+ (1 + )+
This table and this list give the following values.

= L(32% (M) (1), 1)
wi, 48— 28 = —2(¢ + ©)€2 (1 -¢)
s, 5E' = —5¢ —2 48 -1)
Urp 62 +38° =3¢(¢* —1) —¢5(2+8)
Bsy |3 +8 48 +8) =3¢+ +1) | EE+9E2+8)
Z1 7€ = 7t e +8 +1)
Qup | BE+T +E)=-6E+E+1) | e+ =01~
Wip | 4E+E +8 +8) =48 1+6)(E+8) |  EE-DE-1)
Sip 5E+E +E 48 +8) 14 e+ 223 ¢t

With he(vie, vie) = V=& L(vig, v, ¢) and (5.54) and the information on the rings Z[(] in
lemma 2.11, we obtain the following values.

he(vie,v1¢)
Wi, (-2)(E+8) - (1-EvV=E
st BE2+ENE+E —1)-(1-6)V=¢
Ur B HE 1) (1-E)VE
Byp | (-3)A+OQ+D(E+E-1)- (1- VT (5.63)
Z1 (-T2 +E)- (1 - &V
Q2 (~6)(E+E+1)-(1—&) 1€
Wiy (—4)(E+8) - 1-O)v=¢
Sip (~10)(€2 + &%) - (1 - E)v=¢

Here observe that as in (5.58) and (5.62) (1 —&)y/—€ > 0 and (1 —&)~1y/=& > 0. In each of the
eight cases we find

hf(vl,ﬁaULf) > 0 for £ ¢ {<7Z}’ (564)
he(vig,vie) < 0 for & € {¢, ¢}, (5.65)
and
b
Live: B1) = LG ¢ (Mn) (B1), By) € ZIC]". (5.66)
Step 2: Define for each of the eight series
bs == o € Z[t] unitary. (5.67)
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Then
series ‘ Wl’i’p ‘ Sgp ‘ Ul)p ‘ E37p ‘ Zl)p ‘ Q27p ‘ WLP ‘ Sl’p
bs ‘ 1 ‘ by ‘ 1 ‘ o ‘ b, ‘<I>4<I>3‘<I>6<I>3<I>2‘<I>5<I>2
and
bs(€)/b5(€) € {£" |k € Z}. (5.68)
Define for each of the eight subseries with m|p
be := (II)L? € Zlt] unitary (5.69)
and
hf(v27f3v27f) %(g) .L(UQ,EMBZ)
w(§) = -— = -5
he(vig,ve)  22(6) - L(vig, B)
Cbs = L(vag, Bo)
by L(vie, 1) (5:70)
Then
= o Lvag, Bo)
bs(§)w(§) = b6 (&) - Tore, By © Z[¢). (5.71)
It is in Z[¢] because of (5.66). The following table lists w(§).
w(§)
Wi, | QNGO -1 - (€ +8)
Sty | A+ NE2E+E)E@+E -
Urp | (14 7)(=3)[(1 -1 - (€ +€ +1)] !
Esp (1+2T)(+3)(1—5)2(1—5)[(1+€)(1+€)( -t (5.72)
Zip | (42r)(H)[E+E] ~
Q2p | (L+2r)(+1)(1 =L -+ &+ 1]
Wip | (1+2r)(+3)E+¢]
Sip | (L+20)(+])E2+ET
The inequalities (5.58)(5.62)(5.64)(5.65) give
<0 for&¢{CC},
w@){>o for € € {¢.C)- (573)

Using the Z[(]-basis v1¢,voe of MI(f)e 7], the automorphism group Aut(MI((f)e zc), he)
can be identified with the matrix group

{A(§) € GL(2,Z[¢]) |

1 0 L (=1 0\ -
(0 wly) = A€ (3 o)A@ (5.74)
The isomorphism is A(§) — g with
gure v2e) = (Vi v2)  A§). (5.75)

The inequalities (5.73) and theorem 3.2 tell that the matrix group in the case of £ = ( projects
to an infinite Fuchsian group. Additionally, 3.2 tells that the elements of the matrix group for
any ¢ can be represented by triples (a(€), c(€),(€)) € Z[¢)? x {+¢* |k € Z} with

a(§)a(€) — 1 =w(§) - c(§)c(8), (5.76)
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where

al®) wl©) @ - 5(©)
m‘(e(&) a() - 5(¢) ) (5.77)

This gives a first approximation of ¥(Gz). It took into account only the eigenspace MI(f)¢ 7
and the pairing he which L and complex conjugation induce on it.

Step 3: Now (5.9) will be shown. We will use that the B; are Orlik blocks and lemma 2.8
and (5.5) for Sq,10 and (5.43) for all other singularities.

Let g € ker U C Gz, i.e. g|lancs), € C*-id. Then gl sy, € C*-id for all § with ®,,(£) =0,
and

9((Bj)e,,) = (Bj)s,, for j =1,2. (5.78)

Now ¢(B;) = B; for j = 1,2 follows in the case S7 10 from (5.5). For all other singularities
g(Bj) = B; for j = 1,2 follows with (5.43) (and (5.32) for Bs in the case Zi 14,).

We want to apply lemma 2.8 to the Orlik blocks B; and Bs. One checks easily that all
hypotheses are satisfied. In the case Z; 14, Bs is glued to By by (5.32). Therefore in all cases

g=(e1-M)|p, x (e2+ M}?)|p, (5.79)
for some e1,e9 € {£1} and kq, ks € Z. Now consider
g = &M, "oy (5.80)
It satisfies

§|Bl = €1€2 M}]fl_k2|31a§‘32 = 1dv§|Ml(f)§ eC- 1d7

thus glanp)e = 1d, glani(s)s,, = id. (5.81)
Comparison with table (5.1) shows
g = id for the first 5 series in (5.1),
g = idorg= —Mh%(lﬁr) for the last 3 series in (5.1).

In any case, § and g are in {£M} |k € Z}, and thus ker ¥ = {+M} | k € Z}.

Step 4: By step 2, U(Gy) is a subgroup of an infinite Fuchsian group and therefore itself a
Fuchsian group. It rests to show that it is an infinite group. By step 3, the kernel of

v GZ — \I’(Gz)
is {£ M} |k € Z}, so it is finite. Therefore it rests to show that Gz is infinite. We will see that
the subgroup of elements g € Gz with
g = 1id on any eigenspace MI(f)y with ®,,(\) # 0,
ie.g = id on (El)bs and on (Ba)p,- (5.82)
is infinite.
Consider an element g € Gz with (5.82). For all singularities except Sy,10 (5.4) holds. For
S1.10 (5.82) implies g(4) = %4, and then (5.36) gives g € Aut(By & Bz, L). In the case of the
series Z1 14r, the element g maps By @ By to itself because (B & Ba)¢ contains ker @, (Mp,). In

any case, lemma 2.7 applies with k£ = 2,A() = B, A® = B, (M) = 3, e = 35, py = ®,,,. By
(2.20) there are unique polynomials p;; € Z[t]|<degsp, for i = 1,2 with

9(B;) = p1;(Mp)(B1) + p2j (Mp)(B2) (5.83)
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and

pi1=1+0bs5-q1, P12 =b5"qo,
5.84
D21 = bs - G21, P22 =14 b - g2 (5.84)

for suitable polynomials q;; € Z[t] <, (m)-
g restricts to an automorphism of the pair (B; @ Bs)s,,, L). By (2.21), the matrix A(&) from
(5.75) in step 2 takes the form

_(1+65(6)q1(8)  be()qa(€)
A<£)_< bs(£)g21(§) 1+b6(§)q22(§)>' (5.85)

By step 2, this matrix A(&) satisfies (5.76) and (5.77).

Vice versa, any polynomials ¢;; € Z[t] < () for i = 1,2 such that the matrix in (5.85) satisfies
(5.76) and (5.77), give rise via (5.84) and (5.83) to an element g € Gz with (5.82).

We have to prove existence of infinitely many polynomials ¢;; € Z[t]<,(m) such that the
matrix in (5.85) satisfies (5.76) and (5.77) and that ¢12(£) # 0 and g21(£) # 0. We start by
defining

wo (&) := w(§)bs(§)b5(§) € Z[(]NR (5.86)

and asking for infinitely many solutions a(&), f(€) € Z[¢] N R of the Pell equation

a(€)? —1=wo(€) - f(€)? (5.87)

with the additional condition

wo(§) | a(§) -1 (5.88)

Such solutions exist due to lemma 3.3. They give rise to the elements

212(6) = F() - W (5.89)

(5.90)

Here observe
b6 (€) | w(€)bs (&) [wo(€) [a(€) — 1,

see (5.71), (5.68) and (5.66). These elements come from unique polynomials ¢;; € Z[t] <, (m)-
These polynomials satisfy all desired properties.

5.1. The series Wﬁp. Here we only describe the case when p = 2q is even. But one can easily
obtain the odd case p = 2¢—1 from that via replacing each ey 4 by €4—144 in the following lists.
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10+4-q resp. 114q

154p
........ .eee@®
114q resp. 124q

FIGURE 1. The CDD of a distinguished basis ey, ..., ¢, for Wﬁzq_l resp. Wlﬁﬂq
from [Eb81, Tabelle 6 & Abb. 16]

The monodromy acts on the distinguished basis e, .

€1

€2

€3

€4

€5

€6

€7

€744
€11+q
€114-q+i

€15+p

By table (5.13) the generators of the Orlik blocks By and B are 81 := e3 and s :
monodromy acts on them as follows:

€3

€s

11111

1111111111

1

—e1 — ezt e3+eq+e5+ e,

€1+ ez +eg + eiayq,

—e1 —e3 — ¢+ ey,

€2 —€g + €7+ €3,

€2 —es +er+ eayq,

e1 — 2es + e3 + e4 + e5 + 3eg — 2e7,
—2e9 + e3 +e4 + e5 + 2eg — er,
€s+i for 1 <i<3+g,
—e4—€3— €9 — ... — Eli4q,
€12+4q+i for 1 <i<3+yq,

—€5 —€124q — --- — €154p-

—e1 —e3 —egterr—er+ey—eq4—e5—eq

—e1 > €1 + ey —e3 —eq — es — €,

€9 > ... €ll4q 7 —€4 —€8 — €9 — ... €l14q
—eyteg+eg—err —€1a4q > —€134g > ... > —€154p

es +eiorgt+ ... +€ei54p > €2 — €5 — €5+ er > eg.

= €8.

153

.., e, with the CDD in figure 1 as follows:

The

(5.91)

(5.92)
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114-q resp. 124q

FIGURE 2. The CDD of a distinguished basis ey, ..., e, for Shq_l resp. ngq
from [Eb81, Tabelle 6 & Abb. 16]

Thus the characteristic polynomial of M}, on Bj is b;, and the blocks are

Bl = <€3, €1, — €7, — €4 — €5 — €6>, (593)
By = <€8, €9,...,€154p;€4,€5, —€2 + €5 — 67>. (594)

This shows that By and By are primitive sublattices with By + By = By @ Bs = MI(f), i.e.
rr = 1.

5.2. The series Sii,p. Again we only describe the case when p = 2¢ is even. But one can easily
obtain the odd case p = 2¢g — 1 from that via replacing each eq44 by ea—144 in the following lists.
The monodromy acts on the distinguished basis e, ..., e, with the CDD in figure 2 as follows:

I

ey —e1 — e +e3+e4+ €5+ eq,

ey +— e]+ex+ €9 —+ €12+4q;

e3 — —ep —eg+er+es,
€4 +H €2 —eg+er+eg,
es > ez — e+ er+ eia4q,
eg 61—262+63+64+65+366—267,
e; +— —2es+e3+eyq+ e+ 2e— er,
eg +— —ez —esg,
esti > €9y for1 <i<2+4g,
€l14q +> —€4—€9 —€10 — ... €ll4q;
€ll4qti " Cl24qti for 1 <i<2+4g,
€144+p F» —€5 —€124q — €134+q — --- — €ld4p-
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By table (5.13) the generators of the Orlik blocks By and By are 1 := eg and f2 := eg. The
monodromy acts on them as follows:

eg +— —ez—egtr—+re+e3teg—er

= —e; —ez+e3+e4+e5+eg+ e

= —e3 — eg + e7 — —eg, (595)
€9 > €10F? ... > €Cll4qgt? —€4 — €9 — €10 — ... — €Cll4gq

= —extegteg—€er> —€lapg > —€134g > ... > —€l4qp

= es+teio4gt ... Ferayp > €2 — €5 — €+ €7 eg. (596)

Thus the characteristic polynomial of M}, on B; is b;, and the blocks are

By = (es,e3,e6 —er,e1,—€2+es+e5+ eq), (5.97)

By = (eg,e€10,-..,€144p:€4,€5, —€2 + €6 — €7). (5.98)

This shows that By and B are primitive sublattices with By + Bs = B; @ By = MI(f) and
rr = 1.

12+q 13+q 14+p

FIGURE 3. The CDD of a distinguished basis ey,...,e, for Uy, from [Eb81,
Tabelle 6 & Abb. 16]

5.3. The series U; ;. Here (and in all series except Wlﬁ’p and Sf’p) the list of the monodromy
action on the distinguished basis ey, ..., e, with the CDD in figure 3 includes both cases p = 2¢
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and p = 2g — 1. It looks as follows:

ep — —e1p—extesteq+tes+eg,

es = e1+ex+e+ ey,
e3 = —eip —eg+er+es,
e4 = ez —es+er+ e,
es > ez — et er+ ey,
eg > el —2ex+e3+estes+ 3eq — 2er,
er +— —2e1+e3+eq+es+ 2eq —er,
€g — é€o,
€9 +— —e3—eg— €y,
€9+i > €10+ for1<i<1+4g,
€114q > —€4— €10 — €11 — ... — €ll4gq,
€114gti > €124¢+i for1<i<2+p-—gq,
€l44p F? —€5 —€l124q — €l134q — --- — Cld4p-

By table (5.13) the generators of the Orlik blocks By and Bs are 81 := eg and f2 := e1g. The

monodromy acts on them as follows:
eg > eghH> —e3—€g—€ghrr e +e3+eg—er
—e1 — e+ e3+eqs+e5+ e+ es
—eg +e7+eg+eg— —e;p —e3—eg+er—es,

€10 €11+ ... > €114g > —€4 — €10 — €11 — ... — €ll4q

1111

—€yteg+eg—€e7r> —€1a4q > —€134g > ... > —€l44p
= es+teiorgt ... Feaptr e —e5—eg+er—ep.

Thus the characteristic polynomial of M}, on Bj is b;, and the blocks are

By = (e1,e3,¢es,e9,66 — €7, —€2 + €4 + €5+ €eg),

By = (ew,€11,---,€144p;€4,€5, —€2 + €5 — €7).

(5.99)

(5.100)

(5.101)
(5.102)

Again B; and By are primitive sublattices with By + By = B1 @ Bs = M1 (f) and r; = 1.

FIGURE 4. The CDD of a distinguished basis e1,...,e, for Es, from [Eb81,

Tabelle 6 & Abb. 16]
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5.4. The series Fs,. Here the monodromy acts on the distinguished basis ey, ..., e, with the

CDD in figure 4 as follows:

€1
€2
€3
€4
€5
€6
er
€s
€9
€9+i

€16+p

11111111111

e3 +eq +e5 + e,

eg + €19,

—e; —e3 —eg t ey,

—e1 — e +e7 +es,

—e1 —eg +e7+eg,

2e1 —eo +e3 4+ eq + e5 + 3eg — 2e7,
e1 —ez +e3+eq+es+ 2e6 — er,
—€4 — €8,

e1 + e + e1p,

€10+i for 1 <i <6+p,

—€5 — €9 —€10 — ...~ €16+p-

By table (5.13) the generators of the Orlik blocks By and Bs are 81 := e3 and f2 := e1g. The
monodromy acts on them as follows:

e
—

—

—

g

el
—

—es,

—e] — €3 —€g+ ey —e4 — €5 — €4
€y —€3 — €4 —€5 —€g —€g — €9~ —€5 — ey
€y —€3 — €4 — €5 —€g —€9gt>r —€4 — €5 — €7 — €8

€1 +ey —e3 —e5 —eyr —egt—e3+eg—er

16+p

€11 F> ... > €164p > —€5 — E €;
=9

—eg +e5 4+ eg — e — —eqg.

Thus the characteristic polynomial of M}, on Bj; is b;, and the blocks are

B, =
B, =

(e1,€3,€4,€8,66 — €7,€5 + €6, €2 — €9),

(€10, €115 - - -+ €16+4p, €5 + €9, €2 — €6 + €7 + €9).

(5.103)

(5.104)

(5.105)
(5.106)

This shows that By and By are primitive sublattices with By + By = By @ By. Furthermore
By @ By D {2e3} and By 4+ Ba + Z - e = MI(f). This shows [MI(f): By ® Bs] =2 =ry.
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FIGURE 5. The CDD of a distinguished basis ey, ... e, for Z; , from [Eb81,
Tabelle 6 & Abb. 16]

5.5. The series Z; ;. Here the monodromy acts on the distinguished basis ey, ..., e, with the
CDD in figure 5 as follows:

ey — e3+eq+es+eq,
ez el + e,
e3 +— —ep —e3—egter,
eq +— —e; —egtertes,
es +— —e; —eg+er+en,
eg > 2e1 —es+es3+eq+ e+ 3eg — 2er,
er — e1—ezxt+e3+eq+es+ 2eq —er,
eg H— €o,
€g > —€4—eg— ey,
el — e +textenn,
€114i > €124 for1<i<3 + p,
€154p +t» —€5—€10 — €11 — ... €154p-

Here there are three Orlik blocks By, B and Bs. By table (5.13) their generators are
p1:=es, P2:=e11, and [3:=e3+eq — eg.
The monodromy acts on them as follows:

eg > €Egr>» —e4—€g—€gh>re]+eq4+eg—e7

— e3+eq+e5+eg+es

= —e;p—ex+tegtestertestegten

=  —e4 —eg + €7 — —es, (5.107)
15+p

€11 612’—)...’—)615+pl—>—€5—26i

1=10

= —eg +e5+eg—er— —eq, (5108)

e3 —eq4 —eg +— —esz+eq+eg. (5.109)
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Thus the characteristic polynomial of M}, on Bj is b;, and the blocks are

By = (es,eg,e4,€1,€6 — €7,63 + €5 + €g,

—eg +e5 + e7 + 610>,
By = (en,e12,... , €154p; €5 + €10, —€2 + €5 + €g — er),
Bg = <€3 — €4 — 69>.

159

(5.110)
(5.111)
(5.112)

This shows that By, Bo and Bs are primitive sublattices with By + Bs + B3y = B & By @ Bs.
Furthermore By & By @ B3 D {2e5} and By + Ba + B3 + Z - e5 = MI(f). This shows [MI(f) :

B ®By® B3] =2=ry.

FIGURE 6. The CDD of a distinguished basis e, ..., e, for Q2 , from [Eb8I,

Tabelle 6 & Abb. 16]

5.6. The series ()2 ,. Here the monodromy acts on the distinguished basis e,

CDD in figure 6 as follows:

€1
€2
€3
€4
€5
€6
er
€s
€9
€10
€10+

€14+p

111111111111

e3 +e4 +e5+ e,

eio + er1,

—e1 —eg +e7+es,

—e; —eg +er+ e,

—e1 — eg +er + e,
261—62+63+64+65+366—267,
e1 —ez +e3+eq+es+2es — er,
—e3 —es,

—€4 — €9,

e1 + ez + e,

€11+i for 1 <i<3+p,

—€5 — €10 — €11 — ... — €l44p-

..., e, with the
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By table (5.13) the generators of the Orlik blocks By and Bs are 81 := eg and f2 := e11. The
monodromy acts on them as follows:

eg + —e3—egrrep+e3+eg—er—e3t+eq+es+eg+es

— —ejp—exteqtestertegtepp—>—eq4—egter
=  —eg > eq4+ €9~ —ep — €4 — e+ ey, (5113)
14+p
€11 612'—)...l—>€14+p|—>—€5—26i
=10
— —eg +e5+eg—er— —eqq. (5114)

Thus the characteristic polynomial of Mj, on B, is b;, and the blocks are

By = (es,es,e9,6e4,61,€6 — €7,
es +eg, —e2 +e5 +e7 + eo), (5.115)
By, = <611,612,...,€14+p;€5—|—610,—62—|—€5 + €6 —€7>. (5116)

This shows that By and By are primitive sublattices with By + By = By & By. Furthermore
B; @® B2 D {2e5} and By + Ba + Z - e5 = MI(f). This shows [MI(f): By @ Bs] =2 =ry.

The proof of (5.4) for ()2, was postponed to this subsection and has to be given now. Recall
the definition (5.37) of by and recall by = ®4 for Q245 and by = 1 for the other @2 . The next
aims are:

(i) For Q2,45: To show for any g € Gz U Aut(B, @ Bg, L)
g: (Bl)b4 — (31)54 and (BQ)b4 — (32)54. (5117)

(i) For all Q2,,: To find an element 4 € (B)e, with

BioB = f{a€Mi(f)| L) =0(2) (5.115)
= {a€ MI(f)|L(a, Mn(v4)) =0(2)},
g(va) € {E£va,£Mp(va)} for any g € Gy. (5.119)

(iii) For all Q2 ,: To find an element 5 € MI(f) with

By + By +Z-y5 = MI(f) (5.120)
and g(vs) € MI(f) for any g € Aut(B; @ Bs, L). (5.121)
For all ()2, define
b1
Moo= E(Mh)(ﬁl) = (P12®3)(Mp)(es)
(t5 +° — 3+t + 1)(Mp,)(es)
= —2e3 —2e4 —e5 — 2eg + e7 — eg — eg. (5.122)

Obviously M?(v1) = —71. By remark 2.6 (v), (B1)s, is an Orlik block with cyclic generator 71,
s0 (B1)e, =7 -v1 ®Z - Mp(y1). Calculate

Mh(’}/l) :261+€2—65+€6 —267—68 — €9 — €10- (5123)
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For Q2 45 define

b2 t6+4s +1

Yo = E(Mh)(&): o (Mp)(e11)

= (¢t s Lt 2 L 1) (M) (enn)
242s 1+s

= —e€5 — €10 + (—].) Z 610+2j + (—2) Z 69+4j. (5124)
Jj=1 Jj=1

Obviously MZ(v2) = —72. By remark 2.6 (v), (Ba)s, is an Orlik block with cyclic generator s,
50 (B2)e, =7Z -2 ®Z - Mp(y2). Calculate

2+42s
Mpy(y2) = —e2+es+eg—er+ 3 (1) eroqa;. (5.125)
j=1
For Q2,4s define
1
7= 5 (0 + Ma(n) + 72 + Ma(32)) (5.126)
and observe
1+s
Y3 = €1 — Z e; — Z(€9+4j + €10445)
j€{3,4,5,7,8,9,10} j=1
!
€ Mi(f). (5.127)

Together with [MI(f) : By @ Bs] = 2 this shows (5.120) and that 1, Mp(71), 73, Mp(y3) is
a Z-basis of Mi(f)s,. We want to calculate the matrices of L with respect to the basis
’yl,Mh(’Yl),’}/g,Mh(’}Q) of (Bl D Bg)q>4 and the basis ’yl,Mh(’Yl),’}/?,,Mh(’}/g) of Ml(f)<1>4. Es-
sentially we need to calculate only the values L(v1,71) and L(7vs,72), because of (5.3) and
because of the identities for any a € MI(f)a,,

L(a,Mp(a)) = L(My(a), Mj(a)) = —L(Mj(a), a)
— L{a,a) = L(My(a), My (a) (5.128)
Using M?(v;) = —v; and calculations similar to (2.17), we find
L(yi,m) = L(%(_Mﬁl)(%),es) =3 L(Mp(71),es) = 3, (5.129)
L(y2,72) = L(%(M;Zl)(w),en)

(3+2s) - L(y2,e11) = 3+ 2s, (5.130)
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thus
t
Y1 Y1 3 3 0 0
Mp(71) Mpm) | y_ -3 3 0 0
L5 % |77 o 0 3+2s 342 (5.131)
M (72) Mp(72) 0 0 —(3+2s) 3+2s
and
o no\' 3 3 3 0
My (1) Mp(y) | y_ |3 3 0 3
L( 3 ’ 3 )= 0 3 34s 3+s (5.132)
Mp(73) My, (73) -3 0 —3+4s) 3+s
The quadratic form associated to the last matrix is
3
5 . [(l’l + $3)2 + ($1 — $4)2 + ($2 + $3)2 + (LCQ + £C4)2] (5133)
+s - (aF + 23).
This shows (first for Q2 45, but in fact for all Qs )
{a € MI(f)e, | L(a,a) = 3} = {1, £Mn(n)}, (5.134)
and because of (B @ Ba)s, C MI(f)as,
{a € (B1® Ba)o, | L{a,a) = 3} = {7, £My(11)}, (5.135)

This implies that any g € Gz U Aut(B; @ Ba, L) maps the set {£vy1, 2M, (1)} to itself and thus
(B1)e, to itself and thus the L-orthogonal sublattice (Bs)e, to itself. This shows (5.117) and
gives (i).

Define for all @2,

Y4 = oy + Mp(n) (5.136)
= 2614’62726372647265766767726872697610.
Observe
Mp(va) = —m+ Mp(n) (5.137)
= —2n+m (5.138)

(5.134) and (5.137) imply (5.119). (5.138) implies the second equality in (5.118). One calculates
L(eg, ’)/4) =0. (5139)

This shows L(es, Mp(v4)) = 0(2) (in fact, it is = —2). The Mp-invariance of L and the fact that
eg is a cyclic generator of the Orlik block By give By C {a € MI(f)| L(a,v4) =0(2)}. As (5.3)
implies L(Bz2,74) =0, s0 B1 ® By C {a € MI(f)|L(a,v4) =0(2)}. Now r; = 2 and for example
L(ea,v4) = —1 £ 0(2) show (5.118) and (ii). (ii) implies Gz C Aut(B; & Bs, L).

(iii) implies Aut(B; & Bz, L) C Gz, but (iii) has still to be proved.

We continue as in the final part of the proof of part (a) for the other series. (i) holds. Lemma
2.8 can be applied. Therefore (5.42) and (5.43) hold for Q2 ,. The group Aut(B; & Bs, L) for
12 /p is generated by My, —id, My|p, X id|p, and (—id)|p, x id|p,, and analogously for the
group in (5.43) if 12|p.
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FiGURE 7. The CDD of a distinguished basis e,
Tabelle 6 & Abb. 16]

.., e, for Wy, from [EDb81,

For Q245 we define 5 := 3. It satisfies (5.120). If 12|4s, it is in (B1)y, /a,, + (B3)b,/a,,, SO
we can work with the group in (5.43). If 12 f4s, we work with the group in (5.42). In both cases
5 satisfies (5.121), because of

(Mh|31 x id |Bz)(75)

s — Mp(v1) € MI(f),
((—id)|B, xid|B,)(75)

(5.140)
Vs — (71 + Mp(11)) € MIU(S). (5.141)
For other Q2 ,, we choose a different (rather simple) s,
Y5 = €10 (5.142)
1 1
5(—62 +e¢ —er+e1) — 5(—62 + e —er —e),
with

—eg+eg—er+ey € By,—es+eg—er —eg € Bs.
Then (5.120) holds. And

(Mplp, xid|B,)(75)
((=id)|p, x id|B,)(75)

e1+es € MI(f),

(5.143)
= eg—egtereE Ml(f) (5.144)

In any case (5.120) and (5.121) and (iii) hold. Thus Aut(By @ Bz, L) C Gz, and (5.4) is proved
for Q2.

163
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5.7. The series W, ;. Here the monodromy acts on the distinguished basis e, ..

CDD in figure 7 as follows:

€1
€2
€3
€4
€5
€6
er
€s
€9
€10
€11
€12
€13
€14
€15
€15+

€15+p

FALKO GAUSS AND CLAUS HERTLING

—€5 — €12 — €13 — €14 — €15,
€16-+i for1<i<p-—1,

— —e1 —ex+e3+eq+es+ e,
—  2e; +2es +eg +e12 + exq,

— —e1 —e3 — e+ ey,

— ez —egt+ertes,

= ez —eg+er+ e,

— 61—262+€3+64+€5+366—267,
—  —2e9 +e3+eq+e5+ 2eq —ex,
= €9,

= e10,

= e11,

= —€4 —€eg — €9 — €10 — €11,

= €13,

= €14,

= €15,

—

—

—

—€1 —€2 — €16 — €17 — ... — €154p-

., e, with the

By table (5.13) the generators of the Orlik blocks By and Bs are 81 := ez +eg+e11 and By := egg.
The monodromy acts on them as follows:

e3+eg+ e

—€e] —€e3 —e4 —€st+er—eg—eg—eql
e1 —es—ertenn

—€1 —€4 —€g — €9 — €10 — €11 — €12
€] —e3 —e; —er —el3
e3+eg—€r —€l2 —€ld

—€3 — €13 — €15

e1t+esteste —er+extesters
—e;t+ester—ers
e1+es+eg+e12+e13+eqt+e1s
—e1 + €3+ eq+e7+eg

—e3 —egt+er+es+ e

e3 +eg+ei,

111111111111

(5.145)
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€16 2> C17t> ... Cla4p 7 Cl54p

154p
= —e1 — €y — E €;
i=16
= —€3— €4 — €5 — €6 — €8 — €12
= —€4— €5 — €7 — €8 — €9 — €12 — €13
= —€3— €4 — €5 — €7 —€g —€g— €10 — €12 — €13 — €14
15
— 61—64—654—66—267—5 €;
i=8
—  —eg +eq+ 65+ 2e5 — 2er (5.146)
= —€16-

Thus the characteristic polynomial of M}, on B; is b;. Here the blocks By and B, are generated
by the first degb; respectively degbs of the elements above. Here By + B, = B @ By and
[MI(f) : B1 ® Bs] = 2 = r; follow by the calculation of the determinant which expresses these
generators of By and B, in the distinguished basis eq,...,e,. Then it also follows that B; and
B are primitive sublattices.

The proof of (5.4) for Wy gs—3 was postponed to this subsection and has to be given here.
But the majority of the arguments was already given in the proof of part (a). It rests to prove
the following two points:

(i) (5.34) holds for W1 3.
(ii) In the case W1 gs—3, any g € Gz U Aut(By @ Ba, L) maps (Bi)s, to itself and (Bs), to
itself. Here by = ®gPs.

For the rest of this subsection we restrict to Wgs_3. Define for it

b1

6 = By, (Mp)(B1) = (P12P3)(Mp)(e3 + €9 +e11) (5.147)
= ®3(Mp)(eg — e13) = €9 + €10 + €11 — €13 — €14 — €15,
by P 41
by = Doy (My)(B2) = W(Mh)(elﬁ) (5.148)
= (t3+p—tp+...—t3+1)(Mh)(616)
p/3—1

p
= e +ex— Z ej + 2615+g‘ + Z (—1)e1643;-
j=1 =0

j€{3,4,5,7,8,9,10,12,13,14}

01 and 2 are cyclic generators of the Orlik blocks (Bi)s,e, and (B2)ags,, see remark 2.6 (v).
Thus &;, Mp(6;) and M?(8;) are a Z-basis of (B;)asa,. One calculates
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Mp(61) = —es—es—eg+es+entes, (5.149)
Mj(61) = —es—eg—ew+e1n+e1s+ e, (5.150)
Mh(ég) = e1+e3+ 2e5— 2e7 — Z €;
§=9,10,11,13,14,15
p/3-1
+ Z (—1)e1r+3, (5.151)
§=0
Mi(&g) = —ez+2e4+2e5+2e5 —e7+es+eg+e12+e13
p/3-1
+ Z (1) e1s+3;- (5.152)
j=0

We mneed to calculate the 6 x 6 matrix of wvalues of L for the Z-basis
81, My (61), M7 (1), 02, Mp(62), MZ(82) of (B1 @ B2)aoge,. Because of (5.3), it is block di-
agonal with two 3 x 3 blocks. Because L is Mj-invariant and because of the identities for any
a € MI(f)osa,

L<Mh<a’)7a> = _L(ava)’L(M}%(CL)va) = —L(a, Mh(a>)7
L(a, Mj(a)) = L(My(a), M;(a)) = —L(Mp(a),a) = L(a, a),

each 3 x 3 matrix is determined by two values. The matrices are

2 2 2
L(M;,(61), M} (61))ij=002= | -2 2 2], (5.153)
-2 -2 2
‘ ‘ 14 2s 0 14 2s
L(M;L(ég), M,JL((SQ))Z',]‘:OJ’Q = —1—2s 1 =+ 2s 0 . (5154)
0 —1—-2s 14 2s
Recall the definition ¥, := $(v1 + 72) in (5.21), and recall
21
MI(f)o, = Zy1 @ Ly O Lyt © Lrys = (B1 © Ba)a,- (5.155)
Thus also
MIU(f)ogp, = (61, Mn(61), My (81), 02, Mp(2),72)
2:1
D) (Bl D B2)¢6<1>2, (5156)
where

- 1 1
Yo = 5(’71 + %) = 5(51 — My(61) + MZ(61) + 62 — My (82) + M2 (52)).

The matrix of L for the Z-basis &1, My (61), M? (1), 82, Mp(82), 2 of MI(f)age, is
2 2 2 0 0 1
-2 2 2 0 0 -1
-2 -2 2 0 0 1
0 0 0 142 0  1+2s (5.157)
0 0 0 —-1—-2s 1+42s —-1-2s
1 -1 1 142s —-1—-2s 3+3s



TORELLI RESULTS FOR MARKED BIMODAL SINGULARITIES 167

T
The associated quadratic form (z; ...xe)(matrix) | @ | is
T
20+ 26)? + (202 — w6)* + (223 + 26)°] (5.158)
5 1+ T6 2 — 6 3+ %6
+ %(1 +25) [(z4 — 25 + 26)° + (24 + 6)° + (25 — 26)°] .
One finds
{a € MU(f)aga, | L(a,a) = 2} = {£M](51) | j = 0,1,2}, (5.159)
and also
{a € (B1® Ba)aye, | L(a,a) = 2} = {£Mj (61)]j = 0,1,2}. (5.160)

Thus any g € Gz U Aut(By ® Bs, L) maps §; to an element of {:I:M,z((ﬁ) |j = 0,1,2}. These
are cyclic generators of the Orlik block (Bi)ggs,. Thus any g € Gz U Aut(By & Ba, L) maps
(B1)aga, toitself. As (Bz)aa, is the L-orthogonal sublattice within Mi(f)s4,, such a g maps
also (B2)aga, to itself. This shows (ii) above. Especially such a g maps (B1)¢, to itself and its
generator 4 = 71 to +74. This shows (i) above.

FIGURE 8. The CDD of a distinguished basis e1,...,e, for Sy, from [Eb81,
Tabelle 6 & Abb. 16]
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5.8. The series S ;. Here the monodromy acts on the distinguished basis ey, ..., e, with the
CDD in figure 8 as follows:

ep — —ejp—exteztes+es+ e,
ey +— 2eq1+2es+e9g+e12+ €15,
e3 +— —e; —eg+er+eg,
ey — ey —eg+er+ e,
es — ez —egterten,
e +— e1 —2ey+es3+eq+es+ 3eq — 2ey,
er — —2ey+e3+eq+es+ 2e5 —er,
eg +—» —€3— es,
eg = €10,
€0 e,
€11 > —€4— €9 — €10 — €11,
€12 €13,
e13 e,
€14 > —€5— €12 — €13 — €14,
€14+i ‘> €154 for 1 << p— 1,
€144p F» —€1 —€2 —€15 — €16 — ... — €l44p-

By table (5.13) the generators of the Orlik blocks By and Bs are 31 := —eg + €13 and S := ey5.
The monodromy acts on them as follows:

—est+e3 — e3testen
= —e]p—e3—e5—€;ter—e2—€13— €4
— €1 — €3 — €4 —€7—eg
— €3+ eg— €7 — €9
=  €es — €10
= —e3 —eg — €11
= el +e3testes—er+egtepten
— —ejt+es+tes+ertes
— —e3 —eg+er+en (5.161)
= —esg+e13,
14+p
€15 616|—>...|—>614+p’—)—61—€2—26i
i=15
= —€3 — €4 — €5 — €6 — €9 — €12
= —€3— €4 — €5 — €7 —€g —€g— €10 — €12 — €13

1

61764765+6672677 Z €j
7€{9,10,11,12,13,14}
—  —es +eq+e5+ 2eq — 2e7 — —eqs. (5162)
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Thus the characteristic polynomial of M}, on B; is b;. Here the blocks B, and By are generated
by the first degb; respectively degbs of the elements above. Here By + B, = B @ By and
[MI(f) : By @ Bs] = 2 = r follow by the calculation of the determinant which expresses these
generators of By and B, in the distinguished basis eq,...,e,. Then it also follows that B; and
B are primitive sublattices.

The proof of (5.5) for Sy 19 was postponed to this section and has to be given here. From
now on only Sy 10 is considered. (5.25) shows that (MI(f)s,,L) is an As-lattice with roots
{£v1,+%2, (32 —71)}. Here 7, generates (By)p,. We will show that (B)g,, and 7, satisfy
the following special relationship:

(BD)ayy + 2 a)g N MIS) : (B, +Z-0)]

5 ifa= 4,
_ i 2 N 5.163
{ 1 ifaec {+%,£(2—m)} ( )

If a = £7,, then

(B)oy +Z-a)g N MIU(f) = (Bi)age, = @Z (t/®5)(Mp)(B1),
7=0
(B)ay, +Z-a = (Bi)a, + (B1)a,

3
=Pz #0:25)(M)(B1) & Z-(Pr0®5)(Mn)(51),
=0

so the index is

3

4
@Z'fj : @Z-tjq)g@Z'(I)lo = 5.
7=0

§=0
Now recall that (B1)s,, is a primitive sublattice of MI(f) and that

14 14

By C @Z'@j, SO (Bl)q>w C @Z~€j.

Jj=1 Jj=1

Observe that

Yo =72 — ’Y1——ZeJ modZZ ej.

j=15

Because of the sum _Ziiw e; in 42 and in 42 — 1, the sublattices (Bi1)s,, ® Z - 72 and
(B1)®,, ®Z - (2 — 1) are primitive in MI(f), so the index above is 1. This shows (5.163).

Now (5.5) is an easy consequence: Consider an element g € Gz with ¢((B1)a,,) = (B1)a,,- It
must map 7, to some root of the As-lattice (MI(f)s,,,L). Because of (5.163), the image must
be £v1, so g((B1)a,) = (B1)a,. Therefore g((B1)a,0,) = (B1)s,,0, and by its L-orthogonality
also g((B2)<I>10<I>2) = (BQ)‘IHO‘I’Q'

For S; 10 b1 = ®10P5P2 and by = P39P19P6 P2, so the eigenspaces with eigenvalues different
from the roots of ®19®P, are one-dimensional and are either in (Bj)¢ or in (Bg)c. This implies
(55) for 51710.

This finishes the proof of theorem 5.1. (]
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6. THE GROUP Gz FOR THE QUADRANGLE SINGULARITIES

The normal forms from [AGV85, §13] for the six families of quadrangle singularities will be listed
below in section 10. The quadrangle singularities can be seen as special 0-th members of the
eight bimodal series, with the two series Wlﬁ’p and Wy, for Wi o and the two series Sg’p and Sy p
for Si .

The following table specializes the table (5.1) to the case p = 0. For Wi o and S; o, we have
chosen the specialization of the cases Wlﬁp and Sii,p, not Wi , and S7 . The reason is that the
Orlik blocks in theorem 5.1 for Wlﬁ’p and ng work also for W; ¢ and S o, but those for W; ,, and
S1,p work not for Wi ¢ and S19. Again biby respectively bibobs for Zp o are the characteristic
polynomials of the surface singularities.

family u by by bs m rg
WLO 15 Pqo PP P, P3Py — 12 1
5170 14 P19P, D1gP5P, — 10 1
U 14 @ DyDy 9 1 (6.1)
Eso 16 ®sdy  @13060s — 18 2
Zl,O 15 P14P, [OZPR 2 b, 14 2
Q2,0 14 PPy P3 P10Py - 12 2

The following theorem on the group Gy has a strong similarity with the analogous theorem
5.1 for the eight bimodal series. And luckily, also large parts of the proof of theorem 5.1 apply
also to the case p = 0. We do not have (5.4) Gz = Aut(€D,;-, Bj, L) for E3 0, Z1,Q2,0. But we
have an analogue of the substitute (5.5) for S 19, the formula (6.4). Contrary to theorem 5.1,
we need and give a precise description of the induced Fuchsian group. The proof uses theorem
3.6. A part of the proof (a surjectivity) is postponed to section 10. For each family, denote
¢:=e¥/m e S CC.

Theorem 6.1. For any surface singularity f in any of the siz families of quadrangle singulari-
ties, the following holds.

(a) (See definition 2.3 for the notion Orlik block) For all families except Zi o, there are
Orlik blocks By, By C MI(f), and for Zy o, there are Orlik blocks By, Ba, B3 C MI(f) with the
following properties. The characteristic polynomial pg; of the monodromy on Bj is b;. The sum
> j>1 By is a direct sum €5, Bj, and it is a sublattice of MI(f) of full rank yu and of index ry.
Define

By = { gi - igi z}li)s.ases except 71, (6.2)

Then
L(B1,By) = 0=L(By,By), (6.3)
g € Gz with ¢((B1)s,,) = (B1)s,, = g¢(Bj)=B;forj>1. (6.4)

(b) The eigenspace MI(f): C MI(f)c is 2-dimensional. The hermitian form he on it from
lemma 2.2 (a) with he(a,b) == /=C - L(a,b) for a,b € MI(f); is nondegenerate and indefinite,
so P(MI(f)¢) 2 P! contains a half-plane

He :={C-a|a € MI(f) with h¢(a,a) < 0} CP(MI(f)c). (6.5)
Therefore the group Aut(MI(f)¢,he)/ St -id is isomorphic to PSL(2,R). The homomorphism
U : Gz — Aut(MI(f)¢, he)/S - id, g = glanp) mod S - id, (6.6)
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is well-defined. U(Gz) is an infinite Fuchsian group acting on the half-plane H¢. It is a triangle
group of the same type as in theorem 3.6, so of the following type:

Wi0 S1,0 Eso & Uip | Zip Q2,0 (6.7)
(2,12,12) | (2,10,10) | (2,3,18) | (2,3,14) | (2,3,12) :

And
ket U0 = {£M}|kecZ}. (6.8)

Proof: (a) We choose again (as in section 5) for each of the six cases a distinguished basis
with the Coxeter-Dynkin diagram in [Eb81, Tabelle 6 and Abb. 16].
The diagrams for Wﬁp and W1 , specialize both to the same diagram for W; . Though the

description of the action of the monodromy on the distinguished basis for Wﬁp in 5.1 specializes
to W1 0, but not the description for Wi ;, in 5.7. In the latter case ex — 2e1 +2e2+eg + €12 + €16,
but e;s does not exist for Wy g. Therefore we work with the specialization to p = 0 of the
formulas for Wlup in subsection 5.1.

The same applies to S1,9. There we work with the specialization to p = 0 of the formulas for
Sfﬁp in subsection 5.2.

The Orlik blocks B and B; (and Bs for Z ) are defined as in the proof of theorem 5.1, there
for p > 0, now for p = 0. By the same arguments, the sum ijl B, is a direct sum @jzl B,
and a sublattice of MI(f) of full rank p and index 7, and (6.3) holds.

With respect to part (a), it rests to show (6.4). In the cases W1 and Ui, it is trivial as
ry =1 and by = @, and B; and By are L-orthogonal.

In the cases S1,0, Es,0, Z1,0 and Q2, the proof will be similar to the proof of (5.5) for S 10
in subsection 5.8. First we treat S1,0, E3,0 and Z; o together, then we come to Q2.

The following formulas in the proof of part (a) of theorem 5.1 specialize to the cases S o, F3 0
and Z7 o: (5.10)—(5.26), (5.28), (5.33), (5.35).

The quadratic forms in (5.26) give now the following variants of (5.27) and (5.29):

{a € MI(f)o, | L(a,a) =5} = {£m1,Lty}or Si,, (6.9)
{a € MI(f)s, | L(a,a) =6} = {1, £, £(52 —71)}Hor B3,
{a € MIU(f)o, | L(a,a) =5} = {£(n1 —37),

+72, £(Y2 — 72) Hor Z .

The first element (up to sign) of each of these three sets generates in the corresponding case
(B1)®,. We claim that (B1)s,, and this first element satisfy the following special relationship.
For a in any of these three sets define

’I"(CL) = [((Bl)<1>m + Z - CL)Q N Ml(f) : ((Bl)<1>m + Z - a)] S ZZI~ (610)

Then we claim:

| S10 | Eso | Z1o
a r(a) | £y1 5| Etm 3| £(y1 —273) 7 (6.11)
a r(a) | £y 1|, £(F—m) 1|9, (2 —72) 1

The proof is the same as the proof of (5.163) for S 19 in subsection 5.8. We use that for any
unitary polynomial p(t) € Z[t]

degp degp—1

Pzv: P 2L pt)| =p(-1), (6.12)
j=0

=0
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and
D1p(—1) =5,D15(—1) =3, D14(—1) = 7. (6.13)
We also use
my
By CY Z-¢;  withmy:=8,9,10 for Sy, Fs0,Z1,0 (6.14)
=1

and that the elements in the second line of (6.11) are modulo Z;":ll Z- e,

S10 @ Y2 =eg+ein+ e+ e, (6.15)
Eso @ Ja=eip+ez+es+esy2—7 =72,
Zio : Ye=enteztens, Yo — 72 =2

Therefore (By)s,, + Z - a for these elements a is primitive in MI(f), and thus r(a) = 1.

The derivation of (6.4) from (6.11) and (6.9) for S o, E5,0 and Z; o is almost the same as the
derivation of (5.5) from (5.163) for Sq,10 in subsection 5.8.

The only additional argument concerns Bs = Z - 73 in the case Z1 9. Because of (5.28) any
g € Gz maps Bj to itself. Because of L(y; —273,7v3) =1 # 0, Bs and (B1)s, are glued together:
If g=¢-id on (By)g, for some ¢ € {£1}, then g =¢-id on Bs.

Now we come to (2. The formulas (5.113)-(5.116), (5.118)-(5.119), (5.122)—(5.133),
(5.136)—(5.139) are also valid for p = 0 respectively s = 0. The quadratic form in (5.133)
now gives the following variant of (5.134):

A= {y1,73,m — 3 + Mu(73), 71 — Ma(y1) + Mn(73) }, (6.16)
{b€ Mi(f)a, | L(b,0) =3} = | {=a, +My(a)}, (6.17)
a€A

so these are 16 elements which come in 4 sets of 4 elements such that each set is Mj-invariant.
Recall that M? = —id on MI(f)s,. The set {£v1, =M (71)} generates (B1)a, .

We claim that (B;)e,, and this set satisfy the following special relationship. For a € A define
the index

r(a) := [((31)<I>12 +Z-a+7Z- -Mp(a))og N MI(f) (6.18)
: ((Bl)q>12+Z'a+Z'Mh(a))j| EZZL
Then we claim:

9 for a = 71,

r(a) =14 1 for a € {v3,71 — Mp(71) + Mrn(y3)}, (6.19)
lor2 fora=vy —v5+ Mp(vs).

r(71) = 9 holds because of

(Bl +Z-m1+Z- Mp(71))o N MI(f) (6.20)
5
= (Blana, = PZ- (F03)(M)(5),
j=0
(Bi)ay, +Z -1 +Z- Mp(m) (6.21)
3 1

Pz (t7s05)(My)(51) & P Z - (#®1283) (M) (Br),

Jj=0 J=0
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and thus

5 3 1
Pzt - Pz t'osoPL-t/P12| =3-3. (6.22)
§=0 j=0 =0

For a € A—{m}, r(a) € {1,2} holds because of

B C ZZ T €54, (623)
and because the elements a and Mp,(a) for a € A — {7} are modulo 1 =1L ej

T = —€13— €14, (6.24)

Mp(v1) = ez +es,

=73+ Mp(v3) = ez +2e13+ e,
Mh(’Yl Y3+ Mn(y3)) = —enn+ew,
= Mp(m) +Mp(vz) = ez +ers,
Mh( N = Mp(m1) + Ma(y3)) = €13+ ers

The derivation of (6.4) for Q20 from (6.17) and (6.19) is a simple variant of the derivation of
(5.5) from (5.163) for Si 10 in subsection 5.8: Consider an element g € Gz with

g((Bl)qhz) = (Bl)<1>12~

Because of (6.17), it maps the set {1, M} (71)} to one of the four sets on the right hand
side of (6.17). Because of (6.19), the image must be the set {£v1, =M}, (1)} itself. As this set
generates (B1)s,, g maps (B1)e, to itself. Then g maps the sets (B1)o,,0,, B1 = (B1)3,,3,05
and By = (B2)g,,5, to themselves. This finishes the proof of part (a).

(b) All the formulas and arguments in the proof of part (c) of theorem 5.1 for the cases
W1ﬁ,12m S%mr, Ui,9r, E3,18r, Z1,14r and Q2 12, are also valid for r = 0.

In step 3 now (6.4) is used instead of (5.4), just as (5.5) for S 19. Therefore (6.7) holds and
U(Gz) is an infinite Fuchsian group.

By table (5.72), the remarks 3.5 and theorem 3.6, U(G7) is a subgroup of a triangle group of
the same type as in theorem 3.6, for each case. The proof of theorem 10.1 will show that it is
the full triangle group. (]

7. GAUSS-MANIN CONNECTION AND BRIESKORN LATTICE

The Gauss-Manin connection of isolated hypersurface singularities had been considered first by
Brieskorn in 1970 [Br70]. Since then it had been described by many people in many papers (K.
Saito, Greuel, Pham, Varchenko, M. Saito, Hertling, and others). The following presentation
will be short on the D-module foundations. It will be very precise on the relations between
the different pairings (more precise than anywhere in the literature). And it will emphasize the
computational aspects. Other versions are in [AGVS88], [He93], [He95], [Ku98] and [He02].

Throughout most of this section, we consider a fixed isolated hypersurface singularity
f:(C"1,0) — (C,0), its flat cohomology bundle |J cn. H"(f7'(7),C), and the space HZ
of global flat multi-valued sections (see section 4 for HZ°).

First we define the elementary sections es(A, ), the spaces C* which they generate, and the
V-filtration.
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Any global flat multi-valued section A € H$® and any choice of a € Q with e~ 2™ — X leads
to a holomorphic univalued section with specific growth condition at 0 € A, the elementary
section es(A, ) with

es(A, a)(r) == €8T 33) . A(log 7). (7.1)

Recall that N is the nilpotent part of the monodromy Mp. Denote by C“ the C-vector space of
all elementary sections with fixed a and A\. The map

Yo i =es(,a) HY — C* (7.2)

is an isomorphism. The space V™od := Dec-1,0 C{r}[r71] - C* is the space of all germs at 0
of the sheaf of holomorphic sections on the flat cohomology bundle with moderate growth at 0.
The Kashiwara-Malgrange V -filtration is given by the subspaces

vi= @ clinctvi= P i (7.3)
Bela,a+1) BE(a,a+1]
It is a decreasing filtration by free C{7}-modules of rank p with Gr$; = V*/V>* = C~. And
7: C* — C**! bijective, T-es(A,a) =es(A,a+ 1),
dr : C* — C*~! bijective  if a #0, (7.4)
—-N
70, —a : C% — C“ nilpotent, (10, —a)es(A,a) = es(TA,a).
i
Therefore 971 : V>~ — V>0 is an isomorphism, and V>~ is a free C{{0; '} }-module of rank
I
With the polarizing form S (see (4.20)), we define a 97 '-sesquilinear pairing Ky on V>~
Its restriction to the Brieskorn lattice will be the restriction of K. Saito’s higher residue pairings
to the Brieskorn lattice (which he defined on an extension of the Brieskorn lattice to a universal
unfolding).

Lemma 7.1. A unique pairing

K;: V>t x vt s c{{o7 '}y (7.5)
with the properties in (7.6)~(7.9) exists. In (7.6) and (7.7) A € H 10, B € H 5 i5.
1 _
Kf(eS(A,OZ),BS(B,IB)) = WS(AvB) 'a‘rlv (76)
for o, € (-1,0),a+ 5 = —1,
-1
Ky(es(A B = ———S(A,B)-9;? .
fles(Aa).es(BLA) = e S(AB) 07 (77)
fora =5 =0,
K;:C*xCP =0 for o, BE€ERs_1,a+ [ ¢ Z, (7.8)
o7 - Ki(ah) = K;(07'a.b) = Kyla,~07'b) (7.9)

for a,b e V=1,
It satisfies also (for o, € Rs_1)
K;:C*xCP - C-0727P72  ifa+pBe, (7.10)
Ky(ra,b) — K¢(a,7b) = [1, Kf(a,b)]  for a,b e V=71 (7.11)
where [1,0-%] = ko7*=1. If one writes K¢(a,b) = D k1 Kj(fk) (a,b) - O=F with K](ck)(a, b) € C,
then K](c_k) is (= 1)+ _symmetric.
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Proof: It is clear that (7.6)-(7.9) define a unique 9, '-sesquilinear pairing on V>"1. TIts
07 1-sesquilinearity gives (7.10). One checks (7.11) with (7.4) and the infinitesimal N-invariance
of S. The symmetry of the K}k) follows from the symmetry of S and the 9, !-sesquilinearity of
Ky 0

Remark 7.2. In the sections 9 and 10, we will prove the global Torelli conjecture for many
families of marked bimodal surface singularities. We want to claim that it follows also for all
suspensions of these families, and also for the curve singularities, if the surface singularities are
themselves suspensions of curve singularities.

The Milnor lattices of f and f + 22 41 are up to a sign uniquely isomorphic. The normalized
Seifert form L"™°" and the group Gz are the same.

But the Brieskorn lattices of f and f+ 2 are not isomorphic. In [He93], the second author
had a lemma saying that they are sufficiently similar and vary in the same way in p-constant
families.

Stronger and more elegant is the specialization to f+2z2 11 of a Thom-Sebastiani formula. But
that requires to look at a Fourier-Laplace transformation. In the present situation of sections
of moderate growth, this can be done in a nice and explicit way. Lemma 7.3, definition 7.4 and
theorem 7.5 do a good part of the work. Theorem 7.9 gives a Thom-Sebastiani formula for a
Fourier-Laplace transform of the Brieskorn lattice. Theorem 7.7 states well known properties of
the Brieskorn lattice.

The pairing in lemma 7.3 had been considered first by Pham [Ph85], see remark 7.6 (i).

Lemma 7.3. Let y_, : H"(f~(2),C) — H"(f~1(—2),C) (respectively ~y, ) be the isomorphism
by flat shift in mathematically negative (respectively positive) direction. Define a pairing

P:H"(f'(2),C) x H*(f'(~%),C) — Cfor z # 0 (7.12)

£ 70

It is (=1)"*'-symmetric and nondegenerate and takes walues in (2mi)~ (D . Z on
H"(f~Y(2),Z) x H"(f~Y(~2),Z). It is flat, i.e. it has constant values on pairs of flat sec-
tions in the cohomology bundle.

by P(a,b) :=

Proof: The only property which might not be immediately obvious, is the (—1)"*!-symmetry.
It compares the P in (7.12) with the P where in (7.12) z is replaced by —z. It follows from the
flatness, from Mp,y_, = v, and (4.15): Let a € H*(f~1(2),Z),b € H*(f~*(—=2),Z), then

(2mi))" . P(b,a) = L™ (b,y_ra) = (=1)"TL"" (M), y_ra,Db)
= ()L () = (<1 L (a,7-b)
(2mi)" . (=1)"TL . P(a,b). (7.13)
(]
Definition 7.4. [He02, (7.47)] For each a € Ry define the automorphism
G HXpin — H smia,
k
G = ;Okl!r(k)(a) : (;\Z) =T (a ~ id+;\£> " (7.14)

Here T is the Gamma function, and T'®) is its k-th derivative. Define the automorphism

G:= Y GY:HX - HZ. (7.15)
a€e(0,1]
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The following theorem was first formulated in [He03, Proposition 7.7]. A detailed proof is in
[BH17, Theorem 5.2]. The most difficult part is the proof of (7.21).
Theorem 7.5. (a) Let 7 and z both be coordinates on C. For o« > 0 and A € Hg’fgﬂa, the
Fourier-Laplace transformation FL with

FL(es(A,a—1)(1))(2) := /OOO.Z e ™% es(A,a —1)(1)dT (7.16)

is well defined and maps the elementary section es(A,a — 1)(7) in T to the elementary section
FL(es(A,a —1)(1))(2) = es(GY A, a)(2) (7.17)
m 2.
(b) It extends to a well defined isomorphism

FL: Y C{o/'}-C2 - v>°. (7.18)
a€e(—1,0]

Here the indices T at C® and z at V>0 indicate that the coordinate T respectively z has to be
used. It satisfies for a,b € 3 c(_y g Cc{o-'}-co

FL(0:'a) = =z-FL(a), (7.19)

FL(t-a) = 2?0.FL(a), (7.20)

P(FL(a), FL(b)) = Y cx2'if Kp(a,b) =Y 07 (7.21)
k>1 k>1

Remarks 7.6. (i) Pham [Ph85] defined the pairing P in lemma 7.3 starting with an intersection
form for Lefschetz thimbles. In our situation, H,,(f~1(2),Z) for z € A* is canonically isomorphic
to the Z-module generated by Lefschetz thimbles above the straight path from 0 to z. And it is
easy to see that the pairing

(_l)n(n+1)/2 . Lhnor(.7,y_ﬂ) . (722)
Hn(fil(z)az) X Hn(fil(fz)a Z) —Z

for z € A* is the intersection form for Lefschetz thimbles [He05]. This formula connects lemma
7.3 with Pham’s definition.

(ii) Neither Pham nor K. Saito knew the formulas (7.6) and (7.7) for K; with the polarizing
form S. Pham had the version of (7.21) with K. Saito’s higher residue pairings [SaK83] instead
of Ky. He did not consider explicitly the automorphisms G and (7.17).

(iii) Because of (7.19), we have to consider on the left hand side of (7.18) and in (7.19)—(7.21)
the subspace _ ¢ 0 C{07 3. 0% of V>~1. The convergence condition is stronger.

Now we come to the Brieskorn lattice. It is a free C{r}-module H{(f) C V>~1 of rank p
which had first been studied by Brieskorn [Br70]. The name Brieskorn lattice is due to [SaM89],
the notation H{(f) is from [Br70]. The Brieskorn lattice is generated by germs of sections s|w]
from holomorphic (n + 1)-forms w € Q%"': Integrating the Gelfand-Leray form ;—f| F-1(s) over
cycles in H,(f~1(r),C) gives a holomorphic section s[w] in the cohomology bundle, whose germ
s[w]o at 0 is in fact in V> =1 (this was proved first by Malgrange). The following theorem collects

well known properties of the Brieskorn lattice. Afterwards we make comments on their proofs.
See also [He02].
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Theorem 7.7. Algebraic properties:
H'(

Il

f) O o/df N o, (7.23)
o7 L HY(f) — H(f) < H(f)
with Hy(f) = df AQgwsao/df AL
and 0, : s[df Anlo s[dn]o.- (7.24)

I

Compatibility with Ky: Ky is the restriction to H{ (f) of K. Saito’s higher residue pairings. It
satisfies

Ky + HY(f) x HY () = 0771 - C{{o7 1}, (7.25)

The leading part
Ky HY () Hy(f) < H (f)/Hy(f) = C (7.26)
is symmetric (lemma 7.2) and nondegenerate. It is Grothendieck’s residue pairing on

1
QL o Jdf A -

Relation to Steenbrink’s Hodge filtration F*H : For A = e~?™® with a € (—1,0],

FLHS = vy (007 Gl P HE (). (7.27)
Define the unordered tuple Sp(f) = Yt (o) = > acod(@) - (@) € Zxo[Q] of spectral numbers
ay,...,0, €Q by
d(o) := dimGr{ H) — dim Gr{, Hy). (7.28)
Number them such that oy < ... < oy Then they satisfy the symmetry
o toapj=n—1 (7.29)
and
“-l<o<...<aq,<n, (7.30)

VIO Hf OV
0=F"""H>, FHY = HY, F'H® = H{®.

The algebraic properties had been proved by Brieskorn [Br70] with some help by Sebastiani.
That K is the restriction to H{/(f) of K. Saito’s higher residue pairings [SaK83] follows from
(7.21) and Pham’s identification of P with the Fourier-Laplace transform of K. Saito’s higher
residue pairings [Ph85]. See [He02] for an alternative reasoning. Then (7.25) and the properties
of (7.26) follow from K. Saito’s work.

Steenbrink defined the Hodge filtration F¢, first using resolution of singularities [St77]. Then
Varchenko [Va80-1] constructed a closely related Hodge filtration Fyy, from the Brieskorn lattice
H{(f). Scherk and Steenbrink [SS85] (and also M. Saito) modified this construction to recover
F¢,. This is (7.27). Then (7.29) and (7.30) follow from properties of the Hodge filtration.
Though V>~! > H{/ was proved before by Malgrange.

Remark 7.8. The Fourier-Laplace transformation F'L is defined on any sum of elementary
sections with the stronger convergence condition in (7.17). Therefore it is not defined on arbitrary
elements of H{. But because of (7.30),

Hf =(H{n P cHev (7.31)

—1<a<n-—1
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and the elements of the first summand are finite sums of elementary sections. Therefore the
space

FLH{Nn @ cHevr (7.32)
—1l<a<n-—1

is a well-defined free C{z}-module of rank p. For simplicity we call it FL(H{), although that is
not completely correct. It satisfies

220, : FL(H)) — FL(H}), (7.33)
and P: FL(H)) x FL(H}) — 2"T'.C{z}, (7.34)

and the leading part of P is a symmetric and nondegenerate pairing on FL(H{)/z - FL(H{),
all of this because of (7.19)—(7.21), (7.24)—(7.26). It thus satisfies all properties of a TERP-
structure [He02, definition 2.12]. Because of the Z-lattice H° and the Z-lattice bundle in the
cohomology, we can even call it a TEZP-structure. More precisely, we denote as TEZP structure
the following tuple.

TEZP(f) := (H3®, L™, Vol P, FL(H)))(f). (7.35)

Here V% comes equipped with the actions of z,d; ! and 20,. We formulated theorem 7.5 and
introduced FL(H() because of the following Thom-Sebastiani result.

Theorem 7.9. [SS85][BH17, Theorem 6.4] Consider besides f(xg,...,xn) a second singularity
9(Tns1s - Tutma1). Then

TEZP(f +g) X TEZP(f) ® TEZP(g). (7.36)

Remarks 7.10. (i) The isomorphism for the data (Hg°, L™°") is the classical Thom-Sebastiani
result in (4.8) and (4.10). The isomorphism for P follows from its definition with L™°". The
isomorphism for V/°¢ is trivial. The isomorphism for H{/ was essentially proved in [SS85, (8.7)
Lemma]. Though Scherk and Steenbrink did not make the compatibility with the topological
Thom-Sebastiani isomorphism between the cohomology bundles precise, and they avoided the
use of the Fourier-Laplace transformation. They obtained a 9, !-linear isomorphism

Hy(f +9) = Hy(f) ® Hg(9)-

(ii) They applied this isomorphism to obtain a Thom-Sebastiani formula for Fg, in [SS85,
Theorems (8.2) and (8.11)]. Though their Thom-Sebastiani formula is wrong if N # 0. In the
application of the isomorphism, they had mixed 9, !-linearity and 7-linearity and went with this
isomorphism directly into the defining formula (7.27) of Fg,. But the true Thom-Sebastiani
formula is quite close [BH17, Corollary 6.5]. One has to replace in [SS85, Theorems (8.2) and
(8.11)] F¢, by G(F$,). This follows immediately from (7.27) and (7.36). Of course, in the case
N =0, the isomorphism G in definition 7.4 is just a rescaling, and then G(F§,) = F§,, so then
their Thom-Sebastiani formula is correct.

(iii) As a corollary of theorem 7.9, we obtain for a suspension of f
TEZP(f +22,,) ¥ TEZP(f)@ TEZP(z} ). (7.37)

This allows us to consider in the sections 9 and 10 only the surface singularities. More generally,
it implies the corollary 8.14. This corollary is the reason why we introduced FL(H{(f)). Formula
(7.36) and this corollary are more elegant and general than the arguments with which suspensions
were treated in [He93], [He95], [Hell] and [GH17].

(iv) The Thom-Sebastiani formula for F$, expresses in the case of a suspension F§,(f + 2, ;)
in terms of Fg,(f). It is made explicit in [BH17, Theorem 4.6]. It can be seen as a square
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root of a Tate twist, because F&,(f) and F&,(f + 22, + 22 ,) are simply related by a Tate
twist. f and f + 22, 4+ 22, have the same polarizing form S by (4.20) and (4.21), because
My (f) = Mu(f + 22,1 +22_,). But the polarizing form of f + z2, is quite different, because
of M (f +x},1) = —My(f) and (4.20) and (4.21). The formula in [BH17, Theorem 4.6] which
expresses F8,(f+22. ) in terms of F&,(f) involves the G(® from definition 7.4 and is compatible
with the isotropy condition (4.18) and (the generalization in the case N # 0 of) the positivity
condition (4.19).

Fix for a moment a reference singularity fo. In [He99] a classifying space Dpyras(fo) and a
classifying space Dpr,(fo) are constructed. Dppsps is a classifying space for M-invariant Hodge

filtrations F'* on HZ(fo) such that (H%,HQVZ,F',W—N, S) and (H{°, HYS, F*,W,—N,5)

are polarized mixed Hodge structures of weight n respectively n+1 with the same Hodge numbers

as Fg,(fo)-
Dpy, is a classifying space for subspaces Lo C V> ~! with the following properties:

(o) Ly is a free C{7}-module of rank pu.

(B) Lo is a free C{{0; 1} }-module of rank p.

(7) The filtration F'* in HZ°(fy) which is constructed by formula (7.27) with £y instead of
H(I)/(f()) is in DPMHS-

((5) It satisfies Kf(ﬁo,ﬁo) C 87__n_1 . (C{{O;l}}

Theorem 7.11. Fiz a reference singularity fo(zo,...,Zn).

(a) [He99, ch. 2] Dpyrus(fo) is a real homogeneous space and a complex manifold. It is a
locally trivial bundle over a product Dpys of classifying spaces for pure polarized Hodge struc-
tures. The fibers carry an affine algebraic structure and are isomorphic to CNPMHS for some
Npmus € Zso. The group Gz(fo) acts properly discontinuously on Dppyps.

(b) [He99, ch. 5] Dgr(fo) is a complex manifold and a locally trivial bundle over Dpargs.
The fibers have a natural C*-action with negative weights and are affine algebraic manifolds and
are isomorphic to CNBL for some Npr, € Z>o. The group Gz(fo) acts properly discontinuously
on DBL-

(¢) Dpymus(fo) and Dpums(fo + 22.,) are canonically isomorphic.  Dpr(fo) and
Dgpr(fo+22,,) are canonically isomorphic.

Part (c) is not formulated in [He99]. The isomorphism Dpr(fo) = Dpr(fo + 22,4) is given
by the generalization of (7.36), namely the map

Lo FL7! (FL(ﬁO) ® FL(H! (22 +1))). (7.38)

The isomorphism Dparus(fo) = Dpmms(fo + 22,,) is obtained by applying Gr},. It follows
also from [BH17, Theorem 4.6].

In the sections 9 and 10, p-constant families of singularities in two parameters will be studied.
The following definition and theorem treat a more general situation. It had been considered
especially in [Va80-2] [AGVS88] [SaM91] [He93] [Ku98].

Definition 7.12. A holomorphic p-constant family of singularities consists of a number p € Z>1,
a connected complex manifold 7', an open neighborhood X C C"*! x T of {0} x T' and a
holomorphic function F : X — C such that F, := F|x, with X; := X NC"*! x {t} forany t € T
has an isolated singularity at 0 with Milnor number .

Theorem 7.13. Consider a holomorphic p-constant family as in definition 7.12.
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(a) The Milnor lattices (MI(F;), L) with Seifert forms for t € T are locally canonically iso-
morphic. They glue to a local system \J,cp MI(F}) of free Z-modules of rank fu.

(b) Therefore also the spaces C*(Fy), V"4 F,), V4(F;) are locally canonically isomorphic
and glue to local systems.
(¢) But the Brieskorn lattices HYj(Fy) C V.>7Y(F;) vary holomorphically. For w € Q;L("/’:lp,

slwlo(t) = s[w|x,]o € H{ (Ft). Let & be a holomorphic vector field on T. Its canonical lifts to
C x T (with coordinate 7 on C) and X are also denoted £. The covariant derivative of s|w]o(t)

by € is
§ slwlo(t) = s[Lieg wo(t) + (=0-)s[E(F) - wlo(t). (7.39)
(d) All germs F; have the same spectrum.

Remarks 7.14. (i) Part (a) is less trivial than one might expect, as it is not clear whether
g(t) and 6(t) in the definition of a Milnor fibration F} : X (e(t),d(t)) — As() can be chosen as
continuous functions in ¢. But lemma 2.2 in [LR73] saves the situation. See [Va80-2] [He93]
[Ku98] [Hell] for details.

(ii) Part (b) follows from part (a). Formula (7.39) is well known, see e.g. [Va80-2] [AGV&S]
e u9sg|. Part 1s proved in |Va&2|.
He93| [Ku9s8]. P d) i d in [Va82

(iii) The bundle ,ep H (Fr) € Uper V271 (F) can be seen as a germ along {0} x T on
(C,0) x T of a holomorphic rank g bundle.
slw]o for w € Q’;;/“qlﬂ is a holomorphic section in this bundle.

But in theorem 9.6 and theorem 10.6 we will be imprecise and consider s[w]p as a possibly
multi-valued holomorphic map s[w]o : T — V,”> "1 (F0) for a reference singularity Fjo.

(iv) slw]o is a sum s{w]p = >, _; s(w, @) of holomorphic families s(w, a)(t) € C*(Fy),t € T,
of elementary sections. For each t € T,

aslwlo(t) = alwlx,) = min(a | s(w, a)(¢) £ 0) (7.40)
is the order of s[w]o(t), and s(w, a(w|x,))(t) is its principal part. The order is upper semicontin-
uous in ¢.

(v) A notation: wg :=dxg...dx,.

All bimodal series singularities in table (9.1) except Wﬂp (see remark 9.5 for Wlﬁm) are Newton
nondegenerate. All quadrangle singularities in table (10.1) are semiquasihomogeneous. For such
singularities there are useful results for the computation of the order a(w|x,), which we describe
in the following. We start with a definition of Kouchnirenko.

Definition 7.15. Let f: (C"*1,0) — (C,0) be a singularity.
(a) [Ko76] Write f =}z a;x" and define
>0

supp(f) = {i € ZL" [a; # 0}, (7.41)
r.(f) = (convex hull of U (1 + Rg‘gﬂ) c R,
i€supp(f)
Teom(f) = {o]ois acompact face of ' (f)},

)
Fcom,n(f) {0 € Fcom(f) | dimo = Tl},
lo @ R"™ S Rforo€Teomn(f)

as the linear function with o C [;1(1).
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(b) [SaM88]|[KV85] The Newton order v : C{zo,...,z,} = Q> U {oo} is
(> bia') := min(l, (i) |all i with b; # 0, all o € Teomn(f)). (7.42)

The Newton order v : Qgﬁl,o — Qs U {oo} is

I/((Z bix') - wp) = I/((Z bix)zg ... x,). (7.43)

The Newton order 7 : HJ/(f) = Qso U {o0} is

v:=max(¥(n) | =w mod df A ng;ll o) (7.44)

(¢c) [Ko76] For o € Teom (f) define fo := >, a;a*. The singularity f is Newton nondegenerate
if for each o € Teom(f) the Jacobi ideal J(f,) of f, has no zero in (C*)"T1. It is convenient if
f contains for each index j € {0,...,n} a monomial x;n’ for some m; > 2.

The following theorem was proved in 1983 by M. Saito [SaM88]. The proof shortly afterwards
by Khovanskii and Varchenko [KV85] is completely different.
Theorem 7.16. Let f be a Newton nondegenerate and convenient singularity. For any
w e Qgﬂl,o, its order a(w) (defined in remark 7.14 (iv)) is a(w) = v(w) — 1.

The following corollary is an easy consequence. It is proved in [He93, Satz 1.10].

Corollary 7.17. Let f be a Newton nondegenerate and convenient singularity. Define

s(f) = min (V((,S)xf;'wo)ﬂj € {O,...,n}) > 0, (7.45)
I(f) = {ieZl" |v(a'wo) — 1< s(f)}. (7.46)

Then fori € I(f)
ar'wy) = v(z'wo) — 1, (7.47)

the numbers a(x'wy), i € I(f), are the spectral numbers in the interval (—1,s(f)), and

_ min(a(xiwy) |i € I(f),b; #0)
a((z biz') - wo) = if an ¢ € I(f) with b; # 0 exists, (7.48)
i > s(f) else.

Remarks 7.18. (i) We expect that theorem 7.16 holds also without the condition that f is
convenient. This would be desirable as many normal forms of singularities are Newton nonde-
generate, but not convenient.

(ii) A singularity is (u + 1)-determined, i.e. f+ g ~» f for any ¢ € m**! where m is the
maximal ideal in C{z} [Ma68]. If f is Newton nondegenerate, then f+3°7_;¢; x;”7 for arbitrary
m; > p+ 1 and sufficiently generic ¢; € C* is Newton nondegenerate and convenient and right
equivalent to f.

Furthermore, because of m* C J(f) and the Artin approximation theorem, one can choose
a coordinate change ¢ with f + Z?:o c]-x;nj = f o such that all p; —z; € m™inme) = s
Unfortunately, this is not sufficient for a generalization of theorem 7.16 to the case where f is
not convenient.

(iii) We claim that the calculations in the proof of theorem 9.6 can be carried out with almost
no change (but with additional terms) for f + Z?:o cjx;nj with large m; and that they give
essentially the same results. With this claim, we justify that we calculate in the proof of theorem
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9.6 with the normal forms f in table (9.1) which are almost all not convenient, but that we apply
theorem 7.16 and corollary 7.17.

(iv) Theorem 7.16 holds without the condition that f is convenient if f is semiquasihomoge-
neous. That is the case when there is only one compact face of dimension n.

Definition 7.19. (a) A singularity f is semiquasihomogeneous with weights wy, ..., w, € Qg
if
f= Z a;z" with deg, ' > 1 for all i with a; # 0, (7.49)
iezggl

and the quasihomogeneous polynomial

fni= > (7.50)

has an isolated singularity at 0.
(b) A singularity f is quasihomogeneous if it is semiquasihomogeneous with f = fg.

A quasihomogeneous singularity f satisfies the Euler equation
=0 i

This equation and (7.24) and elementary calculations in [Br70] imply part (a) of the following
lemma.

Lemma 7.20. (a) Let f be a quasihomogeneous singularity with weights (wo,...,wy). If
w = x'wg s a monomial differential form then
either slwlo=0
or a(w) =deg, (x'xg ... x,) — 1 and s[w]o = s(w, a(w)). (7.52)
(b) Let f be a semiquasihomogeneous singularity with weights (wo, ..., wy,) and f # fqn. The

1-parameter family fon+t-(f— fqn) is a p-constant family. If w = x'wy is a monomial differential
form then

alw) > deg,(zizy...x,) — 1, (7.53)
sw ., degy (@ zm) ~ () = sulo(0)
S@.0)(1) = 30 LA (OS] )t )O).
£>0

The last expression is polynomial in t because a((f — fun)*w) > a + k for large k.

Proof of part (b): In [AGVS85, ch. 12] it is shown that f,, + t(f — fgn) is a p-constant
family. The other assertions follow with theorem 7.13 (¢) and part (a) of lemma 7.20. O

8. REVIEW ON MARKED SINGULARITIES, THEIR MODULI SPACES, H-CONSTANT MONODROMY
GROUPS AND TORELLI CONJECTURES

This paper and the paper [GH17] complete the study of the data in the title of this section for
the singularities of modality < 2. These data were introduced in [Hell]. Here we review them.
We start with the notions marked singularity and strongly marked singularity.
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Definition 8.1. Fix one reference singularity fo.

(a) Then a strong marking for any singularity f in the p-homotopy class of fy (i.e. there is a
family of singularities with constant Milnor number and parameter space [0, 1] which connects
fo and f) is an isomorphism p : (MI(f), L) — (MI(fo), L).

(b) The pair (f, p) is a strongly marked singularity. Two strongly marked singularities (f1, p1)
and (f2, p2) are right equivalent (notation: ~g) if a coordinate change ¢ : (C"™*,0) — (C"*1,0)
with

J1 = f20pandp1 = p2 © Phom
exists, where @pom : (MI(f1), L) = (MI(f2), L) is the induced isomorphism.

(c) The notion of a marked singularity is slightly weaker. If f and p are as above, then the
pair (f,£p) is a marked singularity (writing +p, the set {p, —p} is meant, neither p nor —p is
preferred).

(d) Two marked singularities (f1,£p1) and (f2, £p2) are right equivalent (notation: ~z) if a
coordinate change ¢ with

f1 = faopandps = €p2 0 Prom for some ¢ € {£1}
exists.

Remarks 8.2. (i) The notion of a marked singularity behaves better than the notion of a
strongly marked singularity, because it is not known whether all y-homotopy families of singu-
larities satisfy one of the following two properties:

Assumption (8.1): Any singularity in the p-homotopy (8.1)
class of fp has multiplicity > 3.

Assumption (8.2): Any singularity in the y-homotopy (8.2)
class of fp has multiplicity 2.

We expect that always one of two assumptions holds. For curve singularities and singularities
right equivalent to semiquasihomogeneous singularities and all singularities with modality < 2
this is true, but in general it is not known. In a p-homotopy family where neither of the two
assumptions holds, strong marking behaves badly, see (ii).

(ii) If mult(f) = 2 then (f,p) ~» (f,—p), which is easy to see. If mult(f) > 3, then
(f,p) #= (f,—p), whose proof in [Hell] is quite intricate. These properties imply that the
moduli space for strongly marked singularities discussed below is not Hausdorff in the case of a
p-homotopy class which satisfies neither one of the assumptions (8.1) or (8.2).

In [He02] a moduli space M, (fy) was constructed for the p-homotopy class of any singularity
fo- As a set it is simply the set of right equivalence classes of singularities in the py-homotopy
class of fo. But in [He02] it is constructed as an analytic geometric quotient, and it is shown
that it is locally isomorphic to the p-constant stratum of a singularity modulo the action of a
finite group. The p-constant stratum of a singularity is the germ (S,,0) C (M,0) within the
germ of the base space of a universal unfolding F of f, such that for a suitable representative

S, = {t € M| F; has only one singularity x¢ and F}(z¢) = 0}. (8.3)

It comes equipped with a canonical complex structure, and M, inherits a canonical complex
structure, see the chapters 12 and 13 in [He02].

In [Hell] analogous results for marked singularities were proved. A better property is that
M7 is locally isomorphic to a p-constant stratum without dividing out a finite group ac-
tion. Therefore one can consider it as a global p-constant stratum or as a Teichmdiller space for
singularities. The following theorem collects results from [Hell, theorem 4.3].
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Theorem 8.3. Fiz one reference singularity fo. Define the sets

M7™"(fo) = {strongly marked (f,p) | (8.4)
f in the p-homotopy class of fo}/ ~%,
M (fo) = {marked (f,=£p)]| (8.5)

f in the p-homotopy class of fo}/ ~% .

(a) M (fo) carries a natural canonical complex structure. It can be constructed with the
underlying reduced complex structure as an analytic geometric quotient (see [Hell, theorem 4.3]
for details).

(b) The germ (M7 (fo), [(f, £p)]) with its canonical complex structure is isomorphic to the
p-constant stratum of f with its canonical complex structure (see [He02, chapter 12] for the
definition of that).

(¢) For any ¢ € Gz(fo) =: Gz, the map

Ymar : MM — MM [(f, +p)] = [(f, ¢ 0 p)]

is an automorphism of M;"*". The action

Gz X MM = M (4, [(f, £0)] = Ymar ([(f, £0)])

s a group action from the left.

(d) The action of Gz on M;" is properly discontinuous. The quotient MIT‘”'/GZ is the
moduli space M, for right equivalence classes in the p-homotopy class of fo, with its canonical
complex structure. Especially, [(f1,£p1)] and [(f2, £p2)] are in one Gz-orbit if and only if f1
and fo are right equivalent.

(e) If assumption (8.1) or (8.2) holds then (a) to (d) are also true for M;™" and Ysmar
With Ysmar ([(f, p)]) == [(f, % 0 p)]. If neither (8.1) nor (8.2) holds then the natural topology on
M:™e s mot Hausdorff.

We stick to the situation in theorem 8.3 and define two subgroups of Gz(fy). The definitions
in [Hell, definition 3.1] are different, they use p-constant families. The following definitions are
a part of theorem 4.4 in [Hell].

Definition 8.4. Let (M;Z““”)O be the topological component of M**" (with its reduced complex
structure) which contains [(fo, £id)]. Then

G (fo) = {v € Gz|y maps (M;Z“")O to itself} C Gz(fo). (8.6)
If assumption (8.1) or (8.2) holds, (M5™")? and G*™"(fo) C Gz(fo) are defined analogously.
The following theorem is also proved in [Hell].

Theorem 8.5. (a) In the situation above, the map
Gz/G™"(fo) — {topological components of M;"*"}

¢ - G™(fo) >  the component Ypar((M;]*")°)
s a bijection.
(b) If assumption (8.1) or (8.2) holds then (a) is also true for M;™" and G*™"(fy).
(¢c) —id € Gz acts trivially on M;*"(fo). Suppose that assumption (8.2) holds and that
fo=g0(z0,...,wn_1) + 2. Then —id acts trivially on Mjm‘”(fo) and

MEmer(fo) = MM (fo) = M (go),

GSm(LT(fO) — Gma?"(fo) — Gmar (go) (8'7)
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Suppose additionally that assumption (8.1) holds for go (instead of fo). Then {£id} acts freely
on M™% (go), and the quotient map

aEmer (o) T EEY amen (g0 (£, 0)] = [(f, £0)]

is a double covering.
The following conjecture was formulated as conjecture 3.2 in [Hell].

Conjecture 8.6. [Hell, Conjecture 3.2] (a) Fiz a singularity fo. Then M is connected.
Equivalently (in view of theorem 8.5 (a)): G™"(fo) = Gz.
(b) If the pu-homotopy class of fo satisfies assumption (8.1), then —id ¢ G*™(fy).

The study of the singularities with modality < 2 in [Hell][GH17] and this paper gives: Part
(b) is true for all singularities with modality < 2. Part (a) is true for almost all singularities
with modality < 2, but not for all. The exceptions are the subseries for p = m - r of the eight
bimodal series. This is a part of theorem 9.1. Now we expect that part (a) will be wrong for
many singularities.

Using the other definition of G™*" in [Hell], part (a) says that up to +id, any element of Gz
can be realized as transversal monodromy of a u-constant family with parameter space S'. As
it is wrong for some singularities and probably for many more, part (a) of conjecture 8.6 has to
be replaced now by the question whether the subgroup G™*" of Gz can be described in a nice
conceptual way.

In order to understand the stabilizers Stabe, ([(f, p)]) and Stabeg, ([(f, £p)]) of points

[(f;p)] € MZ™"(fo) and  [(f,£p)] € M (fo),

we have to look at the symmetries of a single singularity. These had been discussed in [He02,
chapter 13.2]. The discussion had been taken up again in [Hell].

Definition 8.7. Let fo = fo(xo,...,z,) be a reference singularity and let f be any singularity
in the y-homotopy class of fo. If p is a marking, then Gz(f) = p~1 o Gz o p.
We define

R = {p:(C" 0) = (C"™' 0) biholomorphic}, (8.8)

R = {peR|fop=f}, (8.9)

Ry = jR!/(1LRT), (8.10)

G (f) = {bnom | € RT} C Gz(f), (8.11)
GR™(f) = {&[v e GR" ()} (8.12)
G (fo) = () P eGRM(flopC Gy (8.13)

[(f.p)]eMgmar

Again, the definition of GZ"*" is different from the definition in [Hell, definition 3.1]. The
characterization in (8.11) is [Hell, theorem 3.3. (e)]. Ry is the finite group of components of
the group j1RY of 1-jets of coordinate changes which leave f invariant. The following theorem
collects results from several theorems in [Hell].

Theorem 8.8. Consider the data in definition 8.7.
(a) If mult(f) > 3 then j1RY = Ry.
(b) The homomorphism ()hom : RS — Gz(f) factors through Ry. Its image is
(Bf)hom = GR*"(f) C Gz(f)

(¢) The homomorphism (Jhom : Ry — GR*"(f) is an isomorphism.
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(d)
—id ¢ GR""(f) < mult f > 3. (8.14)
Equivalently: GR(f) = GZF(f) if mult f = 2, and GR*(f) = GHF(f) x {xid}
if mult f > 3.
(e) GR"(f) = GR"(f + a7 11).
(f) My € G (f). If f is quasihomogeneous then My € G5 (f).
(9) For any [(f,p)] € M™"

Stabe, (I(£.0)]) = poGE " (f)op", (8.15)
Stab, ([(£. £p)]) = poGRY(f)op. (8.16)

((8.15) does not require assumption (8.1) or (8.2)). As Gz acts properly discontinuously on
M (fo), GR*"(f) and GR"(f) are finite. (But this follows already from the finiteness of Ry

and (b).)

The group Gz""7“"(fo) in (8.13) had not been considered in [Hell]. Usually it is very small.
It is useful because of the following elementary fact.

Lemma 8.9. Let T be the parameter space of a u-constant family as in definition 7.12. The
transversal monodromy of it is the representation w1 (T,t°) — Gz (Fy0) which comes from the
local system | J,cqp MI(F}).

If its image is in G (Fyo), then there is a natural map T — M (Fp).

Proof: The trivial strong marking +id for Fjo induces along any path strong markings of
other singularities F;. Two paths which meet at a point ¢, might not induce the same strong
marking of Fy, but the two markings differ only by an element of G%"*"(F;). Therefore they
induce the same right equivalence class of a marked singularity. (I

Finally, we come to the Brieskorn lattices of marked singularities and Torelli problems. After
fixing a reference singularity fy, a marked singularity (f,+p) comes equipped with a marked
Brieskorn lattice BL(f,+p). The classifying space Dpr(fo) in theorem 7.11 is a classifying
space for marked Brieskorn lattices. Theorem 7.13 implies part (a) of the following theorem.

Theorem 8.10. Fiz one reference singularity fo.
(a) There is a natural holomorphic period map

BL : M;naT(fo) — DBL(fO)' (817)

It is Gg-equivariant.
(b) [He02, theorem 12.8] It is an immersion, here the reduced complex structure on M (fy)
is considered.

The second author conjectured part (b) of the following global Torelli conjecture in [He93],
part (c) in [He02] and part (a) in [Hell].

Conjecture 8.11. Fiz one reference singularity fo.
(a) The period map BL : M**" — Dpy, is injective.
e period map : = 7z — Dpr /Gy is injective.
b) Th jod LBL : M, M[[”“’ G D Gz is injecti
¢) For any singularity f in the u-homotopy class of fo and any marking p,
F imgularit in the u-homot l d ki

Stabe, ([(f, £p)]) = Stabe, (BL([(f, £p)])) (8.18)
(only C and the finiteness of both groups are clear).
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The second author has a long-going project on Torelli type conjectures. Already in [He93], part
(b) was proved for all simple and unimodal singularities and almost all bimodal singularities (all
except 3 subseries of the 8 bimodal series). This was possible without the general construction
of M, and Dpr, which came later in [He02] and [He99]. In the concrete cases considered in
[He93], it is easy to identify a posteriori the spaces M, and Dpy.

The following lemma from [Hell] clarifies the logic between the parts (a), (b) and (c¢) of
conjecture 8.11.

Lemma 8.12. In conjecture 8.11, (a) < (b) and (c).

Part (a) of conjecture 8.11 was proved in [Hell] for the simple and those 22 of the 28 ex-
ceptional unimodal and bimodal singularities, where all eigenvalues of the monodromy have
multiplicity one. In [GH17] part (a) was proved for the remaining unimodal and the remain-
ing exceptional bimodal singularities. In the sections 9 and 10, part (a) will be proved for
the remaining bimodal singularities, namely the bimodal series singularities and the quadrangle
singularities.

As part (b) had been proved for almost all singularities with modality < 2, the main work in
[GH17] and here is the good control of the group Gz. But that is surprisingly difficult. In the
case of the bimodal singularities in this paper, also the control of the Gauss-Manin connection
side had to be improved: We provide better information on the transversal monodromy of the
studied families than in [He93]. Due to this improvement, also the annoying gap of 3 subseries
of the 8 bimodal series, where part (b) was not proved in [He93], could be closed here.

Remark 8.13. In the sections 9 and 10, we will restrict to consider surface singularities, i.e.
singularities in 3 variables. This is justified by the following corollary. It is an application
for suspensions of the Thom-Sebastiani formula for the Fourier-Laplace transforms of Brieskorn
lattices in theorem 7.9. This is elegant, but the preparations in section 7 were heavy. In the
earlier papers [He93][Hell][GH17], we had dealt with this problem in a less conceptual, but
leaner way, sometimes with extra calculations for curve singularities.

Corollary 8.14. Consider the p-homotopy class of a reference singularity fo(xo, ..., x,) which

satisfies assumption (8.1) and such that for any m > 1 the u-homotopy class of fo + 2?27211 :c?
satisfies assumption (8.2).
Fiz a number m > 1. The global Torelli conjecture 8.11 (a) holds for fo if any only if it holds

for the reference singularity fo + Z;:ZH 3

Proof: By (8.7), M, (fo) and M (fo + Zyiﬁrl %) are canonically isomorphic. By
theorem 7.11 (c), the classifying spaces Dpr(fo) and Dpr(fo + E?i:&l %) are canonically

isomorphic. It rests to see that these isomorphisms are compatible with the period maps BL
for fo and for fy + Z;;ﬁl 33? This is also rather clear from the formula (7.37) for the TEZP-
structure of a suspension. (]

9. PERIOD MAPS AND TORELLI RESULTS FOR THE BIMODAL SERIES AND G, 2 G™ FOR
THE SUBSERIES

In this section we will prove for the bimodal series the strong global Torelli conjecture 8.11 (a),
the conjecture 8.6 (b) —id ¢ G*™*" and for the singularities with m /p the conjecture 8.6
(a) Gz = G™?". But for the singularities in the subseries with m|p, we will see Gz 2 G™*",
|Gz| = 00, |G™"| < 0o. Theorem 9.1 states these results in more detail.

The singularities in the eight bimodal series Wﬁp, Sg’p, Ut p, E3p, Z1,p, Q2,p, Wip and S1
have as surface singularities the normal forms in table (9.1) [AGVS85, 15.1]. Here p > 1 and
g > 1, and the parameters (¢1,%2) are in T := (C — {0}) x C.
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Wlti a1 (@) + (L + toy)ay T+ 2*
Wiay (@497 + (1 + tay)aty™ 7 + 22
Slog1 Pzt yPz4y2? 4 (b + tay)ay®He
S1 .24 222+ 32 +y2? + (41 + tay)r?y? e
Utog-1  @° +22% +ay’ + (t + tay)y' 1922

Ui ,2q 23+ 222 + xy® + (t + tay)y3 Tz (9.1)
Es, 23+ 2%9y° + (t + toy)y? TP + 22
Z1p 2Py + 223 + (t1 + tay)y TP + 22

Q2 2% +yz® +2%y? + (4 + tay)y® P
Wip 2t + 2%y + (b + tay)y®tP + 22
Sip @Pr4yR + 2%+ (B gyt
Recall that table (5.1) lists for these singularities the Milnor number u, the characteristic
polynomials b;, j > 1, of the monodromy on the Orlik blocks B; in theorem 5.1, the order m of

the monodromy on B; and the index r; = [MI(f) : €@,>, Bj]. The order of the monodromy on
BQ is B

m+rr-p=: mo. (9.2)

We will need the space T := (C — {0}) x C and the mo-fold covering
e T = T, (11,t2) = (1172, t2). (9.3)
For each 2-parameter family of singularities in table (9.1), we choose fo := f(1,0) as reference

singularity. In the following, we will write M, (MZZ“")O, Gz, G™", Ml, H*® and C* for

M (fo) (M7 (£0))°s Gz(fo), G™"(fo), MI(fo), H*(fo) and C*(fo).
We denote by My € Gz the monodromy of the homology bundle U(tlth)ET MI(fity ) = T

along the cycle {(e*™%,0)|s € [0,1]}. We call My the transversal monodromy. By the other
definition of G™" in [Hell], My € G™". As always, ¢ := e27/™.

Theorem 9.1. Consider a family of bimodal series singularities in table (9.1).

(a) M7? = id. Therefore the pull back to T with cp of the family of singularities over T
has trivial transversal monodromy. Thus the strong marking +id for f(1 o) induces a well defined
strong marking for each singularity of this family over T<°. This gives a map T" — (M jm‘")o
and a map TV — (M;")°.

(b) Both maps are isomorphisms. And —id ¢ G*™", where G*™" is the group for the
singularities of multiplicity > 3, namely the curve singularities Wlﬁ’p,E&p,Zl,p,Wl,p and the
surface singularities S§7P,U1,p,Q2,p,Sl7p. So, conjecture 8.6 (b) is true.

(¢c) The period map BL : M — Dpy, is an embedding. So, the strong global Torelli
conjecture 8.11 (a) is true.

(d) If m [p then Gz = G™". So, here conjecture 8.6 (a) is true.

(e) In the case of the subseries with mp, Gz 2 G™". So, here conjecture 8.6 (a) is wrong.
More precisely, G™* and Gy are as follows. My has on the 2-dimensional C-vector space
Ml the eigenvalues 1 and (. Let Ml¢ 1 be the 1-dimensional eigenspace of My on Ml with
eigenvalue 1. Then |Gz| = oo and |G™*"| < co and

Gmr = {g€Gy|g(Mley) = Mic,}. (9.4)
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U(Gz) is an infinite Fuchsian group by theorem 5.1 (c¢). W(G™®") is the finite subgroup of
elliptic elements which fiz the point [Ml¢ 1] € H¢ (He was defined in (5.7)). And M7 consists
of infinitely many copies of T<°V.

Theorem 9.1 will be proved in this section in several steps. It builds on two hard results.
The first and more difficult one is theorem 5.1 on Gz. The second one is easier, but still rather
technical. It is the calculation of the multi-valued period map T — Dpgy. The results are fixed
in theorem 9.6.

But we prefer to present the nice geometry before the technical details. Therefore we will
now explain everything what can be understood without going into the details of the Gauss-
Manin connection and theorem 9.6. Afterwards we will come to the Gauss-Manin connection
and theorem 9.6.

Define

-1 1 1
a1::7<ﬁl::7<O<a2::7<ﬁ2::7 (95)
m mo ma m

and recall that ¢, : H*® — C%, A — es(A,a), is an isomorphism. Therefore and because of
table (5.1)

dim C** = dim C?? = 1, (9.6)
dimC™ = dimc% =4 1 Em
2 if m|p.

For the cases with m Jp, define the 2-dimensional space
D3 = {C-(v1+ vy +vg)|vy €C —{0},03 € CP — {0}, 04 € CP2}
= {C- (0] + prvy + p2v}) | (p1, p2) € (C—{0}) x C} (9.7)
for some generators v?, vg, 112 of ¢, CP, CP2
~ (C-{0})xC.
For the cases with m|p, the polarizing form S defines an indefinite hermitian form
((a,b) — S(a,b))

on He. This follows from the corresponding statement for h¢ on Ml in theorem 5.1, from
lemma 2.2 (b) and from the relation between Seifert form L and polarizing form S, see (4.20).
Thus we get a half-plane

H(C*) = {C-v|veC* with S(zb;ll(v),w;ll(v)) < 0}
c P(C%). (9.8)
Now define for the cases with m|p the 3-dimensional space
D3 = {C-(v1 + vy +vg)|vy €C* — {0} with [C-v;] € H(C™),
vy € CP' — {0}, 04 € C - g, (1ha) (v1)) C C2} (9.9)

~ H(C*)x (C-{0})xC.

Theorem 9.2. (a) DY embeds canonically into Dgry,.

(b) For suitable v) € C*1 —{0},v9 € CP — {0} and for v := g, (Ya; (1)) € CP2 — {0}, the
multi-valued period map BLyp : T — Dpy, has its image in D%“Lb and takes the form

2, r(t1)> vﬁfﬁ) (9.10)

(t1,t2) — C- <v?+t}/m2 09 + (t
1
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with
0 in the cases (rr =1 & p > 3),
the cases (ry =2 & p > 2)
and the case Uj 2,
r(t) = er-tp in the cases (rr =2 & p=1) (9.11)
and the cases Wlﬁ’2 and Sf}z,
cr-t? in the cases (r; =1& p=1),

for a suitable constant cp € C. In the cases with m|p, the transversal monodromy My has on

C* the eigenvalues 1 and ¢, and C - 1Y is the eigenspace with eigenvalue 1. The class [C - vY] is
in H(C).

(¢c) The induced period map BLrcow : T — D% is an isomorphism if m /lp and an
isomorphism to the fiber above [C - v)] € H(C) of the projection D3> — H(C1) if m|p.
(d) In the case of the subseries Uy g, G™" contains an element gz such that ¥(gs3) is elliptic
of order 18 (for all subseries with p =m -r, U(Mrp) is elliptic of order m, for Uy o, m =9).
(e) fit, ) and f(;l,t}) are right equivalent
3 k€ Z with (f1,82) = (¢"PF - 11, (P T2k - 1,)
for all 8 series except Uy aq,
JkeZande e {£1} with
(tl,tg) = (Egmpk’ . tl, EC(TIP+2)k . t2> for Ul,gq.

— (9.12)

The parts (a), (b) and (d) of theorem 9.2 will be proved after theorem 9.6.

Proof of theorem 9.2 (c) and (e):

(c) This follows immediately from (9.10).

(e) First we prove <. We give explicit coordinate changes. A case by case comparison with
the normal forms in table (9.1) shows that the following equality (9.13) holds. Here (d1, d2, d3)
are as in table (9.14), and k € Z.

f(t11t2)(x . C51-k’y . Ctsz-lc’ Z - C53-k) — f(t1'<r1pk7t2.<(rlp+2)k)(x,y7 Z) (913)

01 02 O3

Wi, and Wi, 3 2 0

Si,and S1, 3 2 4
Up 3 2 3 (9.14)

Es, 6 2 0

Z10 4 2 0

QQ,p 4 2 5

In the case U, 24 we have additionally

f(tl,tz)(x7y’ 72) = f(—tl,—tz)(g/'?yﬁz)' (915)

This shows <. -~ -
Now we prove =-. Let f, +,) and fz, 7,) be right equivalent. Then BL7(t1,t2) and BLp(t1,t2)

are isomorphic, so a g € Gy with g(BLy(t1,t2)) = BLrp(t1,t2) exists. We claim that v9,v9

and v} are eigenvectors of g with some eigenvalues Aj, Ao and \;. For v9 this is trivial as
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dim C#* = 1, for v{ in the case m Jp also. In the case m|p, it follows for v{ from (9.10). For v
use v = Vs, (Yai (v?)). We claim also

A1 € Eiw(¢), Ao € Eiw(e?™/™2), (9.16)
For A, this is a consequence of the following three facts and of theorem 2.9 (a)&(b).

(i) The 1-dimensional eigenspace Ml zxi/m, is already defined over Q(e?™/™2). Therefore
Ay € Q(627Ti/m2).
(ii) |A2| =1 because L pairs Ml oxi/m, and M, —2xi/m., .

(iii) Ao is an algebraic integer because g € G.

If m fp, the same reasoning applies also to A;. Suppose for a moment m|p.

By part (b), the transversal monodromy My acts on C* and on H, & with eigenvalues 1 and
¢, and the 1-dimensional eigenspaces with eigenvalue 1 are C - v{ and C - ¢ 11 (v{). Therefore
C -9y (v]) is already defined over Q(¢), i.e. C -5 (v}) N H,y is a 1-dimensional Q(()-vector
space. This implies (i) Ay € Q(¢). (ii) |A1] = 1 holds because v{ € H(C'). And (iii) ()\; is
an algebraic integer) holds anyway. Again with theorem 2.9 (a)&(b) we conclude A\; € Eiw(().
Now (9.16) is proved in all cases.

The equality g(BLr(t1,t2)) = BLt (?1,52) becomes

<C~(A1~v?+)\2-t}/m2~v8+)\1(t2 )~v2>
- C- (v1+t1/m2- 3 + < +r t1> )
"1/m2 _ 1/m2
S0 =X\ - 1) = —|—r( A1 <t —|—r(t1)>
1
SO /tvl = )\;n2>\—1m2 . t1,
~ —9 t ~
and t2 = )\1 . t t2 + tl ()\ (tl) - T(tl)). (917)
Because of (9.16), we can write A\; and Ay as follows, here k,l € Z and e1,e5 € {£1}.
A1 A2
All cases with m = 0(2), mq = 0(2) Zk e2mit/m2
The cases Wlﬁgq_1 and 5’?72(1_1 €2 ~Zk £ - e2mil/m2 (9.18)
The cases Uy 241 € fk e2mil/ma
The cases Uy 24 €1 -Zk £q - 27il/m2
One checks that (9.17) boils down to
= CrPk To = C(r1p+2)k to, (9.19)
in all cases except Uy a4. In the cases Uy a4, it boils down to
51 = £1€&2 'Cpk 'tl,’tvg =€1€2'C(p+2)k. (920)
This finishes the proof of = and the proof of theorem 9.2 (e). O
The statements in theorem 9.1 on the transversal monodromy (M7'? = id, My has the

eigenvalues 1 and ¢ on M) will be proved after theorem 9.6. The rest of theorem 9.1 will be
proved now.
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Proof of theorem 9.1 (without the statements on Mr):
(a) This is clear.
(b) Consider the maps

Tcov (Mimar)() (921)

DSBu£(—> DBL

As T < Dy — Dpy, is an embedding, T¢” — (M5™")" is an embedding.

Both spaces T°°Y and (M jm‘”)o are locally p-constant strata of universal unfoldings and are
therefore smooth of dimension 2. D34 is almost closed in Dgy. Its closure consists of itself and
the space {C - (v1 + v4) | v1 and vy as in (9.7) or (9.9)} (so v2 = 0). No g € Gz maps a point of
this space to a point of DSB“LZ’ . And T“°" contains representatives of any right equivalence class in
the p-homotopy family. Therefore the image of (M Zm‘”)o in Dp, cannot be bigger than D3
Thus 7€V =2 (Mimar)o.

In the case of singularities of multiplicity 2, M;™*" = M"*" holds anyway by theorem 8.5
(c), and then also (M) = (M]"*")? holds.

Consider the case of singularities of multiplicity > 3. Then —id € Gz acts nontrivially
on MS™e by theorem 8.5 (c). It acts trivially on Dpr. The map (M;™*")° — Dpy, is an
embedding. Therefore —id € Gz does not act on (M "")°, therefore —id ¢ G*™*". Then
(Mmem)0 — (M[7)° is an isomorphism by theorem 8.5 (c).

(c) for m fp and (d): (M) =5 Teov =5 Db <y Dy is an embedding. Gz = G™eT
would imply M = (M;*")?. Therefore it is sufficient to prove Gz = G™".
Let g1 € Gz. It acts on D$**. By the proof of theorem 9.2 (e), the map
(M) /G 5 Digh /G (922

is an isomorphism. Therefore an element go € G™“" exists which acts in the same way on D%“Lb

as g1. Consider g3 := g7 0 g;l. It acts trivially on D§. It has eigenvalues A1, A2 and A; on

C,CP and CP2. Therefore
(C(’Ul —+ Vo +’U4) :(C()\l -1 4+ Ao - U2 +>\71~’U4)
for any C(vy + vy + v4) € DL,
thus Aoy = 1,0 = id, 50 A; = \g € {£1},
and gz = Ay -id on Ml & Ml 2ri/m, . (9.23)

Gz was determined in theorem 5.1 (b). It contains very few automorphisms gs with (9.23).
Formula (5.6) and table (5.1) show that the group {g € Gz |g = +id on Mlc & Ml 2xi/m, } is as
follows:

{xid} in the cases Wlﬁ,2q717 Sﬁ,zqu Ui,2q: E3.p, Z1 p, (9.24)
{+id, +(id |p, x (—M;L"Z/Q)\Bz)}in the cases Wf,2q75§72q, Ui 2g-1,
{+id, £((=M"*)|5, xid|p,)}  in the cases Qzp, Wiy, S1.p.

Claim:

{9 € Gz|g=+id on Ml & Ml zri/m, } = GR*". (9.25)
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This claim shows g3 € G and g; € G™?", so that Gz = G™".

The inclusion D in (9. 25) holds because of the following: Any element of GEF*" = GZ*" (f1,0)
acts on D with BL7(1,0) as fixed point. The proof of theorem 9.2 (e) shows that it acts then
trivially on D,

The group GF*" contains +id. In order to prove equality in (9.25) for the cases in the second
and third line of (9.24), it is sufficient to show that G’Z*" contains more elements than =+id.
Equivalent is that GZ"*"(f) for a generic singularity f with multiplicity > 3 contains one other
element than +id. The following table lists coordinate changes which give such an element.

Wio,  (z.y) e (—a,y)

S§,2q Ex Y, g E x,y,z§

Ui2g—1 (2,y,2 z,Y, =%

Qay (ere2) s (a1y—2) (9:26)
Wiy,  (zy) e (-z,y)

Sl,p (.’IJ Y,z ) ( .T,y,Z)
This proves the claim and finishes the proof of (c¢) for m fp and (d).

(c) for m|p and (e): First we prove (9.4).

U(Mr) is an elliptic element with fixed point [Ml. 1] € H¢ and angle 22 = arg(%). All
elements of G™", including M7, act on H(C') as elliptic elements with fixed point [C - v¥],
because all elements in G™" act on (M; ") and on its image BLypeow((M;*")°) C D
Therefore all elements of G™*" act on H, as elliptic elements with fixed point [Ml¢1]. This
shows C in (9.4).

Now let g1 € {g € Gz | g(Ml¢ 1) = Ml 1}. It has an eigenvalue Ay on Ml ; and an eigenvalue
A2 on the other eigenspace within Ml (which is the h¢-orthogonal subspace of Ml¢). By (9.16)
A1 and A2 € Eiw(¢). Therefore ¥(gq) is an elliptic element with fixed point [Mi. 1] € H, and
angle arg %

In all cases except possibly Uy g, the product g = g1 © M%? for a suitable k € Z acts trivially
on H¢. In the cases Uy ., the product g2 = g1 og’§ for g3 € G™" as in theorem 9.2 (d) does the
same.

Formula (5.9) in theorem 5.1 (c) applies to go and shows g» € {£M} |k € Z}. Therefore
g2 € G™" and g; € G™". This shows D in (9.4), so (9.4) is now proved.

Especially, ¥(G™?") and G™*" are finite. By theorem 5.1 (¢), ¥(Gz) and Gz are infinite.
Therefore Gz 2 G™*".

By theorem 8.5 (a), M*" consists of infinitely many copies of (M"*")°.

If two different copies would have intersecting images in Dpgy under the period map BL,
the images would coincide, and there would be a copy different from (M*")° with the same
image in Dpy, as (M), An element g3 € Gz which maps (M7*")° to this copy would be in
{9 € Gz|g(Mlc 1) = Mlc1} — G™ = 0, a contradiction. Therefore BL : M["*" — Dy is an
embedding. O

Remarks 9.3. (i) The arithmetic triangle group of type (2,3, 14) for Z; o in theorem 3.6 contains
elliptic elements of order 3 although arg{ = 1 7 and the matrices defining these elliptic elements
are in GL(2,Z[C]). The eigenspaces in M (2 x 1,C) of these matrices are not defined over Q(¢),
but only over Q(e2™/3,¢). This example shows that (9.16) in the case m|p and the arguments
proving it are nontrivial.

(ii) In 1993, the second author worked on the Torelli conjecture for the unmarked bimodal
series singularities. He missed to consider My carefully and thus was not sure which elliptic
elements fix [C - v?] € H(C*). Therefore he could not prove the Torelli conjecture for the
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unmarked singularities in the subseries S§710T,51710T and Zj 14r. Now theorem 9.1 gives the
marked and unmarked Torelli theorem for all bimodal series singularities.

Now we come to the spectral numbers and the classifying space Dpgy,.

Lemma 9.4. Consider a family of bimodal series singularities in table (9.1).
(a) The spectral numbers az, ..., o, with aq < ... < ay, satisfy
-1 1
ap=—<ay=-—<az3< ... <y (9.27)
m mo
1 1
<al,,,1:1—m72<0£“:1+a
and are uniquely determined by this and the characteristic polynomial szl b; of the monodromy
with bj as in table (5.1).

(b) Recall from (9.5) 1 = ;Ti =—ay and fo = + = —ay. Then

m

1 ifm fp,

2 if mp, (9.28)

dim C** = {
1 for g € (aq,B2)N (Z {0}) if r; =1,
dim C? = and for 8 € (oq,ﬁg) (— + lZ) if rp =2, (9.29)
0 for other 8 € (a1, B2).
The following two pictures illustrate this for 2m < p < 3m, the first for r; = 1, the second for
rr = 2.

al/:;l B1 _;1 ; [ 32:%/
e N
(c¢) Denote by (x) the condition
(%) : B € (a1,0) with C? # {0}(then dimC? = 1).
If m [p the classfying space Dgyr, in [He99] is
Dpr, = {(C . (1)1 + Z () + 'UQ) | (930)
B:(*)

v1 € C* — {0}, v5) € CP, vy € CP2}
~ CNsr with Ngp = [{8: (x)}| + 1.
In (9.8) H(C**) was defined for m|p. If m|p then Dpy, is
Dpr = {C-(vi+ Y v +v2)] (9.31)
B:(*)
vy € C* — {0} with [C - vy] € H(C),
vig) € CP vy € C- g, (Ya) (v1)) € CP2}
H(C™) x CNBL with Npp := {8 : (%)} + 1.

I
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Proof: (a) The spectral numbers are well known [AGVS88, 13.3.4, p. 389]. They also follow
from corollary 7.17 and the proof of theorem 9.6.

(b) (9.28) follows from dim C*' = dim Ml and ®,,, fby <= m [fp. (9.29) follows from the
values of b; in table (5.1).

(¢) The spectral numbers and the numbers 8 with C# # {0} give for each £y € Dpr,

Li=C-oeLn G CPavr (9.32)
B:aa<B< By
where
a(o)) =a,00 € C o @ P o™ (9.33)
B:(%)

Here observe that for 8 with ay < 8 < 32 and C? # {0}, the space C” is one-dimensional and
is generated by the principal part of a section in L.

If m Jp then dim C#2 = 1 and C? is not generated by the principal part of a section in L.
If m|p then dim C#2 = 2 and the one-dimensional subspace

{ve 0P| K (v,s(01,01)) = 0} € P

is in Ly, because then f5 is a spectral number with multiplicity 1. And then the principal part
s(01, 1) must be compatible with a polarized Hodge structure of weight 2 on HZ® @ wa This

amounts to [C - s(o1,a1)] € H(C'). Especially then
OF2 = C - g, (Yl s(01,01)) ® {v € C% | K2 (v, 5(01,01)) = 0}, (9.34)
and o7 can be chosen with

a(oy) = ay,01 € CM @ @ CP & C g, (Yo, s(o1,1)). (9.35)

B:(*)
o1 is (up to rescaling) uniquely determined by (9.33) if m fp and by (9.35) if m|p. And it can
be chosen freely with (9.33) respectively with (9.35) and [C- s(o1, a1)] € H(C*'). The condition
(0) KJ(TQ) (Lo, Lo) = 0 on Dpy, directly before theorem 7.11 implies that Lo N €D,,,<s<5, CPis

uniquely determined by o;. Therefore L is uniquely determined by o;. Therefore Dgy, is as
stated in (9.30) and (9.31). O

Remarks 9.5. (i) All the normal forms in table (9.1) except Wlﬂyp are Newton nondegener-

ate. But also the normal form f,(z,y,z) for Wf’p in table (9.1) can be made easily Newton
nondegenerate with the coordinate change z = z +i(2% + 3®). Then

folzyy, 2z +i(@* +9°) = 22+ 2ix%z + 2iy’2 (9.36)

(t1 + toy)ay*t?  ifp=2¢—1,
(t1 + tay)2%y3te  if p = 2q.

(ii) The Newton boundaries of the normal forms in table (9.1) except for Wlﬁ’p and of the

normal form in (9.36) for Wlﬁ’p have each two compact n-dimensional faces o1 and o3. The
following table lists the corresponding linear forms /5, and the value s(f) from corollary 7.17. A
linear form is encoded by the values (I5,(z),ls,;(y), s, (2)).
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Wlﬂ)p o1 : 1—12(3,2,6) 09 : 12+p(3 2,6 +p) ﬁ

Sf’p o1 : 1—10(3,2,4) o9 : 10+p(3 2,4+ p) ﬁ

Ul,p o1 : %(3727 ) 02 : 9+p(3+p7 73) ﬁ

Es, o01:72(6,2,9) o2: (9+p) (6+p,2,9+p) 3 (9.37)
Zip o1: 15 (42,7) 09 g (4+p2,7+p) 2 '
Q2p 01 1—12(4,2,5) oo ﬂ_p) (4+p,2,5+p) %

Wi, o1:5(3,2,6) o0o: 6;,)(3+p,2,6+p) P

Sip o1 %(3,2,4) 09 : 5+p) (34+p,2,4+ p) %

Theorem 9.6. Consider the normal form in (9.36) for Wlﬁ’p and the normal forms in table
(9.1) for the other seven series. Recall the notation wy := dxdydz from remark 7.14 (v). Define

by = s(wo,a1)(1,0) € C,
by = s(wo,B1)(1,0) € C™,
by = s(ywo,a2)(1,0) € C?,
by = s(ywo,B2)(1,0) € C2.

If m|p, choose by € CP2 with C - bs = {v € CP2 \K}_Q)(bl,v) =0}.
(a) Allb; # 0. And K (by + by, by +bs) = 0. If m|p then C% = C by & C - bs.

(b) We write t = (t1,t2). Recall the notation a(s[wlo(t)) = min(a|s(w,a)(t) # 0) from
remark 7.14 (iv).

a(slwolo(t)) = au, (9.38)
s(wo,n)(t) = b, (9.39)
s5(wo, B)(t) = Ofor oy < B < py, (9.40)
s(wo, BU)(E) = 17" by, (9.41)
ta —1 —1/mo
s(wo,an)(t) = —=-— -t b3 + s(w, az)(t1,0), (9.42)
tl meo
= s(wo, B2)(t1,0) if m fp,
s(wo, B2)(t) { € s(wo, B2)(t1,0) +C - bs  if mlp, (9.43)
with
s(wo, @2)(t1,0) | s(wo, B2)(t1,0)
(rr=2&p>2)or
(rr=1&p>3)or U2 | 0 0
Wlﬁ,h ngl, U171 cy - LL? 1/ma, bs | co -t% - by (944)
Wf72,5§72,E371
Z1,1,Q2,1,W1,1,511 cr e tifl/mz ~bg | co-ty-by
for some values c1,co € C.
a(slywolo(t) = az, (9.45)
S(yw()a a2)(t) = tl_l/m2 : b3a (946)
=by if m fp or t5 =0,
S(yWOa 62)(@ { c b4 4 C- b5 if m‘p7 (947)
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s(o, 62)(15){ Z(‘é o’ gﬂmﬁp (9.48)

for o € HY(ft) with a(o) > as.

(¢) In the five series with ry =2 (see table (5.1)) for b € Zx

26 2b+1
a(s[yb+1wo]0(t)) = g+ m72 = . R (949)
2%+ 1 B m 2b+1
s, TZ)(t) — (2b4+1)/ma - s(yP* o, 72)(1’0)' (9.50)

Especially, if p=mr then 2L = L = 3, by can be chosen as bs = s(y 1wy, B2)(1,0), and

ms m

s(y " wo, Bo)(t) = tl_l/m'b5- (9.51)

(d) In the three subseries Wﬁur, Siwr, Ui,or (i.e. the subseries with vy =1 and m|p), bs can
be chosen such that bs and w in the following table (9.54) satisfy

1
= = - . 2
a(s[w]o(t)) Bo=—, (9.52)
s(w, B+ 1)(t) = " bs. (9.53)
| w
Wf,12+24m5§,10+20r zy"wo (9.54)

Uio+18r | Y 2wo
Wﬁ Sﬁ U r4+1
1,24r0 21,200 V1,187 | Y "Wo

Proof: (a) Observe v(wp) — 1 =aq < s(f) and v(ywy) — 1 = ag < s(f). This, theorem 7.16
and corollary 7.17 show (9.38), (9.45), by # 0 and b3 # 0. by # 0 will be shown below. (9.40)

(which will also be shown below) and KJ(fQ)(H(’)'(ft), H{/(f+)) = 0 give especially

0= K 2 (slwolo(1,0), slywolo(1,0)) = K}~ (by + bz, bs + ba).
As Kj(fz)(bg,bg) # 0, also KJ(fQ)(bl, by) # 0 and by # 0 and in the case m|p C#2 = C-by & C - bs.

(b)—(d) We restrict to the series E3 . The calculations for the series Z; ,, Q2.p, Wi, and S
are very similar. The calculations for the series nyp, Sf’p and Uy, are similar, but require more
case discussions.

The two compact faces o1 and o2 (remark 9.5) of the Newton boundary give rise to the

following two relations

1 1 1 P, ot p+1. 19
e A Saf, = Bpgote P10 = g 9.55
g0l +gufy + 520 — Gty g t2y f (9.55)

6+p 2 1

20+ p) " T 2yt T2

p 3 1 10+p
— — t = . 9.56
2(9+p)x 9+p 2y / ( )
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These relations and (7.24) give the following two values for 9, 7s[z% wo]o(t):

3TTs[x“ybw0]0(t)
= lp(a+1,b+1,1)- s[x“ybwo]o(t)
p+1

- gtl 0,8 [xayb+9+pw0]0 (t) — TtQ 0rs [xaybﬂoﬂ’wo]o (1),

= ly(a+1,b+1,1)- s[xaybwo]o(t)

sla®Fy’wolo(t) —

__Pr
209+p)
This gives for any 3 with dim C? # 0
(B+1—1y(a+1,b+1,1))s(zy wo, B)(t)
= —EhOrs(ay" O Pun, B4+ 1) (1)

1
L tadrs(@ty g, B+ 1)(0),

(B+1—1py(a+1,b+1,1))s(zy wo, B)(t)

_ __ b a+3,b
= gy O e B+ 0

9+p

1
_ t aT a, b+10+p B+ 1)(t).
917 s(zy wo, B+ 1)(t)
Furthermore, (7.39) gives
Oeys[zywolo(t) = (=07)sla®y" " Puolo(t),

(—07)s[zy" 10 Puwg]o(t)
= 0Oy s[xaybﬂwo]o(t).

atgs[:v“ybwo]o(t)

(9.59)-(9.62) give

+1
(gtlatl + p—tﬁtz - B+ +ls(a+1,0+1, 1))

9
s(a:aybwmﬁ)(t) =0,
(ﬁtzam — (B 1) +lo(a+ 1,5+ 1,1) ) s(a®ywo, B)(¢)
p

_ a+3, b
- 2(9+p)678($ PyPwo, B+ 1)(t).

(9.63) gives for to =0

t20y 5[y T P]o (1),

s(a®y’wo, B)(t1,0) = tf

2 (B4+1—loy (a+1,b+1,1))

- s(zy’wo, B)(1,0).

The following eight equations are special cases of (9.65).

s(wo, a1)(t1,0) b1,

s(wo, B1)(t1,0) t/me

s(wo, a2)(t1,0) Mt 5w, a0)(1,0),
s(wo, B2)(t1,0) = 1"+ s(wo, B2)(1,0),

(9.57)

(9.58)

(9.59)

(9.60)

(9.61)

(9.62)

(9.63)

(9.64)
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20+ 1 _ m 20+ 1
sy w0, = =)(1,0) = ¢, 2/ Fes(y o, = )(1,0), (9.70)
s(ywo, o2)(t1,0) = 7% by =t /™ by, (9.71)
s(ywo, B2)(t1,0) = by, (9.72)
s( wo, B2)(11,0) = £ - sy wo, B2)(1,0)if p = 187 (9.73)

Claim: Fix some b € Z>.

: b b
(i) v(y*Hwo) = az + gy = L
(ii) Any (n + 1)-form df A dn which contains y’*'wy as a summand, contains a summand
g - wo with g a monomial (times a nonzero scalar) with v(g-wg) < v(y*+lwo).

(if) Py ) = 2L,

Proof of the claim: (i) Trivial. (iii) follows from (i) and (ii).
(ii) The only monomial differential (n — 1)-forms 1 such that df A dn contains f, - y© - wo are
m = —zy°dz and 1y = y°zdz, and
df Ndm = fy oy wo — far ey w,
df Ndga = fy -yt wo— fareytT 2w
These (n + 1)-forms contain (3 — 2¢)x2y“* 2wy respectively 3x2y°*2wy, and

v(x?y 2wo) < vy Puw).

(0)
The claim and theorem 7.16 imply
2b+1
a(sly" wolo(t)) = o (9.74)
2b+1
S(yb+1(U0, TQ)(t) 7é 0. (975)

Especially, b3 # 0, and if p = 187 also s(y""two, B2)(t) # 0. In this case p = 18r, the vanishing
K7 (sluolo(1,0),sly™ wolo(1,0)) = 0
gives K](p_2)(b1, s(y" 1w, B2)(1,0)) = 0. Therefore in this case we can choose

bs = s(y"wo, B2)(1,0).

The elementary sections s(y*+w, %)(ﬂ are independent of ¢ because (9.62) gives

2b+1 2b+1
at25(yb+1WO, W)(t) = 3t15(yb+2w0, 72 t) = 0.
Now part (c), i.e. (9.49)—(9.51), and (9.46) are proved.
(9.62) gives also
Oy slwolo(t) = Orslywolo(t), (9.76)
so s(wo, B)(t) = s(wo,B)(t1,0) for a1 < 8 < as.
With (9.66) and (9.59) and (9.75) we obtain
b1 if ﬂ = O,
8((,00,6)(251,0) = g(ﬁ%‘ljmtlars(yg-i—pwmﬁ'i‘l)(tl;o) =0 if g < B<py,

g(ﬁ%al)hars(ygﬂwo?ﬁl +1)(t1,0) #0 if 8= 51.
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This gives bs # 0 and (together with (9.66) and (9.67)) (9.39)—(9.41).

The argument in the proof of part (a) with K}_Q) (HY (fr), Hy (f+)) = 0 gives by # 0 and (9.47)
and (9.48).

It rests to show (9.42)—(9.44). From (9.76), (9.46) and (9.47) we obtain

Orys(wo, 2)(t) = By, (. 02) (£) = O, (171" - ba),
=0 if m fp,
st 2)(0) = Dustyn )0 { 0y

which gives (9.42) and (9.43).
For (9.44) observe the following. The sections
s(ywo, Oég)(tl, 0) = tl_l/mQ bg,
S(y("-)Oa/BQ)(tlyo) = b47
and in the case m|ps(y"wo, B2)(t1,0) = t;l/m - bs

are univalued nowhere vanishing sections in the bundles |J,, o, C**(t1,0) and U, o1 CP2(t,0),
and they generate these bundles. Also s(wg, a2)(t1,0) and s(wp, B2)(t1,0) are univalued sections
in these bundles. (9.68) and (9.69) show for p > 2 that they are everywhere vanishing. For p =1
they give the statement for Es51 in the last line of table (9.44). This finishes the proof of the
parts (b) and (c) for the series Ej ,,. O

Proof of My =id:

By theorem 9.6, the following sections in the bundles J; <1 CP(t1,0) for B as in table (9.77)
are univalued nowhere vanishing sections and generate these bundles (in the case 8 = oy only if
m [p).

section b1 ti/mz - by tl_l/m2 b3 | by tl—l/m by if mlp
B ar | B a2 B2 | Be

‘ ; ' 9.77
eigenvalue of | 1 e—2mi/ma | g2mi/ma 1 | g2mi/m ( )
Mz on C-b;

Therefore by and by are univalued, and be and b3 (and bs if m|p) are multivalued flat sections
with eigenvalues of Mr as in the table. Thus M7 is on Ccor, OB g2, CP2, Mle and M 2xi/m,
the identity. We will show that it is the identity on all of MI.

Consider firstly the case m fp. Then by (9.24) M7 is in

{id}  in the cases Wi, 1, S} 5. 1, Ut 2q. Bap, Z1p, (9.78)
{id,id |5, % (fM?2/2)|B2}in the cases WﬁQq,S?’Qq, Ui,2¢-1,
{id, (—M,zn/Q)\B1 x id |, } in the cases Q2,p, W1 p, 51 p-

On the other hand, in the cases in the second and third line of (9.78), ma = m + rrp is even,
and My itself is in Gz which is given by (5.6) in theorem 5.1. Thus M7 = id also in the second
and third line of (9.78).

Consider secondly the case m|p, so p = mr. By (5.9) in theorem 5.1, M7*? =& - M} for some
e € {£1} and some k € Z. Then e-¢* = 1 and €-¢>™%/™2 = 1. If ¢ = 1, then the two conditions
boil down to ml|k and mslk, so to ma|k. Then M7 =id. If ¢ = —1, we will come below to a
contradiction. Then the two conditions require m even and my even.

For each eigenvalue A of M} on Ml with dim My = 1, an eigenvector in Ml 7y exists.
Then Mr has an eigenvalue in Eiw()) on this eigenvector, and My has the eigenvalue 1 on
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this eigenvector. Here mgy even is used. Therefore M7 = id on M, for each
A€ {¢ /M2y U (X] dim M5 = 1}.

Comparison with table (5.1) shows that no k € Z with —\F = 1 for all these ) exists. This gives
a contradiction. The case ¢ = —1 is impossible. M}'* =1id is proved in all cases. [l

Proof that M7 has the eigenvalues 1 and ¢ on Ml and on C1:
By table (9.77), My has on C?2 and on H2 i, = Hgo the eigenvalues 1 and (. As Ml is

dual to Hgo and HCOo is complex conjugate to HZOO’ M; has on M, Hgo = HEOSQ,,M1 and C*
the eigenvalues 1 and . O

Proof of theorem 9.2 (a)+(b)+(d):

(a) This follows immediately from (9.7), (9.9) and lemma (9.4) (c).

(b) All of this follows by carefully putting together the results in theorem 9.6. Here v{ = by,
v9 = by, v € C* - by suitable, and the section in the brackets on the right hand side of (9.10) is

0
1t¢
slwolo(t) + | =2+ —c1 -2 % | - s[ywolo(t) (9.79)
mt1 _Cl'tl

mod QB CPaC bsm VP,
az<B< B2

The three cases in {...} correspond to the three lines in (9.44). The linear combination is chosen
such that it has no part in C*2. This section and the fact K}_Q)(Hé’(ft), H{(ft)) = 0 determine
HY(f:). By table (9.77), Mz has on v = by the eigenvalue 1.

(c) Consider the coordinate change
(2 (Csvo) - (CB;O)v(%Z/»Z) — (II?,y, _Z)' (980)

We treat the cases Uy 9418, and Uy 13, separately.
The case U1,9+18r: Then p € G%mar,gen c Gsmar7 and

©"(wo) = —wo, " (y"2wo) = y" 2wo. (9.81)
Now compare (9.39) and (9.54). ¢ induces an automorphism (¢)eon on C* and C2 with
(¢)con(b1) = =b1, (¥)con(ba) = —ba, (¢)con(bs) = bs. (9.82)

One can choose g3 = — M7 0 (©)hom € G™".
The case U 15t Because of (9.54) and (9.77), instead of (9.81) the identities

" (wo) = —wo, 9" (y" wo) = —y wo (9.83)
are relevant. Now (¢)eon is because of (9.15) an isomorphism
HY (f1,0)) = HY (f—t1.0)), C?* (t1,0) = CP2(—t1,0).
The composition

(—id) o (math. pos. flat shift from C?2(—t,0) to C”2(t1,0)) o (¥)eon
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acts on C”2(t1,0) and has because of (9.76) the eigenvectors by and bs with the eigenvalues 1

and e™/9:

by t;1/9b5 CP2 (tl, 0)
~L ~L ((p)coh \l,

—by 7(6771’%1)71/9()5 CﬁQ (*tl, 0)
! 1 shift !

by —emi/9 O CP2(t1,0)
l l —id I

by em/% s CP2(t,,0)

The corresponding composition
(—id) o (math. pos. flat shift from MI(f(_s, 0y) to MI(fit,,0))) © (©)hom

is in G™?" and can be chosen as g3. O

10. PERIOD MAPS AND TORELLI RESULTS FOR THE QUADRANGLE SINGULARITIES

In this section we will prove for the quadrangle singularities the strong global Torelli conjecture
8.11 (a), the conjectures 8.6 (b) —id ¢ G*™*" and (a) Gz = G™". The Torelli conjecture for the
unmarked singularities had been proved in [He93] (and the proof had been sketched in [He95]).
The main new ingredient for the Torelli result for marked singularities is a much stronger control
of the group Gz, in theorem 6.1. But we will also recall the old ingredients from [He93], the
space Dgr, and a period map for which we need calculations of the Gauss-Manin connection.

The six bimodal families of quadrangle singularities have as surface singularities the normal
forms f(, +,) in table (10.1). These are not the normal forms in [AGV85, 15.1]. We will justify
the normal forms and explain their properties after theorem 10.1. The parameters (¢1,t2) are
in 7¢) := (C — {0,1}) x C. Table (10.1) lists additionally weights (w,,wy,w.) such that f, ¢
is quasihomogeneous of weighted degree 1 and two numbers my and ms We set my := my.
Observe w, = % <wy < w,.

(wzv Wy, wz) Mo Moo
Wio ot + (4t —2)a%y’ +9° + oy’ + 2% (1,5, 3) 126
2 3 2 2,2 2,3 40527
Si0 Tz Hy’z+yzt + ity +texdy (@,1—,1—0) 10 5
Uo x2(z—2)+y3(x — t12) + tayz (?,?%) 9 9 (10.1)
Eso  x(z—y3) (2 — t1y?) + tax®y? + 22 (g,??) 9 9
Zio  wy(r —y?)(x — t1y?) + tax?y* + 2° (??5) T
Q20  z(r—y?)(z — t1y?) + y2* + tow2? (3:5012) 6 6

Recall that table (6.1) lists for these singularities the Milnor number p, the characteristic
polynomials b;, 7 > 1, of the monodromy on the Orlik blocks B; in theorem 5.1, the order m of
the monodromy and the index r;.

For each 2-parameter family in table (10.1), we choose fy := f(; ) as reference singularity.
And as in section 9, M, (MZL"‘”)O, Gz, G™ MIl, H* and C* mean the objects for fy. As
2mi/m

always, ( :=e
We will construct branched coverings ¢ and ¢(®) and unbranched coverings ¢V and ¢ as
follows.
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T® C TW = H (10.2)
o) |
TW :=C - {0,1} C T®? .= P'C
7™ .= T76G) x C C TG®) . =TW % C
TG =7M x C C T .= T3 x C

Let ' ¢ PGL(2,R) be a triangle group of type (m%), n%? mi) The quotient H/I' is an
orbifold with three orbifold points of orders mg, mq and Mmqe. Thegj are the images of the elliptic
fixed points of T’ on 7Y = H of orders mg,m; and me.. As a manifold H/T' = P'C. Choose
coordinates on H/T" such that 0 and 1 are orbifold points of order mg = m; and oo is an orbifold

point of order m,. Denote by

.7 =H - T7® =P'C (10.3)
the quotient map. It is a branched covering. Denote
TG = TW - (¢®)71({0,1,50}),
andeV) = ¢@|pu TG - 7O, (10.4)

It is a covering.

Theorem 10.1. Consider a bimodal family of quadrangle surface singularities in table (10.1).
(a) There are canonical isomorphisms

7 (Mymer)0 — (M) (10.5)

(b) —id ¢ G*™°" where G*™*" is the group for the singularities of multiplicity > 3, namely the
curve singularities Wi o, B30, Z1,0 and the surface singularities S1,0,U1,0,Q2,0. So, conjecture
8.6 (b) is true.

(¢) Gz = G™". So, M = (M*")%, and conjecture 8.6 (a) is true.

(d) The period map BL : M — Dpy, is an embedding. So, the strong global Torelli
conjecture 8.11 (a) is true.

The Torelli result for unmarked singularities (the period map M e /Gz — Dpr/Gz is an
embedding) was proved already in [He93], and also that there is a well defined period map
T( — Dpgr and that it is an embedding. But we prefer to give an independent account and
recover these results. The hardest part is in any case new. It is the precise control of Gz in
theorem 6.1.

First we discuss the normal forms in table (10.1) and the right equivalence classes in them.

FEach bimodal family of quadrangle surface singularities contains a 1-parameter subfamily of
quasihomogeneous singularities. The exceptional set of the minimal good resolution of such
a singularity consists of 5 smooth rational curves. One, the central curve, intersects each of
the other 4, the branches, in one point. The right equivalence class of one quasihomogeneous
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surface singularity is determined by the central curve with the 4 intersection points and the self
intersection numbers of the 4 branches. Table (10.6) lists these self intersection numbers.

W0 S1,0 Ui,o Es Z1,0 Q2,0

(2,2,3,3) (2,2,3,4) (2,3,3,3) (2,2,2,3) (2,2,2,4) (2,2,2,5) (10.6)

In table (10.1), the singularities with ¢t = 0 are quasihomogeneous. Their normal forms are
not taken from [AGV85, 15.1], but from [Bi92, Anhang A2, p. 191]. They are chosen such that
4 (t5—t1+1)3
27 t2(1—t1)2 °
This fact implies that the families in table (10.1) contain representatives of all right equivalence
classes in one u-homotopy class.

From the weights (or the spectral numbers, see below theorem 10.6) one deduces easily that
any monomial basis of the Jacobi algebra of one quasihomogeneous surface singularity f:, o
contains precisely one monomial p~; of weighted degree > 1 and that

the cross ratio of the 4 intersection points on the central curve has j-invariant j =

2
deg,p>1 =1+ — =1+ w,.
m

[AGVS85, 12.6 Theorem]| says here that any semiquasihomogeneous singularity with quasihomo-
geneous part fi, o is right equivalent to fi, o + t2 - p>1 for some to € C. In table (10.1) we have
chosen the monomial ps; such that it is part of a monomial basis of the Jacobi algebra of f;, o
for any t; € T,

Remarks 10.2. It is nontrivial (and slightly surprising) that such a monomial p~; exists si-
multaneously for all ¢; € T™W. In [He93][He95] the second author had overlooked this problem
and had chosen in the four cases 51,0, £3,0, 21,0, Q2,0 @ monomial which does not work for spe-
cial parameters t; € T(M). The following table (10.8) lists for all 6 families all monomials 7 of
weighted degree 1 + % and for each of them the function ¢(¢;) with

p=gq(t1) -p>1 mod (Jacobi ideal of fi, o), (10.7)
where psq = % is the monomial chosen in table (10.1).
p>1 D qt1) p ot q(t) Pt q(t)
Wio 22yt 2ty 1 -2t y i1 —2t z2yz: 0
4z 0 yz2: 0
S0 2P 2Pyz:—t iz —t Y222t
Y52t — 1 b2t —1 23 t1(2t; — 3)
Uio vtz 2Pyz:— xyz?: —t zyt
3y tl (tl — 2) yZ3 1 - 2t1
2441 10.8
Es 22yt By t1+1 zy” téttl yl0 131 tt%1+ ( )
yz?: 0
2_
Zio a2yt ady?: t1+1 xyﬁ . téiﬁl Y8 L1 tt%ﬁl
ot 343 — 2t1 +3 yz 0
2 2 3% ty+1 5. _ t+1
Q20 2 Ty |- t1)2 a? ?/ 2(11 R AT fe=ryE:
7 B—t+1
y . t21(1 1t1)2 0

Thus ps; could be replaced in the normal form in table (10.1) by any of the following monomials:

Wio Sipo Uip Eso Zig Q20

- 22yz,ytz, y?2? 2?yz oy oyt — _ 22y? (10.9)
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We denote by Gs and G5 C G5 the groups of automorphisms of 7(2) = P'C

Gz := {t Htl,lftl,%,]flt—il,l_ltl,“gl =~ §3 as a group, (10.10)
Go:= {t1—t1,1—t1} CGs = S, as a group.

They act also on 7)) = C — {0, 1}.

Theorem 10.3. Consider a bimodal family of quadrangle surface singularities in table (10.1).
A function

k:Gy x TW — C* for W10, S1.0, (10.11)
Gy x TW = C* for Uy, Bz, Z1,0, Qa.0,

with the following properties exists.

o Gy for Wiy, 51,0,
o) ~R J@dy < F9€ { Gz for Ui o, Es,0, 21,0, Q2,05

with 11 = g(t1), 15" = (g, t1) - t5">=, (10.12)
k(id, ty) = 1, (10.13)
rk(g291,11) = k(g1,t1) - £(g2, g1(t1)). (10.14)

Table (10.15) lists k(g,t1) for generators g of the group.

Wio Sio Uio Esp . Z1,0 N Q2,0
1ot 1 -1 1 (1%) (1%) 1 (10.15)
ttyh = -t ot 10 t3

Proof: (10.13)—(10.15) are consistent (to check this is nontrivial only for E3 o and Z; o) and
define a unique function x as in (10.11). We will show now that it satisfies < in (10.12). We
postpone the proof of = in (10.12) to the end of this section.

The equality

f(tl,tQ)(x : eQ‘n’iwm7y : EQﬂiwya z: eQTriwz) = f(t17t2'e27ri2/"") (1016)
gives < in (10.12) for ¢ = id and k(id,t1) = 1 (for Uio m = me = 9, in the other cases
Moo = 2). We list now coordinate changes (z,y,z) — oW (z,y,2) and (z,y,2) — ¢ (2,y,2)

with

f(tl,tg)(sp(l)(m7yaz)> = f(lftl,O) +t2 'P(l)(tl,%yaZ)

for all 6 cases, (10.17)
f(thtz)(sp(z)(x,yvz)) = f(t;l,O)(g:vyaz)+t2 'p(z)(tlym,yvz)

for U0, B30, Z1,0,Q2,0 (10.18)

for certain quasihomogeneous polynomials p") and p® in z,y, z with

2
deg,, p'!) = deg,, p* =1+ —.
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W (x,y, 2) 3 (x,y, 2)
Wl,O (1‘, —-Y, Z) —
Sio  (iw,y,—z—y?) -
Uo (—2+2,-y,2) (—z.t; Py, —x) (10.19)
Eso (z—93 —y,2) (z, 75171/3317 z)
Z10 (efzm/m(x _ yz),z' . efzm‘/zsy’ 2) (tiﬁx, t1_3/7y, 2)
Q270 (x _ yz’ i, 6*2”/%) (x, tl_l/zy, t}/‘lz)

One can calculate p") and p(® easily. The proof of [AGVS85, 12.6 Lemma] implies here
f(ﬁ,o) +i2:p ~r f(fl,g)
where ty - p =ty - ps1  mod (Jacobi ideal of [ 0)- (10.20)

With table (10.8) one finds £, with (10.20) for p = p(!) and for = p(®. Then one verifies table
(10.15). O

Remarks 10.4. (i) For the quasihomogeneous singularities, (10.12) becomes
f(tl,O) ~R f(t~1,0) ~— d g < Gso resp. G35 with Z/l = g(tl)

This is proved in [Bi92, Satz 1.5.2] using the minimal good resolution. Our proof of = in (10.12)
for all singularities at the end of this section will be different.

(ii) The right equivalence classes in T(®) are the orbits of a group action on T®) in the cases

Wi and S19. There the group is a central extension of Gz by a cyclic group of order my, = 7,

15 ( cyclic group

i (5)
of order m ) — (group acting on 7)) — Go — 1.

In the other cases Ui g, Es0,Z1,0 and Q2,0, an m-th root of k(t1 — t7h) : TM — C* is not
uni-valued, but multi-valued. There one has only a groupoid acting on T®), whose orbits are
the right equivalence classes in 7).

(ili) In any case, the space M*" = (M) = T (by theorem 10.1) will be more canonical
than 7, and there the right equivalence classes are the orbits of the action of the group
GZ — (mar

Now we come to the spectral numbers and the classifying space Dpgr,.

Lemma 10.5. Consider a bimodal family of quadrangle surface singularities in table (10.1).
Denote wy = dxdydz.

(a) The spectral numbers o, ..., o, with o < ... < «, satisfy
—1 1
a1:—<a2:—<a3§...§au_2 (1021)
m m
1 1
<a#71:1_a<a#:1+%7
dim 0 = dim C°2 = 2. (10.22)

The following picture illustrates this.
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We also have

VA ftra) D HY(frs) D V7 ([t ,2))s (10.23)
Hy (fin ) = C-(s(wo,a1)(t1,t2) + s(wo, az)(t1,t2))
+  C-s(ywo, a2)(t1,t2) + V7 (f, 1)) (10.24)

(b) The polarizing form S defines an indefinite form ((a,b) — S(a,b)) on Hg. We get a
half-plane

H(C®™) = {C-v]veC™ with @I (v), dal(v)) < 0} (10.25)
c  PYo).
(c)
Dp;, = {(C . (’Ul —|—7)2) |’U1 e 0" — {O} with [(C . ’1}1] S 'H(Cal),

v2 € C - Pu, (Vo) (v1)) € C*2} (10.26)
H(C*) x C
Proof: (a) The spectral numbers are well known [AGV88, 13.3.4, p. 389] and can be calcu-
lated in the semiquasihomogeneous cases for example with the generating series (here m = 2,
(w07 wy, w2) = (wx; Wy, wz))

1

ﬁ zw: t_wJI = et (10.27)

(10.22) and (10.23) are obvious. (10.24) follows from lemma 7.20 and
degw(WO) =1+ 17 degw(yw()) = a9+ 17 and degw(xiyjzkwﬂ) > g + 1
for any other monomial x'y’z*, because Wy < Wy < Ww,.

(b) This follows as in section 9 before theorem 9.2. It follows also from the fact that
Gryy Hy (fy,4,)) and S induce as in (7.27) a polarized Hodge structure of weight 2 on

H>®(f(t,.t5))- Especially,

ay(ti,te) == U ls(wo, a1)(tr,t2) € H*(fity0))cs (10.28)
az(ti,ta) = Y5t s(ywo, a2)(tr,ta) € H™(f1, 10))7
satisfy
on H®(fu, i)t Crar=H>"=F> CH™(fu,.1,)c (10.29)
=F'=H*®H" =C-a;®C a3,
on H®(fi, )z 2 Crag=H" = F' C H™(f4, 1))z (10.30)
—FO—HY' @ H?=C.0,®C -7,
0 < i*79S(ay,a), 0 <i'71S(@z,az), 0 = S(ai,az). (10.31)
(c) This follows as in lemma 9.4 (c) in the case m/|p. O

The multi-valued period map BLps) : TG) — Dg; had been calculated in [He93]. We recall
the result and sketch the proof. In part (e) of theorem 10.6 we add a formula for the case S o
which will be useful for the determination of a transversal monodromy in theorem 10.7.
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Theorem 10.6. Consider a bimodal family of quadrangle surface singularities in table (10.1).
(a) s(wo,1)(t1,t2) = s(wo,@1)(t1,0) = slwo](t1,0) is independent of to and satisfies the
hypergeometric differential equation

0= (t1(1 —1)02 + (c— (a+b+1)t1)d, — ab)s[wo](tl, 0) (10.32)

with (1 —c,c—a—b,a—b) = (L, 1 1),

mo’ m1’ Moo
(b) The multi-valued period map
BLypay : TY — H(C*), 1, — C - slwo](t1,0), (10.33)

lifts to a uni-valued period map

BLpe : T — H(CM) (10.34)
which is an open embedding and extends to an isomorphism
BLyw : TW — H(C™). (10.35)
(c)

s(wg, a2)(t1, ta) = ta - (—0;)s[ps1wo](t1,0), (10.36)
C*? =C - s[ywo|(t1,0) & C - 9, s[p>1wp](t1,0). (10.37)

(d) The multi-valued period map
BLpe) : T® — Dpp (10.38)

is locally in T and H(C*) an isomorphism of line bundles and lifts to an open embedding of
line bundles

BLyx : T — Dgp. (10.39)

(We do not know whether this extends to an isomorphism of line bundles T® — Dgr, but we
do not expect it.)

(e) In the case of S1

2t — 1
t == t . 10.4
O, s[zwo](t1,0) TN slzwo](t1,0) (10.40)
Proof: (a) We just sketch the ansatz for the calculations which prove (10.32). f, o) and
O, f(+,,0) are quasihomogeneous of weighted degree 1. List all monomials dy,...,d; in z,y,z

which turn up in f(chO), fit2,0) - O ft1,0) and (9, f(,,0))%, find | — 2 independent linear combi-
nations of diwo, ..., diwo in df (s, 0) A dQég, and determine an equation

D1 - (8t1f(t1,0))2 ~wo + P2 fie1,0) * Oy fie1,0) - Wo +p3 - f(gtl,o) - Wo

=0 mod df(, o) A dQs (10.41)
with P1,P2,P3 € Q[tl]. Then
(p197, — (e +2)p20s, + (a1 +2) (o + 1)p3) s[wo](t1,0). (10.42)

Because of corollary 8.14 one can work in the cases Wi g, F3 g, Z1,0 with the curve singulari-
ties. There the number [ of monomials is [ = 5. In the other cases, the surfaces singularities
S1,0,U1,0,Q2,0, it is I = 9.

(b) The period map BLp) is not constant because s[wo](t1,0) and
Oy, slwol(t1,0) = (=0r)s[04, f1, 0) - wol (£1,0)
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are linearly independent because 9y, f(¢, o) is not in the Jacobi ideal. Therefore the multi-valued
coefficient functions f1(t1) and fo(¢1) with

slwol(t1,0) = f1(t1) - U? + fa(t1) ‘Ug (10.43)

for an arbitrary basis v{,vJ of C® are linearly independent scalar solutions of the same hy-

pergeometric differential equation. Their quotient (¢; — szgig) is a Schwarzian function [Fo51,

sec. 113+114], which maps the closure of the upper half-plane to a hyperbolic triangle with
angles =, - T The vertices are the images of 0,1,00. Therefore the multi-valued map

mo’ my’ Moo
BLya) : TW — H(C*) is an inverse of the quotient map ¢! : T3 — T This shows (10.34)
and (10.35).

(¢) s(wo, a2)(t1,0) = 0 because of formula (7.52) in lemma 7.20 (a).

O, 8(wo, @2)(t1,t2) = (=07)s(p>1wo, a2 + 1)(t1,t2)
= (=0r)s[p>1wol(t1,0)
thus s(wo, a2)(t1,t2) = ta-(—0r)s[p>1wo](t1,0)
= ty-ve mod C- s[ywo](t1,0) (10.44)

with a suitable vy € 1/1;21 (tha, (s[wo] (1,0))) — {0}

Here vy # 0 follows from (10.37) which is a consequence of the fact that ps; is not in the Jacobi
ideal of f(t1,0)~

(d) This follows from (10.34) and part (c).

(e) The proof is similar to the calculations which prove part (a), but simpler.
O, s[xwo](t1,0)

(—07)5104 fi4,,0) - 2wo)(t1,0) = (=0r)s[z’y*wo] (t1, 0)

* 2 1 — 1

® m(—@)s[ﬂnm ~awo(t1,0)

= GOkl (1.0) = g s (= 2)slanl (1.0
2t —1

= ms[ﬂﬂo](tl,o)'

For S one has to find 3 relations in df(;, o) A dQ(1C3 between the monomial differential forms
232wy, 2> 2wo, 2y22wo and 32w in Jt:,0) - wwo and z3y2wy. O

The last step before the proof of theorem 10.1 is the following result on a transversal mon-
odromy group. Its proof uses formula (6.8) in theorem 6.1.

Theorem 10.7. Consider a bimodal family of quadrangle surface singularities in table (10.1).
The pull back to T® with ¢V of the homology group Ui, eror MU(f,,0)) — TM comes equipped
with a monodromy representation 73 : (T 73)) = Gy (with ¢V (7)) = i) which is called
transversal monodromy group.

(a) The following table lists the local monodromies around elliptic fized points in (c(?))~1(0),
(c®)71(1) and ()~ (c0).
Wio Sio Uio Eso Zio Q20
(c®)=1({0,1}) id id id id id id (10.45)
(c®)~1(o0) id  Mp id id id M
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Therefore Im(7®) = {id} for Wi,,Ui0, F30,Z1,0, and Im(7®) = {id, M;">} for Sio and
Q@2,0-

(b)
{g € Gz | g acts trivially on Dpy}
{9 € Gz|g==id on Mi}
{£id, £M;">=}

B { {£id} for Ui 0, E3.0, Z1,0

{£id, £M=}  for Wi 0, 510, Qao. (10.46)

(¢c) GR""9" is here the group in (8.13) for the singularities of multiplicity > 3, namely the
curve singularities W1 o, B30, Z1,0 and the surface singularities S1,0,Ui,0,Q2,0-

Gsmar,gen — { {1d} for Ul,Ov E3,07 Zl,Ov

. m 10.47
R {id, M;"*>=}  for Wi, S1,0,Q@2,0- ( )

Proof: We start with part (b). Suppose that g € Gz acts trivially on Dpy. Then it acts
trivially on H(C?1), so g = A-id on Ml for some A € C*. And C- (v1 +v2) = C- (A\v1 + Ava), s0
A=\ € {#£1}. This together with formula (6.8) and the set of eigenvalues of M, gives (10.46).

(a) The Papperitz-Riemann symbol

0 1 00

0 0 a z (10.48)
l—-¢c ¢c—a—-b b

encodes the local behaviour near 0, 1 and oo of scalar solutions of the hypergeometric equation.
Locally suitable solutions have the following form (h.o.t. = higher order terms):

near 0: #9 4+ h.o.t. and ¢} °+ho.t.,
near 1: (t; —1)°+hot. and (t —1)° %%+ hot, (10.49)
near oo : 7+ h.o.t. and  t;”+ho.t.

Especially, the local monodromy of the space of solutions has the eigenvalues

around 0: 1 and  e2mi(1—0),
around 1: 1 and  e?rilema=b) (10.50)
around oo : e~2™ and e 27,
In our situation (1 —c,c—a—b,a—b) = (-, -, ),
0’ M1’ Moo

Wio Sio Uio Ezo Ziop Q20

e L 17 a4 3§

, 10003 1 1§ P (10.51)
hoo ¥ 2§ 3
2 0 9 9 7 6

The branched covering ¢®) : T — T(2) has at elliptic fixed points the orders mg, m1, Moo.
Therefore the local monodromies of the pull back to T®) of the solutions on

T =C-{0,1} c T?® =P'C

become +id except around the elliptic fixed points in (c(2))7!(c0) in the cases S1 o and Qa0
where they become —id.
The same holds for the restrictions to Ml of the local monodromies in 73,
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With (6.8) we obtain (10.45) for Uy g, E30,Z1,0 and the following approximation of (10.45)
for W1 0,51,0, @2,0-

Wio S1,0 Q2,0
(c®)~1({0,1}) id or — M id or — M} id or — M} (10.52)
() Yoo)  id or —MP —id or MY —id or M?

The case Wi y: The sublattice M{_; 7 has rank 1. Therefore the local transversal mon-
odromies of the homology bundle on T() around 0, 1 and co have on M l_1,z eigenvalues in
{#1}. The branched covering T™ — T?) is at the elliptic fixed points of even order. Thus 7(3)
restricts to the trivial monodromy on MI_; z. This excludes —M} in (10.52).

The case S1,0: The local transversal monodromies of the homology bundle on TM around
0, 1 and oo have on M, i/ eigenvalues in Eiw({). The branched covering is at the elliptic
fixed pomts in (c®)~1({0,1}) of order 10. Thus the local monodromies of 7(3) around points
in (¢?)71({0,1}) are trivial on Ml —2.:/5. This excludes —M} in the first line of (10.52). The
branched covering is at the elliptic fixed points in (c(®)~*(co ) of order 5. Formula (10.40) in
theorem 10.6 gives near oo

slzwo](t1,0) = (¢ 7% 4 hot. ) - (a flat multi-valued section). (10.53)

Therefore also the local monodromy of 7(3) around points in (¢(?))~!(oc0) is trivial. This excludes
—id in the second line of (10.52).

The case (2,0: The local transversal monodromies of the homology bundle on T around 0,
1 and oo have on Ml,—2x:/5 eigenvalues in Eiw(e2™/6). The branched covering T — T2 is at
the elliptic fixed points of order 6. Thus 7(®) restricts to the trivial monodromy on Ml 2xiss.
This excludes —M} in the first line and —id in the second line of (10.52).

(c) —id ¢ GZR""9" by theorem 8.8 (d). GR"*"*" fixes BL(f, +p) for any (f,+£p) € M*".
Because T(7) — Dp; is an open embedding, GR“"9" fixes Dpp,. By part (b) G = {1d}
fOI‘ ULO? E370, ZLO? and G%mar,gen = {ld} or {ld, M;;noo} or {ld, 7M}7an} fOI‘ W1,07 SLO’ QQ’O The
coordinate changes ¢ of the curve singularities W; ¢ and the surface singularities S0 and Q2
in the following table give a nontrivial element of G"*"7".

W0 S1,0 Q2,0
(SE,y) = (—£E7y) (ZL',y,Z) = (—{E,y,Z) (iE,y,Z) = (xvyv _Z)

The coordinate change ¢ maps wo to —wp and slwg](t1,0) to —s[wg](t1,0). Therefore
(O)hom|m, = —id and (@)hom = M,"= (and not —M,"~). This shows (10.46) for
Wi 0, 51,0, Q2,0 U

(10.54)

Finally we come to the proof of theorem 10.1. Within this proof, we will also finish the proof
of theorem 6.1. After it, we will finish the proof of theorem 10.3.

Proof of theorem 10.1: By theorem 10.7 (a)+(c), the transversal monodromy representa-
tion 7(7) of the pull back to 7™ with ¢(®) of the homology bundle |J,,, tyer® MU(fi, 1)) = 7®)
is trivial in the cases W19, U1,0, B30, Z1,0 and has image in GR"*"9“" = {id, M;"=} in the cases
S1,0 and Q2,0. Thus the strong marking +id on f; ¢y induces for each f, ;,) two strong mark-
ings in the same right equivalence class in the cases Si ¢ and (2,0 and one strong marking in the
other cases. In any case, this gives a map 77 — (Mjm‘"’)o.

The composition 7(7) — (Ml‘jm‘")0 — Dpy, is an open embedding by theorem 10.6. Also recall

that (M im‘")o — Dpy is an immersion and that all three spaces are 2-dimensional manifolds.



212 FALKO GAUSS AND CLAUS HERTLING

Therefore T — (Mgm™er)0 and (Mg™e")° — Dpy, are open embeddings. We postpone the
proof that the map T7(7) — (Mjm‘")O is an isomorphism.

Part (b) follows now easily: Consider the case of singularities of multiplicity > 3. —id € Gy,
acts trivially on Dpy,. It acts nontrivially on M ;™" by theorem 8.5 (¢). The map

(Mljmar)o_>DBL

is an embedding. Therefore —id € Gz does not act on (M;"")". Therefore —id ¢ G*™%". This
shows part (b). In this case (M3m")% = (M;*")? by theorem 8.5 (c).

In the case of singularities of multiplicity 2, M5 = M™*" and (M3™")% = (M;*")° hold
anyway.

@ T®W =H — T(® = P'C is the branched covering from an action of a triangle group I" of
type (%, %, mlm ) on H. The group I is a normal subgroup of index 2 respectively 6 of a triangle
group ' of type (2,2m,2m) for Wi o and S; o and of type (2,3,2m) for Uy g, Es 0, Z1,0 and
Q2,0 such that I'?" /T = (G5 respectively G3). The following pictures show hyperbolic triangles
associated to I' and T'7". The symbols [0], [1], [oc], [3], [2], [~1], [e2™*/°] at special points indicate
the images of these points under ¢(2).

el
4 2m
o LR
dk 2m
0] B] 1]

The group I'" maps the set of elliptic fixed points (¢(?)~1({0,1,00}) = T — TG of T to
itself, so it acts on T'®).

By the proved implication < in (10.12) in theorem 10.3, the orbits of T%" in T are contained
in the right equivalence classes of quasihomogeneous singularities. By the embedding

TG — H(C™)

in theorem 10.6, 9" acts also on H(C“), and the orbits are contained in the orbits of ¥(G™a"),
because the orbits of G™*" on (M*")? are the right equivalence classes in (M;*")°.

Now compare the actions of T'9" and W(G™") on H(C*). T'?" acts as a triangle group of
type (2,2m,2m) respectively (2,3,2m), and ¥(G™*") acts by theorem 6.1 (b) as a subgroup of
a triangle group of the same type. And the orbits of '/" are contained in the orbits of ¥(G™a").
Therefore the actions coincide, and ¥(G™%") = U((Gy) is a triangle group of the claimed type in
(6.7). This gives the surjectivity in theorem 6.1 and finishes the proof of theorem 6.1.

It also shows that G™" acts on T®). Because T®) contains representatives of the right
equivalence classes of all quasihomogeneous singularities in the given p-homotopy family, the
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marked quasihomogeneous singularities in (M L”‘”)O must all be in 7). This proves that the
open embedding T(7) — (M;’“")O is an isomorphism.

Next we will prove Gz = G™*". Consider an element g; € Gz. Because of U(G™") = ¥(Gyz),
we can multiply it with an element go € G™" such that g3 = g1g2 satisfies ¥(g3) = id. By
formula (6.8) in theorem 6.1 g3 € {£M} |k € Z} C G™". This proves Gz = G™".

Now M = (M*")° holds. Because BL : (M)’ — Dpy, is an embedding, BL :
M — Dpyp, is an embedding. This finishes the proof of theorem 10.1. O

Proof of = in (10.12) in theorem 10.3: Gz acts as ['"" on H(C*) and thus as Gs
respectively G on T™). This shows = in (10.12) for the quasihomogeneous singularities.

An element g € Gz which acts trivially on 7®) is in {£M} |k € Z} and restricts to A -id on
MI; for some A € Eiw({). Because of

g: (C-(U1+’Ug)'—>C()\~’U1+X-02)ZC-(’U1+X2-1)2)

—2
it acts on the fibers of the projection Dy, — H(C*') by multiplication with A\, and it acts in

the same way on the fibers of the projection T(") — 7). But (XQ)moo = 1. This shows = in
(10.12) for all singularities. U
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