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BERNOULLI MOMENTS OF SPECTRAL NUMBERS AND HODGE
NUMBERS

THOMAS BRELIVET AND CLAUS HERTLING

ABSTRACT. The distribution of the spectral numbers of an isolated hypersurface singularity
is studied in terms of the Bernoulli moments. These are certain rational linear combinations
of the higher moments of the spectral numbers. They are related to the generalized Bernoulli
polynomials. We conjecture that their signs are alternating and prove this in many cases.
One motivation fo the Bernoulli moments comes from the analogy with compact complex
manifolds.

1. CONJECTURES AND RESULTS

An isolated hypersurface singularity is a holomorphic function germ f : (C**1, 0) — (C,0) with
an isolated singularity at 0 € C"*! (here n € N = {0,1,2,...}). It comes equipped with a Milnor
number p € N — {0} and with its spectral numbers, a tuple of y rational numbers ay, ...,y
which satisfy

“-Il<ap<..<aop<n and a;+auri—i=n—1 (1.1)

They come from the Hodge filtration on the middle cohomology of the Milnor fiber and the
semisimple part of the monodromy, acting on it [St][AGV].
We are interested in their distribution. We consider the numbers

_ # n—1\2
Vaind (f) = Z <ai - > for k > 0. (1.2)
i=1

One should divide them by u = V5™ (f) to get the normalized moments, but we prefer not to

do it. So we call V5™ (f) the variance of f and the V3" (f) the higher moments. In [Hel][He2]
C. Hertling formulated the following conjecture.

Conjecture 1.1. Any isolated hypersurface singularity satisfies
R
12

It was proved by M. Saito for irreducible curve singularities [SM2], by T. Brélivet for curve
singularities with nondegenerate Newton boundary [Brl], and recently by T. Brélivet for all curve
singularities [Br3]. A. Dimca formulated a dual conjecture with > instead of < for polynomials
with isolated singularities [Di]. He considered the global geometry of a polynomial and the
spectrum at infinity.

In this paper, the conjecture 1.1 will be extended to a series of inequalities for certain linear
combinations of the higher moments, which will be called Bernoulli moments. Before explaining
this, we consider an analogous situation, where these linear combinations will also be interesting.

V() < Vg f) (1.3)
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If X is a compact complex manifold of dimension n, one often considers [Hi]

rP4 = dim HI(X, QP) and (1.4)
o= (PO = (e (1.5
q
We define
m n
Vil =3 xulp - 5)% for k> 0. (1.6)
p

At the end of this chapter and in the last chapter, we will consider this situation of a com-
pact complex manifold X and V;Zf 4(X). Here V;"U(X) = [ ¢n could be 0; then we cannot

normalize the moments V' *(X).
Now let
= 1
V=2 Vy ¢ 1.7
Z 2k (2k)! (1.7)
k=0
be a formal power series in ¢? with variables Vy, Vo, V4, ..., and let v be another variable. The

Bernoulli moments I'Z¢™(V,v) € Zf:o Q[v]Vz; are defined by

> 1 t/2
FB@T _ FBer t2k: _ . -1 . 1.
V) kZ:O w gyt TV e\ oe ) 49
The first four of them are
g (V,v) = Va, (1.9)
. 1
rBerviy)y = Vo—Vp- (Eu)7 (1.10)
1 1 1
rger(vv) = V4—V2'(§V)+VO'(EV+@V2)7 (1.11)
5 1 5
L) = Vo=V (ZV) + Vs (§V+ TGVQ)
1 1
Ve (v 2 DBy, (1.12)

252 96 576
The Bernoulli moments are closely related to the generalized Bernoulli polynomials. This will
be discussed after theorem 1.4. A relation with the Bernoulli numbers B,, is given by

t/2 -1 1
log ———= = —B . 1.13
8 Sinh(t/2) kz_:l 2% 2 (2k)! (1.13)
The Bernoulli numbers By for k > 1 satisfy By € (—l)k_1Q>0. Therefore the coefficient of
Va; in FQB,f’" is a polynomial in v with all coefficients having the sign (—1)*=7. A more precise
discussion in chapter 2 shows the following elementary lemma.

oo

Lemma 1.2. Consider V = Y 72, ngﬁt% € R[[t]] with Vo > 0. Fiz kg € NU {co} (with
N:={0,1,2,...} in this paper).
a) If ko € N, there exists a number v € R such that
VkeNwithk <ky  (=1)T5(V,v)>0. (1.14)

b) If a number v € R satisfies (1.14) for kg € NU{oo} then also any number v’ € R with
V' > v satisfies (1.14).
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In view of this lemma, the first of the following two conjectures is weaker than the second.
These conjectures are at the center of this paper.

Conjectures 1.3. Let f: (C"10) — (C,0) be an isolated hypersurface singularity.
(W) (Weak form) Then for all k € N

(=D)*THer(VSm9(f),n+1) > 0. (1.15)
(S) (Strong form) Then for all k € N
(=D)FTEE (Vo9 f), = ar) > 0. (1.16)

The case k = 1 of the conjecture (S) is conjecture 1.1. Our evidence for the conjectures is
collected in the following theorem.

Theorem 1.4. a) The conjecture 1.3 (S) is true for all quasihomogeneous singularities.

b) The conjecture 1.3 (S) is true for all hyperbolic singularities Tpq, .

¢) The congecture 1.3 (W) is true for all irreducible curve singularities.

d) [Br3] The conjecture 1.1 is true for all curve singularities.

e) If the conjecture (S) [respectively the conjecture (W)] is true for two singularities f(x) and
g(y) then it is also true for the sum f(z)+ g(y).

f) For any singularity f and any v € Rsg a bound ko > 0 exists such that for all k € N with
k > ko

(=) Ber(vEma(£),v) > 0. (1.17)

Part a) and b) will be proved in chapter 5. There we will give also precise formulas. The
formulas even suggest to consider the numbers I'EET(V59(f), o, — a1) as well as the numbers
[Ber(Vsing(f),n + 1) themselves as generalisations of the Bernoulli numbers Boy.

Part c) will be proved in chapter 6. Part e) is an easy consequence of the Thom-Sebastiani
formula for spectral numbers; it will be discussed in chapter 2, remark 2.5 b). The proof of part
f) will be given after theorem 1.5.

The generating function V*"9(f) of the higher moments V;,j"g (f) takes a very special form,

H w
VEmI(f) = Zcosh (t(a - 1)) = Zet(a"_%l . (1.18)
i=1 i=1

The second equality follows from the symmetry in (1.1). This formula and (1.8) motivate the
following definition.
The polynomials Ay (z,v) € Q[z,v] for k € N are defined by

xt t/2
e*t . exp (z/~log Snh(1/2) ZAk x,v) k' . (1.19)

Up to a shift in = they are the generalized Bernoulli polynomlals, which were defined by Norlund
[No3][No4][No1][No2]. Ay(z,v) is a polynomial of degree k in z and of degree [£] in v. The
classical Bernoulli polynomials are the polynomials By (x) = Ag (a:—%, 1). The Bernoulli numbers
are By := B(0). The polynomials in x for fixed v € N and especially for v = 1 have been studied
since very long time. We review some properties of the Ag(z,v) in chapter 3.

(1.8), (1.18) and (1.19) together show

“w

(—DFTEer (Vs (f),0) = 3 (= 1) Ay — =L, 0), (1.20)

‘ 2
Jj=1

This justifies the name Bernoulli moments. One crucial property of the polynomials Ay (z,v) is
the following.
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Theorem 1.5. [No4] On any compact interval I C R and for any v € R — Z<y, the sequence of
polynomials

(2m)%F - T(v)

~1)*4 : 1.21
(=D Akl ) - 5 o Ry (121)
tends uniformly to cos(2nx) as k — oo (here I' is the gamma function).
Therefore for any v € R — Z<( the sequence of numbers
er sin, 27 2k I'(v
(VTR (V) ) - 5o T (1.2

2. (2k)! - (2k)v—1
tends with £ — oo to

Zcos(Qﬁ(aj — n; 1)) = (-1t Ze2maj

Jj=1

(—1)""*trace (monodromy)
1. (1.23)

The last equality is a result of A’Campo [AC1]|[AC2]. For v > 0 the factor on the right hand
side in (1.22) is positive. This shows part f) of theorem 1.4.

Remarks 1.6. i) If the conjecture (W) is true for a singularity f, one can define a sequence of
numbers v, > 0 for k € N such that vy is minimal with the property

VE >EVV > (“D)FTET(VEmI(£),0)) > 0. (1.24)

In view of part f) of theorem 1.4, this decreasing sequence tends to 0. One could ask how fast.

il) The conjectures 1.3 and theorem 1.5 together predict the sign of the trace of the mon-
odromy. It is an integer. By A’Campo’s result it is the smallest integer with the correct sign.
In view of this, it seems that the values (—1)TDer(V*n9(f) v) are “rather small”, up to the
factor in (1.22).

The conjecture 1.3 (W) is connected with some work of K. Saito [SK2] on the spectral numbers.
He defined the associated distribution
n
A(f)(s) =) 6(s—aj +

j=1

”T_l), (1.25)

where 6(s) is the delta function. Because of (1.18), its Fourier transform is just Vs"9( f)(2mit).
K. Saito proposed to compare A(f)(s) with the continuous distribution

AP (5) = (AW « .« AD)(s) (1.26)
(the convolution n+1 times), where

1 if sel-3,3]

AW (s ;—{ : 2020 1.27

=10 it ser A (L.27)

He proved that A("“)(s) is the limit distribution for quasihomogeneous singularities if the

weights tend to zero and for irreducible curve singularities with g Puiseux pairs if the last
denominator tends to infinity.

The Fourier transform of A1) (s) is

(m(m))"“ . (1.28)

Tt
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Therefore

. n+1
DB (VI (), n o+ 1)(2mit) = V9 (f) (2rit) | <SH7T))

is the quotient of the Fourier transforms of the actual distribution A(f)(s) of spectral numbers
and the continuous distribution A+ (s). The conjecture 1.3 (W) simply predicts that all its
coefficients are positive. In this sense it confirms a feeling of K. Saito [SK2, p 202, (2.5) ii)]
that the limit distribution A+ (s) should not only be a limit, but also a bound for the actual
distributions.

But it is difficult to derive from this conjecture on the Fourier transforms concrete information
on the distribution A(f)(s). It does not imply a conjecture of K. Saito [SK2, p 203] (and Durfee
in the case n = 2) on the number of spectral numbers in | — 1,0]. We discuss this in chapter 4.

(1.29)

We presented ample evidence that the Bernoulli moments are natural objects. A characteri-
sation in corollary 2.3 and the explicit formulas in chapter 5 will even strengthen this.

But we found the Bernoulli moments (their shape, not the inequalities in conjecture 1.3) in a
different way, by looking at the moments V;Zf d(X ) of compact complex manifolds. In chapter 7
the following results will be proved, using the Hirzebruch-Riemann-Roch theorem.

Theorem 1.7. a) There exist polynomials qi;(V,y1,...,y;) € Qv,y1,...,y;] for k > 1 and
0 < j < 2k — 1 with the following properties. They are quasihomogeneous of degree j with
respect to the weights i of y;. They satisfy deg, qro = k and deg, qr; < k—1— [%] for j > 1.
For any compact complex manifold X of any dimension n,

min(2k—1,n)

‘/Q?fd(X): Z / ij n,ci,...,C ) Cn—j (130)

ifk>1 and Vi U(X) = [ ca.
b) The Bernoulli moments of V™/4(X) with v =n are

min(2k—1,n)

rEer(ymid(x), n) = Z /qkj 0,¢15.,Cj) * Cnj (1.31)

if k > 1 and TEer(Vmid(X = [y cn-
The formulas for k& = 0, 1, 2 are (we omit [,)

Vi) = e, (1.32)
m n 1

X)) = I gC1Cen—15> (1.33)

2

mfd - (M. n_1 :

Vit &) = (48 120) Cn T <(12 30)61) cn-t (1.34)

2 3
f, al . ac & 4,
* <1o+30) C"2+< 10 10 30) fn=3-

In the case of the projective spaces P, the analogues of the conjectures 1.3 are not true for
small k, see chapter 7. It would be interesting to understand the significance of the Bernoulli
moments for compact complex manifolds.

When some years ago one of us showed Duco van Straten I'Pem (V"9 o, — ;) and the
observation that it is positive in many examples, he conjectured immediately that there should
be a series with signs (—1)*. We thank him for this idea.
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2. DEFORMATIONS OF HIGHER MOMENTS

Let

= 1 2k
V:Zng(%)!t (2.1)
k=0

be a formal power series in t? with variables Vg, V5, V4, ..., and let v be another variable. We are
interested in formal power series

o] 1 ) '
r(V,v) = kzzor%(uu)(%)!t’“ with
Tor(Viv) € > Clv]-Vay (2.2)
=0

which satisfy the following property:
r(V,v) - T(V',V)=T(V-V' v+ (2.3)
here V' is a second power series in independent variables, and v/ is another variable.

Lemma 2.1. A power series T'(V,v) as in (2.2) satisfies (2.3) if and only if it takes the form

D(V,v) = Zm@lk),(w))’“] exp(v - O(1)) (2.4)
k=0 ’
where
> 1
U(t) = ;%k(%)!t%, (2.5)
o) = ;@%(%)!tk, (2.6)

Wor,Oqr € C, or Zf F(V, I/) =0.

Proof: One sees immediately that a power series T'(V,v) as in (2.4) satisfies (2.3). The inverse

will be carried out in two steps.
(I) We want to prove I'(V,v) = T'(V,0)
=T

O(t,v):

-exp(v - O(t)). Define
(1,v)(t) € C[[#])- (2.7)
Then ®(¢,0) =1,

O(t,v) - (t,v)=T(1,v)-T(1,V) =T, v+) =, v+ (2.8)
and
(log ®)(t,v) + (log @)(t, 1) = (log ®)(t,v + /). (2.9)
One sees easily (log @)(t,v) € C[[v]][[t]]. Now (log ®)(t,0) =log1 =0 and (2.9) imply
(log @) (t,v) = v - O(¢) (2.10)
for some O(t) € C[[t]]. Setting V' =1 in (2.3) we obtain
I(V,v) - exp(—v-0) =T(V,0). (2.11)

(IT) We consider the case with v = 0, that is, without v.
Claim: T'y(V,0) =V, or T'o(V,0) = 0.
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Proof: Let I'g(V,0) = AoV + ... + Ag; Vo for some [ > 0. First suppose that [ > 0. Then the
special values V =V’ =1 ﬁtm in (2.3) yield

A5 = To(V,0)-To(V',0) (2.12)

= To(V-V’",0) =Ty t1.0) =0

b
(2012

because 4] > 2. Thus Ag; = 0. Inductively this yields Tg(V,0) = A\gVp. Now the same calculation
for [ = 0 shows A2 = )¢, thus A\g € {0;1}. This finishes the proof of the claim.
Now (2.3) for V' =1 gives

T(V,0) - T(1,0) = I(V, 0). (2.13)
In the case I'o(V,0) = 0 this implies I'(V,0) = 0. We restrict ourselves now to the case
I'o(V,0) = Vy. Then (2.13) implies I'(1,0) = 1. Thus
I (V,0) Z Ao - Vo for k>0 (2.14)
1>0
is a finite linear combination of terms V5; without the term Vj.
Using (2.14), we can define ¥(¢) € C[[t?]] by
1 1
F(V0+V2§t2,0) =V +V2§\Il(t). (2.15)

Now we fix | € N and choose a V with values V; = 1 and Vo, = 0 for kK > [. As in
[Hi, Lemma 1.2.1] we consider the formal decomposition of the polynomial V' (t) of degree < 21,

!
Vt):1+;v2k(2

l

z)!t% =[]+ Bart?). (2.16)

k=1

Then
l

!
T(V(1),0) = [[T0+ Bakt?) H + Bor ¥ ()

- l
- kz_lm(;w(w))k. (2.17)

Because ¥(t) has no constant term and because the 'y (V,0) are finite linear combinations of
the Var and because of (2.14), this shows for general V

0) = Zm@(%))’f (2.18)
k=0 ’

This completes the proof. (I

Remarks 2.2. a) The lemma 2.1 is close to Lemma 1.2.1 and Lemma 1.2.2 in [Hi]. Three
differences are the parameter v here, that we do not necessarily have Vy = 1 and T'g(V, ) = 1 here
and that here 'y, (V,v) is a linear combination of the V5, not a quasihomogeneous polynomial.

b) (2.3) together with the condition I'(V,0) = V restricts the solutions to the case ¥(t) = ¢2.
We will only be interested in this case.
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Corollary 2.3. The Bernoulli moments are characterized by the four properties (2.2), (2.3),

L5 (V,0) = Vag, (2.19)
- 1 1
roer(vema(A,), 5) is a polynomial in w = ] (2.20)

for k> 1.

Proof: The first three conditions show I'P¢"(V,v) = V - exp(v - ©(t)) for some O(t) € C[[t]]. By
induction on k > 0, the condition (2.20) determines Oz, uniquely. The formulas (5.4) and (3.9)
show Oy, = G)QB,f’" = E—leQk. O

The following lemma implies lemma 1.2.

Lemma 2.4. Consider V(t) € R[[t?]] and O(t) € R[[t?]] with coefficients Vai, and Osy, as in
(2.1) and (2.6) and Vo > 0, —O3 > 0 and (—1)*Oqx > 0 for all k > 2. Consider
L(V,v)(t) =V -exp(v - O(¢)).
Fiz ko € NU {o0}.
a) If kg € N, there exists a number v € R such that
VkeNuwithk <ky (=1)Ty(V,v)>0. (2.21)
b) If a number v € R satisfies (2.21) for ko € NU{oco} then also any number v’ € R with
V' > v satisfies (2.21).
Proof: a) The polynomial (—1)*T'a,(V,v) € R[v] has degree k. Its term of degree k is
2Rk
TR
It is positive if v > 0, and for large v it dominates (—1)*Tg(V,v).
b) Consider the two power series O(it) € R[[t?]] and exp((v'—v)-O(it)) € R[[t?]] for some fixed

v' > v. All their coefficients are nonnegative. The numbers (—1)*T'g(V,2') are the coefficients
of

(—1)*V, - 65 (2.22)

r((V,v")(it) = T(V,v)(it) - exp((v' — v) - B(it)). (2.23)
If the first ko coefficients of T'(V,v)(it) are nonnegative, then also the first ko coefficients of
I'(V,v')(it) are nonnegative. O

Remarks 2.5. a) In the case of hypersurface singularities, the spectral numbers satisfy a Thom-
Sebastiani property [Va][SchS]: Let f(zo, ..., ) and g(yo, ..., Ym) be two singularities in different
variables with spectral numbers «; and 8;. Then the spectrum of f + g is the tuple of numbers

Sp(f+9) = (ai+ B +1]i=1,,u(f);j=1 .., 1(9)) (2.24)
This means that the distribution A(f + ¢)(s) associated to f + g (cf. (1.25)) is the convolution
of those associated to f and g,

A(f +9) = Alf) * Alg). (2.25)
Vsing( f)(2mit) is the Fourier transform of A(f). Thus
V(] 4 g) = V() - V9 ), (226)
With v1(f) == au)(f) — a1(f) and vo(f) :=n + 1, we get for j = 1,2
DB (V9 (f + g),vi(f +9)) (2.27)

DR (VI (f), v () - TP (V=9 (g), v5(g))-
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b) Conjecture 1.3 (S) [respectively (W)] for a singularity f says that all coefficients of
Ber(Vsing(f), o, — ay)(2mit) [respectively T'Be(Vn9(f),n + 1)(2mit)] are nonnegative [re-
spectively positive]. Formula (2.27) shows part e) of theorem 1.4.

¢) Consider a compact complex manifold of dimension n with higher moments V;Zf X)) as
in (1.6) and generating function V™/4(X). By Serre duality (e.g. [Hi, p 123][GH, p 102])

WP = hp"P"7T and  xp = Xn—p- (2.28)

Therefore
vmid(x ZX,, cosh(t pr etP=3), (2.29)

If Y is a second compact complex manifold, the spaces HP4(X) = H?(X,QP) and those of Y
and X x Y satisfy the Kiinneth formula (e.g. [GH, p 103])

H**(X xY) = H"(X)® H"* (). (2.30)
Therefore
(X XY) = Y xa(X)-x(Y)  and (2.31)
a,b:a+b=p
vmid(x xy) = vmid(x).vmidy). (2.32)
3. GENERALIZED BERNOULLI POLYNOMIALS
Define
> 1 t/2
Ber _ Ber _ 1 . 1
7 () = kZO@ (2k)! 8 Sinh(/2) (3-1)

The polynomials Ay (z,v) € Q[z,v] for k € N are defined by

e exp (v .08 (1) ZAk x,v) —tk (3.2)

They coincide with the classical generalized Bernoulli polynomials B,(:) (x) up to a shift,

Ap(z,v) = BV (@ + %)

The notation B,(CV) (x) was established by Nérlund [Nol][No2]. He and Milne-Thomson [MT]
studied these polynomials systematically for fixed v € N. In [Nol, p 177] Norlund gives references

(3.3)

to earlier studies of them for fixed v € N. The Bernoulli polynomials By(x) = B,(Cl) (z) themselves
had first been considered by Jacob Bernoulli, then by Euler. Since the 19th century the literature
on them and on the Bernoulli numbers By = By (0) is huge. Their basic properties are treated
for example in [AS][Er][Jo][MT][No1][No2].

In [Nol][No2] there are some remarks about the polynomials B,(CV)(O) in v. But a study

of the B,iy)(x) as polynomials in x and v seems to have been started only in the 60ies, in
[No3][No4][We]. Weinmann [We] seems to be the only one who shares our point of view that the
Ay (z,v) have advantages compared with the B(V)( ): we have Ap(—2) = (—1)FAx(x), compared
to B,(C M —2) = (- 1)’“B,iy)(x), and deg, Ay(z,v) = [%], compared to deg, B,(CV)(J:) =k (both
are polynomials of degree k in x).

The following theorem states well-known or elementary properties of the Bernoulli numbers
and the Ag(z,v).
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Theorem 3.1. a) The Bernoulli numbers satisfy

By = 1, B, = —%, Bope1 =0 ifk>1, (3.4)
By = (1)“(22(73;2)24(%) ifk>1, (3.5)
k—1 k ‘
0 = Z(j)Bj ifk>2, (3.6)
=0

L1115 69T 3617, 52)
6’ 30742° 30°66° 2730’6 510" '
(3.5) shows Bay = (—1)*71|Byy| if k > 1 and gives their asymptotic behaviour because

(Ba, | k=1,....,8) = (

oo

1
C(s) = — =1
5 ;n

fast if s = 400. (3.6) provides an efficient way to calculate them and shows By € Q. The usual
definition is via the generating function

t — 1,
6t71:ZBkHt (3.8)
k=0
The Bernoulli numbers turn also up in @5 (),
— —1 1
Ber(py =N " _—B 2k, )
08 (t) ; 2% B (3.9)
b) The polynomials A (x,v) satisfy
Ap(z,0) = zF, (3.10)
A2k+1(0,l/) = O, (311)
Ao (0,v) € (=1)*Qso[v], deg, A2 (0,v) =k, (3.12)
(k/2 '
Ag(z,v) = ZO <2j) As;(0,v) kT (3.13)
i=
Ao(@,v) = 1, Ap(0,) = — 1, A4(0,0) = ——1 4 12 (3.14)
o\, V) =1, 2\U, V) = 121/7 4\U, vV _120’/ 481/5 .
LI B
Ag(0,v) = (252l/+ 96" + rid ), (3.15)
5k
Ak(l'l + 29,11 + 1/2) = Z <j)Aj(£L’1,I/1) . Ak,j(xgﬂ/g), (316)
j=0
Ap(—z,v) = (1) Ag(z,v), (3.17)
0
%Ak(x,y) = k-Ap_1(z,v), (3.18)
[k/2]
0 k\ -1
%Ak(l‘,y) = Z (2]) Q—ngjAk_Qj(a)‘,V), (319)

j=1



BERNOULLI MOMENTS OF SPECTRAL NUMBERS 215

1 1
Ak(ZE—Fi,I/—Fl)—Ak(CE—i,V—FI):k?'Ak_l(l‘,I/), (320)
v Al + % v+1) = (v — k) Ap(z,v) + k(z + g)Ak_l(x, V), (3.21)
o k-1
Ag(z, k+1) :g(HT — ). (3.22)

Proof: a) (3.8) follows from By = Ak(—%, 1) and (3.2). The calculation

0

0 (Berppy 1 cosh(t/2) 1 t
tat@ (t) =

2 sinh(t/2) slegtmao (3:23)
(3.8), the fact that ©5¢(t) is even and @B”(O) = 0 show (3.4) and (3.9).

(3.4) and (3.17) yield Ax(—3,1) = Ax(3,1) (=0 if k is odd and > 3) for k # 1. Now (3.10)
and (3.16) for (z1,z2,v1,12) = (— 2,1,1,0) imply (3.6). With (3.6) one can calculate (3.7).
Finally, (3.5) is well-known and a consequence of (3.24).

b) (3.10), (3.11), (3.16), its special case (3.13) and (3.17) are obvious. (3.12) follows from
(3.2), (3.9) and —Bag € (—=1)k¥Qs for £ > 1. (3.14) and (3.15) can be calculated with (3.19).
For (3.18) and (3.19) one differentiates (3.2) by = and v and uses (3.9). A straightforward
calculation yields (3.20). For (3.21) one applies t% to (3.2) and uses (3.20). By induction one
obtains (3.22) from (3.21) for k = v. O

Especially interesting for us are the behaviour of Ag(z,v) for fixed v and k¥ — oo and the
relation to Fourier series. Part a) of the following theorem is classical, part b) is a generalization
of a) essentially due to Weinmann [We], part c) is essentially due to Nérlund [No4|[No3|. Part c)
contains theorem 1.5. We do not use part b) later, but it fits well to part ¢) and to the conjecture
1.3 (W).

Theorem 3.2. a) Let fr, : R — R be the I-periodic function with fr(z) = Ag(z,1) for

x €] — 3, 3]. For k> 1 its Fourier series o(fy) is
o(far) = (—=1F! (22(7?;“) Z((;;z" cos(2mnz), (3.24)
o) = (gt t S( sin(amna). (3.25)

For k > 2 the Fourier series o(fi) converges uniformly to fi; the Fourier series o(f1) converges
to f1 on R — (5 +Z).

b)ForV€N>1 and k> v and x € [—%, 5]

Ap(z,v) = (U_1>§ ) ﬂ( j1>/:j (3.26)

;1).

Aj(@,v) - frjle+ —;

Replacing the functions fi_; by their Fourier series, one obtains a series in cos(27mx) and
sin(27nx) with polynomial coefficients, which converges uniformly to Ay(x,v) on [—%, 5]
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¢) On any compact interval I C R and for any v € R — Z<q, the sequence of polynomials in
(1.21) tends uniformly to cos(2wx) as k — oo and the sequence of polynomials

(2m)**1 - T(v)
2. (2k — 1)l - (2k — 1)1

(—1)* 1Ay (z,v) - (3.27)

tends uniformly to sin(2wz) as k — co.

Proof: a) See for example [Er, p 37] for a proof using a contour integral and [Jo, §82] for a
proof in which the Fourier coefficients are calculated inductively.

b) Weinmann [We, p 77| generalized the proof of a) via a contour integral. He obtained the
formula which one gets if one replaces the functions fr_; in (3.26) by their Fourier series.

We offer a different proof. Suppose that ¥ € N> and k& > v. Repeated application of (3.21)
for z — 1 yields the formula [No2, p 148 (87)]

Ap(z,v) = (i B D Vi(—l)“‘l‘j (V ; 1) % (3.28)

j=0
—1
Aj(w,v) - A+ 25, 1).
Claim: The formula remains true if one replaces Ay_;(z + %52, 1) by Ap_j(z + 552 —1),1)
for any I € {0,1,...,v —1}.
Proof: For | € {1,...,v — 1} the difference of the formulas for I — 1 and [ is, after dividing by

(521)/k,

v (Vo L
JZ::O(_I) ( j >k:—j Aj(z,v) (3.29)
v—1 - U1 )
- Z:o(_1> ( j )'Aj(m’”)'f“kjl(ﬁg—z,o)
v—1
- vl vl : T,V T k—j—1
_;(1) (J.)A](,)(+ )
_ " kiuufl v—1 . ) (o P
_(+2 1) ;(J.)AJ(,)(Z 2)
— (x+2 l)kyg(uj1>,Aj(x,V) Ay qj(l—= g,o)
= ($+§—Z)k—u.AV_1(l—§7y):0

Here we used (3.20), (3.10), (3.16) and (3.22). This shows the claim.
Now for any x € [—¥%, %] there exists an [ € {0,1,...,v — 1} such that z + “5* — [ € [~
For k > v and j < v —1, the 1-periodic function fj_; is continuous and equals A;_; on [—

Therefore we can replace in (3.28) Aj_;(z + %51, 1) by fr—j(z + 252).

NN =
N~
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c¢) Let us fix a compact interval I C R and a number v € R — Z<(. It is sufficient to prove
that a bound b > 0 exists such that for all k € N and all x € T
(2m)* - T(v)
2kl kvl
Norlund stated this result [No3][No4], even with k= instead of k~7/?, but for a single 2 (and
with a sign mistake). He gave only a sketch of a proof [No4]. In order to be self-contained, we

present an independent and complete proof.
For any x € I the function

Ap(z,v) - — cos(2mx — zk; <b- k779 3.30
2

1 t "
t s e exp(v - ©F (1)) = el@ta)? <et—1) (3.31)

is holomorphic on C — (2miZ — {0}). Therefore

1 1 L t v
—A = [ ¢k el [ 2 ) gy 3.32
@) = 55 /CO o \em1) ¢ (3:32)

where Cj is a closed path in R := C — {z € C | Rz = 0,3z ¢] — 27, 27[} going around 0 once
counterclockwise. We replace Cy by the union C; UC5UC3UC, of the following paths: Cj is the
circle around 27i of radius 27k ~8/9, oriented clockwise, which starts and ends at 2mi(1+4 k—8/ %;
(5 is the half-circle around 0 of radius 27 (1 + k=8/ 9), oriented counterclockwise, which starts at
2mi(1 4+ k~%/°) and ends at —27i(1 + k=8/9); C3 and Cy are obtained from C; and Cy by the
map C - C, z— —z.

The purpose of k=39 is that (1+ k‘_g/g)k ~ exp(kl/g) tends to oo faster than any power of k
if k — oo, but that (1+k19/9)% ~ exp(k~7/?) ~ 1+ O(k~"/?) tends to 1. The second property
will allow to replace the function (1 + z)* by the function e** on a disc of radius k~%? around
0.

We denote by I;, 7 = 1,2,3,4 the numbers which are obtained if one replaces in the right
hand side of (3.32) Cp by C;. In the following estimate of |I5 + I4| the factor ¢t~ yields the

second and the third term and ( L )V yields the fourth term,;

et—1

const. - (2m) 7k - (1 4 k=8/9) =k . p8v/0
const. - (21)7F - exp(—k'/?) - B39, (3.33)

|12 + Ly

IN A

I3 will give the complex conjugate value of I; so we restrict ourselves to I;. Let Cx be the circle
around 0 of radius k=89, oriented counterclockwise, which starts and ends at £~8/9. With the
coordinate change ¢ = 27i(1 + 7) we obtain

I, = —e2milathy) (27”')77]C / o(w+3v)2mir (1+ ,T)Vikildr (3.34)
2mi Cs (e2mim — 1)
We have for 7 in the disc of radius k=%/9 around 0
e@tan)2miT (] 4 el 1 4 O(k8/9), (3.35)
(L+71) e ™ (1+0(K7)), (3.36)
(€™ — 1)V &~ (2miT) ™V - (1 + O(k~%/)). (3.37)

Therefore

211 TV

) Qi —k -1k
L = —62’”(“%”)( M)» / S (1 + kg (x, 7))dr, (3.38)
Cs
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where gy, (z,7) : I x {2 | |2| < k~%/9} — C is real analytic in 2 and holomorphic in z and bounded
independently of k, z, z. Formula (6) in [Er, p 14] says

1 e*‘rk kyfl
_miv Z dr= - )
© omifo, ™ T T) (3.39)
where C§ is a path from +o0o to +oo circulating once counterclockwise around 0. Therefore
. o kufl
I —_ 2mix— T ik 4
1 e 2 2T () (3.40)
. ) 27 —k —7k
— e G [ O yar, (3.41)
mo Jo, T
. ) 27 —k —7k
eril@tsv) 7( m). / € _dr. (3.42)
27TZ Cs—Cs TV

The integral (3.42) can be estimated easily. Its vanishing order is dominated by
(27r) 7 - exp(—k'/?). In order to estimate the integral (3.41), we replace C5 by (—C7)UCgUCy,
where Cy is the straight line from k! to k%9 and Cy is the circle around 0 of radius k=,
oriented counterclockwise, which starts and ends at k~!. With the coordinate change 7 = kT, it
is easy to see that for j = 7,8 the integral

klfl/ . /
C;

J

is bounded independently of k. Therefore (3.41) is of order k~7/9 - k=1 /(27)*.
For I3 we get the complex conjugate result. Thus

ef‘rk

dr (3.43)

TV

21)FT
%(Il + I+ I3+ 14) = COS(27TJ} — gk‘) + O(k‘77/9). (344)
This finishes the proof. O

Remarks 3.3. a) The asymptotic behaviour of the polynomials Ay (x,v) has also been studied

in [We] and [No4] in the case k = ko + r and v = vy + r with r — co. Nérlund obtains that a
suitable normalization of B,(CV) (z) tends to ﬁ, Weinmann finds that a suitable normalization
of Ag(x,v) tends to a linear combination of cos(mz) and sin(wz) with polynomial coefficients
in r. So both find the average interval 1 between neighbouring zeros of Ag(x,v). In the case
Ag(z,k + 1) this is obvious because of formula (3.22). In theorem 3.2 c¢) we had 1.

b) If k and v tend to oo with a larger [or smaller] fixed quotient v/k, we expect a larger [or
smaller| average interval between neighbouring zeros of Ag(z,v).

¢) Also, we expect that Ay (z,r) has the maximal number k of zeros if v > k. This is clear

for v =k + 1 by (3.22). Because of (3.18) it holds for all v € N with v > k 4 1: for these v

(v—1)! gv—1-k
k!l Qxv—1-Fk
d) The (real) zeros of the Bernoulli polynomials and thus of the polynomials Ag(z, 1) are well

understood ([Del][De2]{In][Le] and references there). Inkeri [In] showed that the number of zeros

of the Bernoulli polynomials and of the polynomials A (x,1) tends to i—’; as k — oo. His results
are much more precise. Delange [Del][De2] even refined Inkeri’s results to such a precision that
he can derive without effort that A1000000(, 1) has 234204 zeros. Also the positions of the zeros
are well understood.

e) If k is fixed and v tends to oo, then the zeros of Ay (z,v) tend to \/v - ¢;, j =1,...,k with
¢1 < ... < ¢g. This follows from (3.12) and (3.13). We expect that the numbers ¢q, ..., ¢;, are all

Ag(z,v) = Ap_1(z,v). (3.45)
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different. So for large v the polynomial Ag(x,v) is oscillating around 0 only for |z| < ¢ - /v.

For the conjectures 1.3 the interval [—%, £] is relevant.

We conclude with a discussion of As(x,v) and A4(z,v).

Examples 3.4. a) The polynomial —As(x,v) = —22 + 1—12V has the zeros + 1—12V. The positive
zero is smaller than 3 if v > %

b) The polynomial Ay(z,v) = 2* — §2? + (%5 + g) has two minima at ¢ = £./% and a
local maximum at 0. It has four zeros if v > % If v > 1 then xo < 5. For large v the zeros are

approximately +zg4/1 + \/g = *£x0-1,3478 and +xg4/1 — \/g =tz - 0,4284.

4. INTERPRETATION

The conjectures 1.3 are about the higher moments of the spectral numbers of a singularity.
Nevertheless it is difficult to derive from them concrete information on the distribution of the
spectral numbers. The following remarks point to different aspects of this problem.

Remarks 4.1. a) The meaning of the conjecture 1.1, that is, the case k = 1, is clear: the
variance is bounded from above. Also for k& — oo the meaning of the conjectures 1.3 is clear:
by the discussion after theorem 1.5 they boil down to the topological statement that the sign
of the trace of the monodromy is (—1)"~1. But for £ = 2 and any fixed k¥ > 2 the meaning of
the conjectures 1.3 is not at all clear. If k is small compared to v, then by remark 3.3 e) the

polynomial (—1)¥ Ay (z,v) is oscillating around 0 only for const. - /v and has the sign (—1)*
outside, whereas the conjectures 1.3 are concerned with the whole interval [-%, &].

b) Because of (1.21) and (1.20), the power series T'Be" (V9 ( f) v)(2mit) has the radius of
convergence 1 for any v € R — Z<o. The conjecture 1.3 (W) [respectively (S)] says that all
coefficients are positive [nonnegative] if v =n+1 [v = a, — a1]. What does this say about the
function?

¢) It would be good to establish an inverse Fourier transform F(~Y(f)(s) of the function
[Ber(vsing(f) n 4 1)(2mit). Then (1.29) could be rewritten as

A(f)(s) = (FED () » AP (s); (4.1)

this could help to give a better answer to K. Saito’s hope [SK2, p 202, (2.5) ii)] that the limit
distribution A"+ (s) should be a bound of the distributions A(f)(s) of the spectral numbers
of singularities f.

d) K. Saito formulated some questions connected with this hope [SK2, p 203, (2.8)]: Is

I

ley <=3} < i ! (42)
i les <O} < iy ? (4.3)

For n = 2 a yes to the second question (with c; < 0 instead of a; < 0) is equivalent [SM1] to
Durfee’s conjecture [Du] that the geometric genus of a singularity is < u/6.

But the conjectures 1.3 do not answer these questions, see the example 4.2. They give only
weaker inequalities.

e) The conjectures 1.3 point to relations which should be explored and structures which have
yet to be established. On the one hand there is the similarity of V*"9(f) and V™/4(X) for
compact complex manifolds X. Could one hope to establish for singularities some of the central
objects in chapter 7, Chern classes and Hirzebruch-Riemann-Roch theorem?
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On the other hand, the conjecture 1.1 was found [Hel|[He2] by looking at the G-function of
Frobenius manifolds [DZ][Gi]. In the singularity case, this is a distinguished holomorphic function
on the Frobenius manifold, that is, the base space of a semiuniversal unfolding. Its derivative
by the Euler field is just the constant —i -TBer(Vsing(f), o, — o). In the quantum cohomology
case, the G-function is the generating function of the genus 1 Gromov-Witten invariants (the
generating function of the genus 0 invariants gives the Frobenius manifold). In that case one has
generating functions for the invariants of all genera. Are they related to the higher Bernoulli
moments?

These two structures, Chern classes and Frobenius manifolds, might have the potential to
provide techniques for proving the conjectures 1.3 in general.

Example 4.2. The conjecture 1.3 (W) does not imply the inequality
We consider an abstract spectrum with spectral numbers f%, 0, and
p—2r,r, where 0 <r < &, r € R. Then

3) in the case n = 2.

(4.
% with multiplicities r,

Ber(v,3) = 27"A2k( ! 3) + (1 — 2r)Ag(0, 3). (4.4)

For k =1 A3(%,3) = 0; so it does not give any restriction on . For large k Asx(3,3) ~ —A2;(0,3)
by theorem 1. 5 this gives in the limit the restriction 2r <y — 2r, that is, r < 4, and not r < £.

5. QUASIHOMOGENEOUS SINGULARITIES

By [SK1], any quasihomogeneous singularity is right equivalent to a quasihomogeneous singu-
larity f(zo, ..., z,) which has unique (up to ordering) normalized weights wo, ..., w, € QN]0, %}
such that f has weighted degree 1. We will restrict to such a singularity, and we will always use
these weights.

The starting point of the formulas in this chapter is the following well known generating

function of the spectrum oy, ..., ay, of a quasihomogeneous singularity:
Twi—% — T3
T =5 = . 5.1
]Z1 H 1 — Twi ( )

Because of (1.18), V*9(f) is given by the following formula, interpreted as a formal power
series in t.
"o o(wi—g)t _ o3t

vers(f) = [ ——

i=0
The proofs of theorem 5.1 to theorem 5.4 will be given after theorem 5.4. The Bernoulli numbers
Boy, satisfy Bay, € (—1)*71Qxq for k > 1 and By = 1 (theorem 3.1).

(5.2)

Theorem 5.1. Let f(zg,...,x,) be a quasihomogeneous singularity with normalized weights
wg, ..., Wy. Then

vEing(f H [Z( w2 2k2+1B2,€+1(21 )) (22) t%] , (5.3)

FBGT(VSing(f)7TL + 1) _ H [Z —sz)(l _ w?kl)(;k)!t2k‘| . (54)

=0 Lk=0

0
(5.4) shows conjecture 1.3 (W) for f, as (—Bay)(1 — w?* ™) has the sign (—=1)* for any k > 0.
(

The calculation (5.22) of the formula (5.4) will also be useful for the conjecture 1.3 (W) in
the case of curve singularities.
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Theorem 5.2. Conjecture 1.3 (S) is true for the hyperbolic singularities Tpqr. Then oy —aq =1
and

, = 1
LRSI L), 1) = Y pt™ (5.5)
k:O

1 1 1
By, - p2h—1 + PEL + r2k—1 :

Proposition 5.3. Define Q(t,w) € Q[w][[t?]] by

t w_ (eir —ebr 1 — 2w)@Ber (¢ 5.6
QU w) = [ S Y esp((1 - 20)057 (1), (56)
a) Then
Qt,w)
= exp (0P (wt) — OF((1 —w)t) + (1 — 2w)OP"(t)) (5.7)
-1 1 o
= ¢ .
exp <kzl o Bakpar(w )(Qk)! ) ) (5.8)
where
por(w) = 1—2w+w? — (1 —w)?. (5.9)
b) The first three of the polynomials pay are
p2(w) = 0, (5.10)
1
pa(w) = 4(5 —w)w(l —w), (5.11)
1 4
po(w) = 6(; —wjw( - w)(3 - (Wl —w)). (5.12)
For k > 2, the polynomwl pak has three szmple zeros at 0, 5,1 and no other zeros. Il is negative
for w €] — 00, 0[U]%,1[ and positive for w €]0, 3[U]1, +o00].
¢) The polynomials Qar(w) in Q(t, w) = Zk Qar(w )(2k 2k satisfy
1 1 1 1
Qo=1 Q2=0, Q4= 30 1P Qs = g (5.13)
and for k > 2
1
(—1)*Qax(w) >0 if w €]0, 5[u]1,+oo[. (5.14)
They have simple zeros at 0, 5, 1.
We expect that they also satisfy
1
(—1)*Qax(w) <0 if w €] — o0,0[U ]2 1], (5.15)

but we do not have a proof.

Theorem 5.4. Let f(xg,...,x,) be a quasihomogeneous singularity with normalized weights
WOy «eey Wy Then

n

DB (Vo9 (f) oy, — on) = p [ Q¢ wi). (5.16)

=0
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(5.16) and (5.14) show conjecture 1.3 (S) for f. (5.10) - (5.13) show

LEr (VoI (), — 1) = 0, (5.17)
Ffer(VSing(f)’a“ — oq) = 3710/1 Z(% — wl)w,(l — wi), (518)
=0
FéBer(Vsing(f')’aH — 041) = %uZ(% — wz)wz(l — wi) .
=0
(wi(1 = wr) — §>- (5.19)

(5.17) says that in the case of a quasihomogeneous singularity one has equality in conjecture
1.1. The first proof in [Hel][He2] used Frobenius manifolds, the second proof in [Di] was elemen-
tary and used the formula (5.1). The third proof here in chapter 5 also uses this formula. But
it is more general and yields also the other formulas in the theorems 5.1 to 5.4.

Q2 = 0 is responsable for (5.17) and for the simplicity of the formulas (5.18) and (5.19).
For k > 4 one has also products of the Qg (¢, w;) in the formulas for the Bernoulli moments
FZBker(VSing(f), a, — al)-

Proof of theorem 5.1: One derives from (3.1) — (3.3) the classical generating function for the
Bernoulli polynomials By (x) = B,(el)(:c) = Ag(z —3,1):

Z Bi( —t’“ (5.20)

The following calculation shows (5.3).
o0
1 1
2k 5.21
;0 (w 2k +1 2’“1(2@0)) (2k)! (5.21)
2 — 1 2k+1
= Z 241 ( m(wﬂ
k=0
1 wtezw Wt _tesw (—wh)
- wt ewt _ 1 e—wt -1
est e~ 5t —e3t 4 e(w—5)t
ewt—1+e—tw—1: 1—ewt

The coefficient of (%),t% in the first line of (5.21) is not a polynomial in w, but has a pole
of order 1 at w = 0. The calculation (5.22) shows that the multiplication by exp(307°(t))
cancels these poles for £ > 1. The coefficients @’23,57' = —2—1,€ng are inductively determined by
this property. This explains the characterisation of the Bernoulli moments in corollary 2.3.

Formula (5.4) is a consequence of (5.2) and the following calculation, which uses at the end
(3.8) and By = —1

T -exp(©5°T(t)) (5.22)

e(w=2)t _ g3t ¢.eat te®t — tet
1—ewt et —1 (1 —ewt)(et —1)
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e
= +1t I (L
- t_1 "2 wl\ewt—1 2%

O

Proof of theorem 5.2: The generating function of the spectrum of the hyperbolic surface
singularity Tpq, is

TV —T TYa_T TYUr_T

z“:Taj :TO+T1 +

—1 L—Tr T 1_Tie T 1T (5.23)
J:
Because of (1.18)
. It it ot 1y ¢
CIC ) PR e B (5.24)
1—ert  1-—eat 1—er!
Then, using (5.22) for w = 117 11, 1, one finds
FBer(Vsmg(qur), 1) (5.25)
- (e 2t+e5t) et (bt
B et —1 -1 3t_1
) [ ) (L A,
B et —1 et —1 o3t _1
Nt 1 1 1 1 o
- I;)B?k (_1 - p2k—1 - g1 + 7.2]@1) (Qk)!t :
]
Proof of proposition 5.3: a) (5.7) follows from
w e(w=5)t _ o3t _ Twt sinh.(%(ll— w)t). (5.26)
1—w 1 —ewt 5(1—w)t  sinh(;wt)
and the definition (3.1) of O(¢). (5.8) follows with (3.9).
b) For k > 2 one calculates
1
p21(0) = p2i(35) = p2e(1) =0, (5.27)
P5e(0) = phy (1) =2k — 2 > 0, (5.28)
1
p%(i) =-2+k-257% <, (5.29)
P (w) = 2k(2k — 1)(2k — 2)(w?* 3 + (1 —w)?*73) > 0 (5.30)

Because of (5.30) the simple zeros of poy at 0,1 1 are the only zeros of pyy for k > 2.

LRI
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¢) (5.13) and (5.14) follow from a) and b). The Q2 have simple zeros at 0, 1,1, because a
calculation shows for k > 2

Qu(0)= Q) = ~Ball— 7). (531)
Quly) = Buly — smis). (532)

O

Proof of theorem 5.4: (5.16) follows from (5.6), (5.2) and

n

ay—or =Y (1-2w), p= ﬁ (ulj 1>. (5.33)

i=0 1=0
The rest is a consequence of proposition 5.3. O
6. CURVE SINGULARITIES
Theorem 6.1. Conjecture 1.3 (W) is true for any irreducible curve singularity.

Proof: Suppose that the Puiseux pairs of the irreducible germ of curve f are (ny,r1),..., (ng,7g).
Then with wy = r1, and for k > 1, wi41 = k41 — TkNk4+1 + NENE+1WE, the Eisenbud and
Neumann diagram is given by figure 1 (see [Ne] for a rapid overview). Furthermore let us
introduce nj, = ngy1...ng for 1 <k <g—1and n'g =1.

Wy,

O Wi~ W2~ .
n1 na ng

F1GURE 1. Eisenbud and Neumann diagram of an irreducible germ of a curve

FIGURE 2. Eisenbud and Neumann diagram of a quasihomogeneous isolated
curve singularity

From [Br3], we have a formal decomposition of this diagram in terms of the Newton non-
degenerate and commode germs. If we denote by D(w,n,n’) the diagram given by figure 2,
where w, n are coprime positive integers and n’ is a positive integer then the decomposition is

g—1
D(wy,n1,n}) + Z (D(Wkg1, Nbt15 My y) — D(wrng, 1,n4,)) (6.1)
k=1
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This gives
g—1
Sp(f) = Sp(D(wl’ ni, nll)) + Z (Sp(D(’LUk+1, Nk+1, n;chl)) - Sp(D(wknk7 1, n;))) . (6'2)
k=1

More precisely, the generating function Yt | 7! is

2 - e L 3
T —T Toi —T ST+ =T  T“%1 —T\ T —T
a1 L +Z 1 1 . (6.3)
1 _ Tn[’) 1 _ Twlnll k=1 1 _ ka+1n;c+1 1 _ ka',L;g—l 1 _ iZ"n;C

From the quasihomogeneous case (the calculation (5.22) and the formula (5.4)), we know that
the first term verifies the conjecture (W). Now to prove the conjecture (W), it is sufficient to
prove it for

(TU}Q_T_TM—T> T% —T (6.4)

1 1 1
1 — T w2 1 — Twinina 1 —="Tnr2

where ny, ng, wy, we are any positive integers which satisfy A := wy —wining > 0. The formula
(5.4) of the quasihomogeneous case gives us the term

k
2k 1 1 1
E By Bo(1_; — — 1— ———+—1. 6.5
(2i> 2052(k=0) <(w1n1n2)2’_1 w32_1> < ng(kz)1> (65

=0

We remark that we can factorise by A and ny — 1 and we get

2(k—1 j 2(k—1 j c—1)—1q
(—Bo)B (Ej(—o Tnd Y wh(wingng) 2D J)
— Do 2k

ngk—l + (wywanyng)2F—1
+]§ <2k) BoiBas, Z?ﬁa” w%(wlnlnzl)w*l)*j Z?foiifl) né (6.6)
—\ 2 (wyweming)?i—1 ng(k—”—l
This permits us to conclude. (Il

Remark 6.2. For curves we expect in general to get

FBST(VSing(f), 2) =19+ Z I°A,, (6.7)
ecEd

where Fd is the set of edges of the Eisenbud and Neumann diagram of f and A, the determinant
of the edge e. Because of the local situation, A, is always positive. In [Br3] as well as above
and in other cases, we have formulas as (6.7) with 'Y of quasihomogeneous type. The difficulty
in proving the conjecture 1.3 (W) for other curve singularities lies in the complexity of the
coeflicients I'°.

7. COMPACT COMPLEX MANIFOLDS

The proof of theorem 1.7 will consist of three parts. In the first part (A) we will derive the formula
(7.4) for V™/4(X). Motivated by it, we will define and discuss the polynomials gx; (v, y1, ..., y;)
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in part (B). In part (C) we will prove theorem 1.7 and the formulas:

min(2k—1,n)

rBerymfd(x),v) = Z /q,m — U, €Ly ey C) - C (7.1)
ifk>1,
gy = [ e (7.2)
X

for any v € C.
After the proof we will make some remarks and finish with three examples.

(A) Let X be a compact complex manifold of dimension n. Let ay, ..., a,, be the Chern roots
of the Chern classes ¢, ..., c,, thatis, 14+c¢1+...+ ¢, = H?:l(]' + ;). The Hirzebruch-Riemann-
Roch theorem [Hi][AS] gives

() = /X [TA(TM) - ch(QP)] -
i /X ]1:[11_67% .j1<z<j et

Here T'd(T M) is the Todd class of the tangent bundle T'M and ch(€P) is the exponential Chern
character of Q7. With (7.3) and (2.29) we can calculate the generating function V"/¢(X) of the
higher moments V;;Lf 4(X) which were defined in (1.6).

ymld(x) (7.4)

n n

|
<
9]
[
—~
bS]
©
N
Il
Q\
|
o~
>
—~
=
=
~—
—
|
o)
o~
~—
kS|

n

n
"
= ¢ %t — (1 —efe)
x 1—e"%
Jj=1 Jj=1

_ / ﬁ sinh((a; —1)/2)
x |4 sinh(c;/2)

_ / exp Z @Ber @Ber - H o t
X L Jj=1 7=1

(B) Let m € Nx>; be fixed. We will construct polynomials a,(:;)kfj, b,(;ln) € Qy1, .-, Ym) and

c,gln), d,;j"' € Qv,y1,--,Ym). They will all be quasihomogeneous of some degree (the second
lower index, 2k — j, 1,1, j) with respect to y1, ..., Ym, where degy; = j. Those polynomials with
weighted degree < m will be independent of the choice of m; that means for example in the case

of aé”;)k — that a,(:r;)k ;= afgk) j for any m’ > 2k — j. At the end we will define gx; := dgjk)yj.
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Let 0; = 0j(21,...,Zm), j = 1,...,m, be the elementary symmetric polynomials in x1, ..., Z,.
For k> 1 and 1 < j < 2k — 1 a unique polynomial agg),%j € Q[y1, ..., Ym) exists such that

m 2k—1
Z(a:?k — (z; — + %) = Z t0 a,C 2k _i(01, o). (7.5)
i=1
It is quasihomogeneous of degree 2k — j with respect to Y1, .-+, Ym- It is independent of m in the
sense described above if 2k — j < m.
Because of (3.9), for ¥ > 1 and | > 1 unique polynomials b(m) € Qly] exist which are
quasihomogeneous of weighted degree [ with respect to y1, ..., Ym and which satisfy

exp (Z [@Ber( ) @Ber( ) + @Ber( )])
2k—1

o~ —1 (m)
= &P Zﬁ le th akw;k —J (01, 0m)

= 1+Ztk Zb““) (1, eees Om)- (7.6)

k=1 =1

The polynomials bgln) with [ < m are independent of m.

For k € N and ! € N unique polynomials ckl ) e Q[v, y1, -+, Ym] exist which are quasihomoge-
neous of degree [ with respect to y1, ..., ¥, and which satisfy

exp (Z [©P (z;) — ©F (2; —t) + @B”(t)o exp(—vO5(t))

i=1
:Ztk~Zc§€T)(y,al,...,om). (7.7)
k=0  1=0
The polynomials c,(;f) with [ < m are independent of m. Using (3.2) and (7.6) one sees
m 1 P
A (vy) = A0, —v) (= 0if k is odd), (7.8)
cérln)(l/, y) = 0 ifi>1, (7.9)
k=1
i’ (ny) = D A0, )b () (7.10)
7=0

if k> 1 and ! > 1. This implies especially
deg,, cg,?}) —k, deg, ™ < [k;l} if 1 >1. (7.11)
We define for k >1and 0< j <k —1
diy (vy) = K1Y ") (). (7.12)
A simple calculation shows that the part of quasihomogeneous degree m with respect to y1, ..., Ym

in

(Ztk ol (V,y)> : (Zym—i(t)Z) (7.13)
=0

=0
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(with yo :=1) is

min(k—1,m)

Ym + Z —tk S ymsd (vy). (7.14)

§=0
Finally, we define for k£ > 1 and 1 < j < 2k — 1 the polynomials gx;(v,y) by

= dy) (7.15)

They are quasihomogeneous of degree j with respect to y1, ..., ym; the degrees with respect to v
satisfy because of (7.11)

deg, qro = k, deg, qr; < k—1— M ifj>1. (7.16)

(C) In (7.4) the last factor is (with ¢ := 1)

[Ji—t)=> casi(-t)" (7.17)

j=1 i=0

[Ber(ymfd(X),n —v) contains only even powers of t. Combining (7.4), (7.7), (7.13) and (7.14),
we find

rer(ymid(x) n —v) (7.18)

0o min(2k—1,n)
= C —|—
fer

Z / Cn— ij] v,C1,...,C )
This shows (7.1), (7.2) and theorem 1.7.

Remarks 7.1. a) The formula (1.33) for V;"/%(X) was calculated in [LW] and [Bo]. Calculations
with some resemblance to those in (A) can be found in [Sal, §3].

b) By (7.2), for any compact complex manifold X TF(V™/4(X), n) = [, ¢,. On the other
hand, analogously to (1.22) and (1.23), the sequence of numbers

(2m)% - T(n)
2. (2k)!- (2k)"—1

tends with & — oo to (=1)" > xp = (—=1)" [y cn. Therefore for odd n and [y ¢, # 0 the
analogue of the conjectures 1.3 is never satisfied.

¢) The example X = P" below shows a different rule for the signs if 2k < n. The example
of a K3 surface below shows a behaviour analogous to quasihomogeneous singularities. One

could try to classify the compact complex manifolds according to the behaviour of the signs of
(=D (VX)) n).

(—=DFTger (VX)) - (7.19)

Examples 7.2. a) X = P": We use Noérlunds notation B,gy)(x) of the generalized Bernoulli
polynomials, see (3.3), because the generalized Bernoulli numbers B,iy)(O) (k,v € N) will play a
role.

n t(n+1) -1
mfd/mny _ 72 _ bt
V P = 2 z:: = zt 7615 1 (720)
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and
1 n
er m n m 7 teEt
rBer(ymidpny n) = ymidpn). (et_1> (7.21)
1 tn-‘rlet(n-i-l) tn—i—l
— |:(et —1)ntl - (et — 1)n+1:|
I 1, (n+1) (n+1)
= Y S B+ - B (0)]
k=0
=1 -2
_ t2k . B(nJrl) 0).
;0(21@)! oh g1 (0

We used the (anti-)symmetry (3.17). Now (3.22) and a special case of (3.16) show (see also
[No2, p 148])

(z—1).(x —n) = B () = f: (”) 2* BT (0). (7.22)

s=0 §
Therefore, for s < n + 1 the sign of the generalized Bernoulli number B§n+1)(0) is (—=1)® Thus,

(=DkrBer(vmId(Pry) n) = (—l)kﬁngﬁ)(O) has for 2k < n the sign (—1)¥. This behaviour

is completely different from that for large k£ and that in the conjectures 1.3.

b) X a K3 surface:
VmIA(K3) = e7H(2+ 20e! + 2¢%) (7.23)
2. VmId(p?) 418,

1t
D2 (V9(K8),2) = 205 (V9(B2), 2) + 18 ( = 1)

et

=1 —4
=2 et [QkHBéiLl(oww-Bé?(l) . (7.24)
k=0 ’

One can calculate (7.25) and (7.26) with (3.21), and then (7.27) with (3.20);
BP(0) = (1—k)By —kBj_1, (7.25)
BP(0) = (2-k)B2(0) - 2kB2,(0)
= S(k—2)(k—1)Bi+ 5k~ DkBis (7.26)
+(k — 1)kBj_s,
B2 1) = BP(0)+kBy1 = (1—-k)By. (7.27)

Therefore
(—D*Tger (VI 4(K3),2)
= 242k —1)(=1)" "' Boy + (=1)* 18k By,

0 i k=1,
{ 24(2k — 1)(~1)F 1By >0 if k#1. (7.28)

This behaviour is similar to that of a quasihomogeneous singularity.
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¢) X a Riemann surface of genus g:

VX)) = (1—gV™PY), (7.29)
rBer(ymid(x),1) = (1—g)TBer(vm/iPph),1) (7.30)
= <1—g)kZ_O(21k)!t%~2ng.

We used (7.25). For g > 2 (—1)*TBer(V™I4(X), 1) is positive if k > 1, but negative if k = 0.
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