SUPPLEMENT TO: ARCS ON RATIONAL DOUBLE POINTS IN
ARBITRARY CHARACTERISTIC

TOMMASO DE FERNEX AND SHIH-HSIN WANG

ABSTRACT. This is a supplement to [dFW25] where we provide proofs for the Dayy1, Fs,
and E7 cases as well as some of the computations omitted in the last step of the proof for
the Eg case.

1. Dgy41 SINGULARITIES

Here we present the proof of [dFW25, Theorem 2.1] for Ds,1; singularities. The proof
is similar to the one given there for Dy, singularities.
Let (X,0) be a Do, 1 singularity, with n > 2. We may assume that X given in A3 by

fla,y,2) =22 +a?y +y"z + g(,y,2) = 0,
where g € {0,2y" "2z | 1 <r <n — 2} if the characteristic is 2, and g = 0 otherwise.

Step 1. This step is very similar to the first step in the proof of the Dy, case, except
this time we let i = 1,...n — 1. We set V; := V(z<i—1,%0, 2<i—1) C A3, observe that
Vi € V(fo,..., f2i), and define W; := V; NV (fa;, foi+1). We compute

foi = 27 mod (2<i—1,Y0, 2<i—1),
foit1 = 22y, mod (z<i—1, Y0, 2<i)-
This implies that W; = V; NV (z;, 2;9;). On W; N D(z;), we have y; = 0. We eliminate the
variables y,;,—2;, for m > 2i 4+ 2, using the remaining euqations f,,, = 0. This gives
Cf = V(xéi—h Y<1, ZS@‘)M ‘ym_gi:(;rf)*lPi,m7 m>2i4+2
and leaves us with
WiV (z;) = V(2<i, Yo, 2<i)-
If ¢ <n —1, this is V;41 and we repeat the process.

Step 2. The previous step produced the sets C7,...,C,_;, and left us with

n—1»
Vi = V(Ifgn—l, Yo, zgn—l)'
In the following computations, we use
f2n = Zq% + y?zn mod ($§n717 Yo, ZSnfl)a
f2n+l = x%yl + y?zn—}-l mod (San—la Yo, Zgn)-

First we consider

WrIL =VaN V(f?n)’
1
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We stratify W), = (W), N D(z,)) U (W), NV(z,)). On W), N D(z,), we have z, + y" = 0,
and we can solve for z,,_, for all m > 2n + 1 using the remaining equations f,, = 0. This
gives

Cr =V (T<n1,Y0, 2<n—15Zn + Y1) zn 2 nm(en) 1P, . m>2n+1

n,m>

Next, we look at W) NV (z,) = V(x<n—2, Y0, 2<n—2). We let
Wg = Wyll N V(va f2n+1)'

We stratify W) = (W) N D(y1)) U (W) NV (y1)). On W) N D(y1), we solve again for z,,_p,
for all m > 2n + 2 using the remaining equations f,,, = 0. This gives

el
Cn - V(xfn—la Yo, Zﬁn)yl ‘Zm,n:(y{l)*lP”

n,m»

m>2n4-2
We are left with
Wy OV (y1) = V(2<n-1,y<1, 2<n)-
Step 3. For i =n,...2n — 2, consider the set
Vii=V(r<io1,Y<1,2<i)-
Note that V,, = V(z<p—1,y<1, 2<n), the set left to analyze from the previous step. Induc-
tively, we see that V; C V(fo,..., f2;). In this step, we rely on
foive = 22 + 2ty mod (T<i—1,Y<1,2<i),
{f2i+3 =0 mod (T<i, Y<1, 2<i+1)-
Let
Wi :=VinNV(fat2).
We stratify W; = (W; N D(z;)) U (W; NV (x;)). On W; N D(x;), we use the equations f,,, =
to eliminate the variables y,,_o; for m > 2¢ + 2, and get
C7 = V(@<i-1,Y<1, <)y, pi=(a2)~1 Py, m>2i42

On W; NV (x;), we have z;4+1 = 0, hence f2; 3 vanishes identically on W; NV (z;). So, we
are left with

Wi NV (x4, fairs) = V(r<i, y<1, 2<it1)-
If ¢ < 2n — 2, then this is precisely V1.

Step 4. The previous steps have produced the strata CY,...,C3, _,,C/°,CI' and we are
left with analyzing the set

Von—1 := Wap_a NV (x2n—2, fan—1) = V(x<2n—2, y<1, 2<2n—1)-

So far, we have used the equations f,, = 0 for m < 4n — 1. We define Wo,, 1 := V5,1 N
V(fan). We have

_ 2 2
fan = 25, + 25, _1y2 +y3zen mod (T<2n-3,Y<1, 2<2n-2)-

Covering Wy, with D(z2,—1)UD(y2) UV (22,1, ¥2), we check that Wo,_1 NV (fr, | m >
4n 4 1) is irreducible This realizes the component

o .
Con1 = V(@<on-2,Y<1, 2<on—1)wan_ily, snio=(e2,_)"1Psp, m>an
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Step 5. Let C;, Cl,CV denote the closure of the sets C7,Cl°, C'° constructed above. It
is clear by construction that these sets are all irreducible and fill up X2 . The last step
is to show that there are no inclusions among them, hence X2 has 2n + 1 irreducible
components.

By construction, we clearly have that C; ¢ C; whenever i < j, and C; ¢ C}, U C} for
i <n — 1. Observing that z, # 0 and z, + y = 0 on C), while z, =0 and z, + y] # 0
on C/!, we also see that there are no inclusions among these two sets. Furthermore, we
have that C]_,,C;_, ¢ C; for all i since y; is identically zero on C; and does not vanish
identically on either C/ _; or C//_.

It remains to show that C; ¢ C; for j >4 and C; ¢ C;, U C} for i > n. Regarding the
first, observe that

foiva = 2Fyo mod (z<j—1 \ 74, Y<1, 2<;),
fojre=afyp + 25, mod (z<j-1,y<1, 2<5)-
Keeping in mind that z; is a unit on C}’, we see from the vanishing of fo;12 that y2 =0 on
Ci N V(x<j—1 \ @i, y<1,2<;) On the other hand, using that x; is a unit on C and zj41 is
a free variable on this set, we see from the the vanishing of fo;42 that yo # 0 on C;. As
C; C V(x<j—1 \ x4, y<1, 2<j), we conclude that C; ¢ C; whenever j > i.
Finally, fix any C; with ¢ > n. Note that
faiv1 = 2fy1 mod (z<i—1, Yo, 2<i).

As y; restricts to a unit on both C/° and C)°, we deduce that x; = 0 on (C], UC/) N
V(z<i—1, Y0, 2<i). On the other hand, z; # 0 on C;, and since C; C V(x<i—1, Y0, 2<i), We
conclude that C; ¢ Cl, UC} for i > n.

2. Eg SINGULARITIES

Here we give the proof of [dFW25, Theorem 2.1] for Eg singularities. The proof is similar
to the one given there for Eg singularities.
Let 0 € X C A% be an Eg singularity given by

fla,y,2) = 2% +2° + 422 + g(,y, 2),
where g € {0, 2yz} if chark = 2, g € {0,22y?} if chark = 3, and g = 0 otherwise.

Step 1. We set Vi := V (20, y0, 20). We have fy = fi = 0 modulo (zo, yo, 20). The next few
equations give

fo=22 mod (zo, Yo, 20),
f3 = a3 mod (o, Yo, 2<1),
fi=z+yize mod (<1, 90, 2<1).

Let Wi = Vi NV (fa, f3, f1). We stratify this set using D(z2) U V(22). Note that, on
W1 N D(22), we have z3 +y3 = 0. We eliminate the variables z,,_o by dividing by 2, using
the equations f,,, = 0 for m > 5. This gives

CY =V (w<1,40, 2<1, 22 + YD) 22 |2y, 2= (22)-101 pn, m>5

This leaves us with
Vo :=WinN V(ZQ) = V(xgl,yo, ZSQ).
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Step 2. The next equation gives

fs=vyizs  mod (z<1,0,2<2)-
We let Wy := VaNV(f5). We stratify it using D(y;) UV (y1). On Wan D(y1), we get z3 = 0
and solve for z,,,_s for m > 6 using the equations f,,, = 0. This gives
C5 = V(2<1, 90, 2<8)y1 L 20 _o=(y2) 1Py, m>6
and leaves us with
Vs :=WaNV(y) =V(r<y,y<i, 2<2).
Step 3. We have
fo=22+a3 mod (<1, Yy<1,2<2).
We stratify W3 := Vo NV (fs) using D(xz2) UV (z2). On W35 N D(z2), both 9 and z3 is a
unit and we use the equations f,, = 0 for m > 7 to solve for z,,_3 if chark # 2 and for
Tm—q if char k # 3. This gives
o= {V($<1»y<1a 2<2,25 + 23) s |2 y=(225)- 1Py, m>7  (Chark # 2)
Vet y<t, 2<2, 23 + 23)asl 0, 4= (303)-1Qom, m>7  (chark # 3)
This leaves us with
Vi = WsNV(ze) =V(r<e, y<1, 2<3).

Step 4. The next two equations give

fr=0 mod (r<2,y<1,2<3),
fs = zz + y%zq mod (z<2,y<1, 2<3).
Let Wy := V4NV (fr, fs). Stratifying using D(z4)UV (z4), on W4ND(z4) we have z4+y3 = 0,
and we can solve for z,,,—4 for m > 9 using f,,, = 0, obtaining
CZ = V(x§27 Y<1,2<3, %4 + y%)&i ’me4:(z£1)71]347,—,17 m>9-
This leave us with
Vs = WynNVi(zg) = V(r<a,y<i, 2<4)-
Step 5. The next equation is
fo =3+ y3zs mod (z<2,y<1,2<4).-
Let W5 := Vs NV (fy). We stratify it using D(y2) L V(y2). On W5 N D(y2) we solve for
Zm—4 for m > 10 using f,, = 0. This gives
C'50 = V(:CSQ? Y<1, 2<4, ﬂjg + 9325)242 |zm_4:(y§)—1P57m7 m>10"
On W5 NV (y2), we have z3 = 0. We are left to analyze
Vo :=Ws NV (y2) = V(r<s, y<2, 2<4).
Step 6. Using
fio =22 mod (7<3,y<2, 2<4),
Ju=0 mod (r<3,y<2, 2<5),

2 3 2
fe=z5+ai+ys26  mod (z<s,y<2, 2<5).
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From here we compute the last set by solve for z,,_7 for m > 13 using f,,, = 0, obtaining
Cg = V(v<3,y<2, 2<5, 25 + T3 + ygzﬁ)%‘zm,(;:(yg)*lPﬁ,m, m>13-

Step 7. By taking the closures of the sets C} constructed in the previous steps, we obtain
closed irreducible sets Cq,...,Cs C Xo. These sets fill up the whole fiber over the origin
X0 . All we are left to show is that there are no inclusions among them.

It is clear from the construction that C; ¢ C; whenever 7 < j. Similarly, we claim that
C; 2 C; for all @ < j, hence there are no inclusions among any two of these sets. This is
proved by following a similar argument as that given in [dFW25] to show that C1 4 Cs in
the Fg case. Specifically, to show that C; 2 C; whenever i < j, for each pair ¢, j we find a
set V; ; and a variable that vanishes on C; NV ; but not on C; NV ;.

The following table, where the C; are listed in the first column and the Cj in the top
row, lists the variables vanishing identically on C; NV ; but not on C; NV} ;. If a different
variable is needed in characteristic 2, the we write it in round brackets. The existence of
such variables imply that C; 2 C; for all i < j.

Cy | C3] Oy Cs Cs
Cl Z4 Z4 Z4 z5 26
02 Z4 Z4 z5 26
Cs z4 (w3) | 25 (23) | 26 (74)
C4 z5 26
Cs 26

3. E7 SINGULARITIES

Here we give the proof of [dFW25, Theorem 2.1] for E7 singularities. The proof is similar
to the one given there for Eg singularities.
Let 0 € X C A3 be the E7 singularity given by

f(xayv z) = Z2 + 3:3 =+ xys + g(w,y, 2)7
where g € {0, 2%yz,y32, vyz} if chark = 2, g € {0,22y?} if char k = 3, and g = 0 otherwise.
Step 1. We set Vi := V(xg,yo0, 2z0). The first nontrivial equations are

fa =21 mod (zo, Yo, 20),
fs=a} mod (o, Yo, 2<1),
fr=23 mod (z<1,¥0,2<1),
fs=wy?  mod (z<1,y0, 2<2)-

Let Wy :=ViNV(fa, f3, fa, f5). We stratify Wi. On Wi N D(y1), we have o = 0 and we
eliminate the variables x,,_3 for m > 6 using the remaining equations f,, = 0 and dividing
by y;. This gives

C’10 = V(x§27 Yo, ZS2>y1 ’:vm,;g:(y{’)*lpl,m, m>6
and leaves us with

Vo :i=WiNV(y) =V, y<1, 2<2)-
Step 2. The next equation gives

fe = z% + x;’ mod (wgh Y<i, 232).
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Let Wo := Vo NV (fg). On Wa N D(x3), we have 23 + 23 = 0, so z3 is also a unit. If
char k # 2, then we solve for z,,_3 for m > 7 using the remaining equations f,, = 0 and
dividing by 223. If char k # 3, then we solve for x,,, 4 by dividing by 3z2. This gives

s - {V(fcgl»yga 2<2, Z:)z + w%)lezm,gzng)flp&m, m>7 (chark # 2)
V(z<1,y<1,2<2, 25 + 3)as |2y, 4=(302)1Qom, m>7  (Chark # 3)
On Wy NV (x2), we have z3 = 0, hence
Vs :=WanNV(zs) = V(r<a, y<i, 2<3)-
Step 3. The next three equations give

fr=0 mod (z<2,y<1,2<3),
fs=23 mod (<2, y<1,2<3),
fo =23+ 2393 mod (z<2,Y<1,2<4).

Let W3 := V3NV (fr, fs, fo). W3 N D(x3) we have 23 + y3 = 0, hence ys is also a unit. If
char k # 2, then solve for x,,_¢ using the equations f,, = 0 for m > 10, by dividing by
223. If char k # 3, then we solve for y,,,_7 by dividing by 3x3y2. We obtain
o — V(r<a,y<1, Z§47$§ + y%)x3|xm_6:(2x§)—1pg,m, m>10 (char k # 2)
o =
V(x§27 Y<1, Z<4, l‘% + y%)ﬂ% ’ym,7:(3x3y§)*1Q3,m, m>10 (char k # 3)

This leave us with

Vi:=W3nN V(xg) = V(wgg, Y<1, ZS4)'
Step 4. The next equation is

fi0= 2% + z4ys mod (v<s, y<1, 2<4).
Let Wy := Vi NV (f10). On Wy N D(y2) we solve for z,_7 for m > 11 using f,, = 0. This
gives

Cy= V(ﬂﬂg?nygh <4, Zg + $4y§)yz\xm_7=(yg)—1p4,m, m>11"

On Wy NV (y2), we have z5 = 0, and we are left with

Vs = WanV(y2) = V(r<3,y<2, 2<5)-

Step 5. Next, we look at the equations give
{fn =0 mod (7<3,y<2, 2<5),

f12 = Zg + in mod (Z‘Sg,ygg, ZS5)'

Let W5 := Vs NV (f11, fi2). On W5 N D(zg), we have zg + 23 = 0, so both zs and x4 are
units. If char k # 2, then we solve for z,,_¢ for m > 13 using f,, = 0. If chark # 3, then
we solve for x,,_s. We get

C° = V(l'g?n Y<2, <5, 2623 + l’i)zﬁ |Zm—6:(226)7lp5,m, m>13 (char k 7é 2)
° V($§3a Y<2, 2<5, Zg + xi)zﬁ |xm_8:(3xi)—1P57m, m>13 (Cha’r k # 3)
On W5 NV (zg), we have x4 = 0, and we are left with
Ve :=W5nN V(Z@) = V($§47y§2, ZSG).
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Step 6. The next two equations give

{f13 =0 mod (z<4, y<2, 2<6),
3

fia = 22 + w53 mod (<4, y<2, 2<6)-
Let Wg := Vs N V(fi3, f11). On Wi N D(ys), we solve for x,,,_g for m > 15 using f,,, = 0,
which gives
Cg - V(x§47 Y<2,2<6, Z? + x5y§)y3 ‘szgz(yg’)flpeym, m>15*
On W NV (ys), we have z7 = 0, and we are left with
Vi =W NV (ys) = V(r<s, y<s, 2<7).

Step 7. Finally, we look at

fi5 = 2 mod (<4, y<3, 2<7),
f16 = 28 mod (r<5,y<3, 2<7),
f17 = 0 HlOd (ajgg,, ygg, ZSS):
fis = zg + x% + xﬁy;} mod (<5, y<3, 2<g).

From here we compute the last set
o _ 2 3 3
C7 = V(w<5,y<3,2<8: 29 + 6 + T6Y2 ) ya |2y _10=(y2) 1 Pr.m, m>19-

Step 8. By taking the closures of the sets C; constructed in the previous steps, we obtain
closed irreducible sets Cq,...,Cgs C Xoo. These sets fill up the whole fiber over the origin
X9 . All we are left to show is that there are no inclusions among them.

It is clear from the construction that C; ¢ C; whenever ¢ < j. Similarly, we claim that
C; 2 C; for all @ < j, hence there are no inclusions among any two of these sets. This is
proved by following a similar argument as that given in [dFW25] to show that C7 4 C5 in
the Eg case. Specifically, to show that C; 7 C; whenever i < j, for each pair 4, j we find a
set V; ; and a variable that vanishes on C; NV ; but not on C; NV; ;.

The following table, where the C; are listed in the first column and the Cj in the top
row, lists the variables vanishing identically on C; NV ; but not on C; NV ;. If a different
variable is needed in characteristic 2, the we write it in round brackets. The existence of
such variables imply that C; A C; for all @ < j.

Co Cs Cy Cs Cs Cr
Cy | x2 x3 T4 T4 x5 T
Co z5 (x3) | 25 (x4) | 26 (z4) | 27 (z5) | 29 (we)
Cs r4 (y3) | x4 (y3) | 25 (y3) | 26 (ya)
C4 Xyq I5 Te
Cs z7 (26) | 20 (26)
Cs Z6

4. Eg SINGULARITIES

The proof for Eg singularities is given in [dFW25, Theorem 2.1], but some of the com-
putations showing in the last step of the proof that there are no inclusions among the sets
C; are omitted there.

As explained there, it is clear from the construction that C; ¢ C; whenever ¢ < j, and
the proof that C1 7 Cj is given in details in [dFW25] by showing that, if chark # 2,
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then the variable z5 vanishes identically on C1 N Vj 2 but not on Ca N Vi 2, where Vi o =
V(z<s,y<1, 2<4 \ 23). When char k = 2, then one looks at x4, which vanishes identically on
C1NV] 5 but not on CaNVy 5 where Vi 5 = V(z<3\22,y<1, 2<4). The proof that C; 3 C; for
all other ¢ < j follows a similar computation, which produces a specific variable vanishing

TOMMASO DE FERNEX AND SHIH-HSIN WANG

on C; N'V;; but not on C; NV, ; for a suitable set V; ;.

The following table, where the C; are listed in the first column and the Cj in the top
row, lists the variables vanishing identically on C; NV ; but not on C; NV} ;. If a different
variable is needed in characteristic 2, the we write it in round brackets.
variable is needed in characteristic 3, we write it in square brackets. The existence of such

variables imply that C; 2 Cj.

[dFW25] Tommaso de Fernex and Shih-Hsin Wang, Arcs on rational double points in arbitrary characteristic
(2025). Preprint. 11, 3, 5, 7
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(s Cs Cy Cs Cs o Cy
C1 | z5 (v4) | 26 (74) | 28 (25) | 29 (6) | 210 (27) | 212 (28) | 215 (Z10)
& Z6 (y3) | 28 (y3) | 20 (ya) | 210 (Y1) | 212 (y5) | 215 (¥6)
Cs 28 (5) | 20 (w6) | 210 (z7) | 212 (28) | 215 (710)
Cy zo [yal | @7 [ya] | s [ys] | w10 [ys]
Cs 210 (x7) | 212 (28) | 215 (210)
Cs z12 (y5) | 215 (Ys)
Cy 215 (T10)
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