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HODGE THEORY OF DEGENERATIONS, (III):
A VANISHING-CYCLE CALCULUS FOR NON-ISOLATED SINGULARITIES

MATT KERR AND RADU LAZA

ABsTrACT. We continue our study of the Hodge theory of degenerations, initiated in [KL21|
(Part I - general theory) and [KL25| (Part II - geometric applications in the isolated singular-
ity case). The focus here is on concrete computations in the case of non-isolated singularities,
particularly those for which the singular locus has dimension one. These examples are sig-
nificantly more involved than in the previous parts, and include k-log-canonical singularities,
several specific surface singularities (both slc and non-slc), and certain singular 5-folds arising
in the study of Feynman integrals.

INTRODUCTION

In this third and final chapter of our study of the interplay between singularities of the central
fiber X, of a degeneration X'/A and its limiting mixed Hodge structure ([KL21, KL25]; see also
[KLS22]), we turn our focus to the setting where X has non-isolated singularities. The situation
here is more subtle and far less chronicled than the isolated singularity case, which is already the
subject of a vast literature (cf. [KL25] and references within). At the core of this installment is
a series of examples (discussed in §§3-6) originating in the study of compactifications of moduli
spaces of surfaces as well as Feynman amplitudes in mathematical physics. We believe that our
analysis of these examples will prove useful both in relation to the concrete geometric contexts
from which they are drawn, and as an illustration of a general calculus in the non-isolated case.

Throughout this series of papers, we have considered the setting of a projective morphism
f: X — A from an irreducible complex analytic space of dimension n + 1 to the disk, which
extends to a projective morphism of quasi-projective varieties. Here we assume in addition that
the X; := f~!(t) are smooth for ¢t # 0; and in §§1-4 below that X is also smooth, so that
Xo = f71(0) has hypersurface singularities. The theme as always is to relate the singularity
type to the limiting MHS of the degeneration and the MHS on the singular fiber, in large part
through a detailed analysis of the vanishing cohomology.

Recall that the vanishing-cycle sequence
(X0) 5 B (Xo) B HES (X)) —

lim

(0.1) — H*(Xo) 3 Hf (X,) — HF

van

is an exact sequence of MHSs compatible with the action of 7%, the semisimple part of mon-
odromy about ¢ = 0. In the present installment, our main purpose is to revisit and extend
a formula for the spectrum of a non-isolated hypersurface singularity, and apply it to various
examples arising in GIT, MMP, and theoretical physics. This “SSS formula” concerns the case
of dim(sing(Xp)) = 1, where (by Theorem I.5.5(ii))! HE (X;) is potentially nonzero only for
k=n—1,n,n+ 1. The formula was conjectured by Steenbrink [Ste89], then proved by Siersma
[Sie90] modulo Z and by M. Saito [Sai91] in full. Here we explain how to extend it to weighted
spectra, see Theorem 2.1 and Example 2.4. It allows us to compute the mixed Hodge module
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P¢sQux[n + 1] supported on sing(Xy), hence (via the spectral sequence (3.2)) the MHSs and
T™s-actions on the HE (X;) in (0.1).

We carry out this computation, in particular, for all the semi-log-canonical hypersurface
singularities in dimension n = 2 (classified in [LR12]) as well as the class Jj o of non-slc surface
singularities appearing for example in the study of compactified moduli spaces of K3’s [LO18].
See §§3-4. In particular, this leads to a lower bound of L%J on the geometric genus of X; when
Xo has a Jj o singularity, cf. Theorem 4.2.

For applications to 1-parameter degenerations of hypersurfaces in projective space, it is un-
realistic to expect a smooth total space X: the base-locus will meet Z = sing(X,). However,
if a Zariski open Zy C Z has type Ao singularities, we can arrange for this intersection to
occur in Zy (with all multiplicities 1), making the singularities of X" only nodal. While (0.1) still
holds, this disrupts the Clemens-Schmid sequence (including the local-invariant cycle property),
as well as the computation of the vanishing cycle complex. In §5, we quantify both disruptions
in general and give applications to degenerations of surfaces; in particular, the assumptions of
Theorem 4.2 can be weakened to allow for a nodal total space X (Corollary 5.5).

The final section §6 is a detailed example involving cubic 5-folds defined by the second
Symanzik polynomial arising from the “double-box” Feynman diagram studied in [Blo21,DHV24]|.
(For a discussion of their origin in quantum field theory and a brief history of the mathematical
investigation of Feynman graph hypersurfaces more generally, see the Introduction to [DHV24].)
Our approach here is to consider a smoothing with nodal total space and apply the SSS formula
together with the tools of §3 and §5 and some detailed sheaf-cohomology arguments. This allows
us to compute all the Hodge numbers of the double-box 5-fold Xy and the monodromy of the
degeneration in full, deepening the results in [op. cit.]. We briefly address the geometric meaning
of some extension classes appearing in H®(X).

To set the stage for these more specialized results, we begin in §1 with a few general ones
with no constraint on dim(sing(Xy)), which make no use of SSS. A key result here is that the
MHSs on the (local) Milnor fibers and (global) vanishing cohomology of a degeneration with
k-log-canonical singularities are contained in the (k + 1) step of the Hodge filtration (Theorem
1.6). (It turns out that the double-box 5-folds have 1-log-canonical — in fact, 1-rational —
singularities.) We also give a short proof of a result of [EFM21] on torsion exponents for the
base-change of a semi-stable degeneration.

Because they are used systematically in the paper, we remind the reader of how (weighted)
spectra are defined. Write e(a) := e?™ie.

Definition 0.1. Given a MHS V' with a finite automorphism =, let Vo = VP be the Deligne
bigrading and F)(—) denote eigenspaces of . The corresponding spectrum

o(V,y) = Z mala] € Z[Q] (free abelian group)
a€Q
is given by m, = dim(Ee(a)(Gr%aJ Vc)). The weighted spectrum
a(V,v) = mew[(a,w)} € Z[Q x Z|
is given by Mg, 1= dim(Eg(y) (Vo) w-laly),
Typically in this paper, V' is the reduced cohomology of a Milnor fiber in a degeneration as above,

H*(13¢,Qux) = H*Fp) (p € sing(Xo)), and 7 is the semisimple part T of the monodromy
operator. In this case the spectra are denoted a?’p resp. 5’]?717.
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careful reading of the paper and useful comments, among them the very important remark that
it is often more effective to “take singularities as they are” rather than “following the Pavlovian
reflex to resolve them.” We hope that the examples considered in this paper amply demonstrate
this principle.

1. REMARKS ON VARIOUS SINGULARITY CLASSES

One theme of our work has been to identify conditions on the singularities of the central fiber
X of a degeneration under which the limit mixed Hodge structure is determined to some extent
by the mixed Hodge structure on H*(Xj). The quintessential result here is the Clemens-Schmid
exact sequence [Cle77]|, especially in the case of a semistable degeneration. While it is valid
more generally for X smooth (cf. for instance [KL21]), in the semistable case unipotency of the
monodromy operator T means that more of H} (X;) is invariant hence comes from H*(Xj),
which in turn is often easier to compute as X is a normal-crossing variety.

However, in higher dimensions it is preferable not to modify the central fiber X, and to allow
more complicated singularities. At the same time, we would like to know that some of H}  is
constrained by H*(Xj). In this direction, Steenbrink and Du Bois in the 80’s showed that the
MHS on an X, with Du Bois (resp. rational) singularities controls the Grl (resp. the “frontier”)
of the limiting MHS [DB81, Ste81] (see also [PS08, §7.3] for an introduction to Du Bois singu-
larities). A fairly optimal result in this direction, contained in [KLS22], is restated below in
Theorem 1.1. Recently, the notions of higher Du Bois (or, equivalently in this context, higher
log-canonical) singularities and higher rational singularities emerged (see [JKSY22|, [MOPW23],
[FL24], [MP25]). In the first version of [KL25] (which appeared before the above-mentioned ci-
tations), we have noted that the higher Du Bois/rationality conditions lead to tighter control of
the LMHS — essentially, the central fiber determines the LMHS up to higher coniveau (see The-
orem 1.6 below). Subsequently, other proofs and related statements were obtained by different
methods ([FL24] and [MY25]).

Let f: X — A be a projective family, with smooth total space of dimension n+1 and reduced
singular ﬁber (that is, (f) = Xo). Write T = T5T"* = T*¢" for the monodromy about {0},
and (=) = (=) resp. (— )751 for unipotent resp. non-unipotent parts. Since the non-unipotent
parts (HE (X)) and (HE, (X;))z1 are isomorphic, the latter consists of N-strings centered
about p + ¢ = k. Moreover, by Clemens-Schmid, H*(X,) surjects onto the N-invariants in the
unipotent part (H{fm(Xt))l; and so (HE _(X,)); consists of N-strings centered about p+q = k+1.

(As a MHS, HE  (X;) is also symmetric under exchange of p and g.)

Rational and du Bois singularities. Combining the vanishing cycle sequence (0.1) and its
T®-invariants with the isomorphisms under sp in Theorems 1.9.3 and I1.9.11 (as well as the
above symmetries) yields at once the following “global” analogue of Proposition I1.1.6. For its
statement, recall that the phantom cohomology Hrlfh(Xo) is the kernel of sp (or equivalently,
image of ¢) in (0.1).

Theorem 1.1. If X has du Bois [resp. rational| singularities, then (HE, (X;))}? vanishes for
(p, q) outside the range

[max{1,k —n + 1}, min{k,n}]*? [resp. [max{2,k —n + 2}, min{k — 1,n — 1}]*?
while (HE (X)) vanishes for (p,q) outside the range [max{1,k—n+1}, min{k—1,n—1}] X2,

van

In particular, the level ole’;h(Xo) is no more than min{k—2,2n—k} [resp. min{k—4,2n—k—2}].

Proof. More precisely, the above argument only gives the result when X and f admit algebraic
extensions, and when k < n. The full statement follows immediately from [KLS22, (2.4.5) and
(2.5.9)]. O
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HA 1 Hk-
k 1 ( \/dl’l)l k . 1 1 ( Van)#l
kol rational: (H\'an)l
du Bois: (HE D)o 2 1
L 1

FI1GURE 1.1. Range of Hodge-Deligne numbers of unipotent and non-unipotent
parts of HE (X;) when k < n and X, has du Bois vs. rational singularities

Remark 1.2. (i) Note that in the rational case, the space H;l’lk(Xo) considered in §II.4 is outside
the unipotent Hodge-Deligne number range hence vanishes.

(ii) The result actually holds (by the proof of [KLS22, Thm. 3]) as long as X is an intersection
homology manifold, i.e. IC% = Qx[n + 1].

Henceforth we assume that f extends to a projective morphism of quasi-projective algebraic
varieties.

Normal-crossing singularities and semistable reduction. Though a normal-crossing va-
riety has du Bois singularities, the term “du Bois special fiber” is typically used in the context
where X = (f), since this is when it implies “cohomological insignificance” of the degeneration
(in the sense that Gr%H*(X,) = Gr%H}_(X;)). Suppose instead that X = UY; C X is a NCD
with X and {Y;} smooth, and ordy,(f) = a; € N ( = sing(Xp) = Ug,;>1Y; in Thm. 1.5.5).
Calculating 1 ¢Qy yields a short proof of the well-known

Proposition 1.3 (Clemens [Cle77]|). The order of T on H}, (or H

van

) divides lem{a;}.

Proof. Let z1,...,2,41 be holomorphic coordinates on an open ball U C X about p € X, so
that (renumbering the V; = UNY;) f := fly = 2{"---2%. The Milnor fiber §¢, at p has
N, := ged{as,...,a,} connected components, which are cyclically permuted by T. Indeed,

.. f ..
writing U — A as a composition U 2 v & A where g(x1,...,Tpt1) = o1 2k and
a a
p(zlv"'azn+1> = (Z117"'7ZTT7ZT+1a"'7Zn+1);

finiteness of p gives 1, YQu = 159Ygp+Qu = ;V:p(; 12§¢gQV (with T permuting factors) hence

H*Fyp) ®C = @fﬁ’ng’“ (Sg0) ® (CCIZVZ, (with 7 multiplying C, by x ).
Since Hj;, = H*(Xo,9sQx) and each N, | lem{a;}, we are done. O

Remark 1.4. To see what the H*(Fgo) = H" " (15P0gQv[n + 1]) look like for the semistable

degeneration g: V. — A above, let V % V be the blow-up along 1 = --- = 2, = 0 and
D := B71(0) = P"~". Writing ((C*)"~" =) D* <% D for the complement of the proper transform
of Ul_,{z; = 0}, we have?

zapwg(@v[n +1] = zapwg(@v[n +1] = zapz/)gRﬂ*Q‘;[n + 1]
= S RB.PYsQp [+ 1] = BT Pt sQp ln + 1]
= RTpRywg 1 pPgopQy[n + 1] = RT p«Qp-[n]

2Here we use that 1g depends only on the restriction of its argument to g # 0. Note that g o 8 has order r on
D*, 50 go3Qy has rank r there; but the unipotent part wgoﬁ@V only has rank 1.
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where we used [Sai91, (4.7)] for the penultimate isomorphism. Consequently
(11) Hk(%xlwzcr,g) ~ Hk(((c*)nfr) o Q(_k)e}(n;T)

as MHSs. If our original f: X — A was semistable (locally U = V; all a; = 1), one deduces
that P9 ;Qx[n+ 1] is a cosimplicial complex with term zlr) Qi ® H*(P") in degree r —n, where
0

Tl X([)T] (= Oj7j=r4+1Y7) — Xo denotes the normalization of the (n — r)-dimensional stratum
of Xo. Replacing H*(P") by H*(P") yields P¢;Qx[n + 1], as claimed in the proof of Theorem
1.6.4.

Remark 1.5. Suppose Y % A and X I A are normal-crossing degenerations, with the first
obtained from the second via base-change (by p: ¢t — t‘) and birational modifications over 0.
The torsion exponents £; € N associated to this scenario are defined by the exact sequence

(1.2) 0= p*R*£.Q% ) a (log Xo) = R*g.Q3, A (log ¥5) — @;0/t50 — 0.

In this remark we explain how these relate to V-filtrations and (in some cases) spectra.
Writing H := R*fXCx\ x, [resp. H := R*g*Cy\y, = p*H] for the local systems over A*,
we may define lattices V? = ®,¢(5,541)C{t}C* C (7 (H ® Oax))o [resp. VP, C? as in the first
two paragraphs of §I1.5.2. By [Ste76, Proposition 2.20], the stalks oif the locally free sheaves
ka*Q;(/A(log Xo) and R*g,Qy /4 (log Yp) at 0 identify with VO resp. V0. Since 6, = 16, base-

change yields isomorphisms p*C® 5 Ota = ¢ltal G{ea} for each a € [0,1). Further, by [op. cit.,
(2.16-21)], we have a (non-canonical) isomorphism of Hf} (X;) with

(1.3) R* £,Q /a (log Xo) ®0, Ofop VO /W0 2 VOV = &, ci0.1)C”

that identifies the e(—a)-eigenspace of 7% on Hf with C®. The upshot is that

b

@dim(Hki:m(Xt)e —« )
(1.4) @jo/tgjo = Daelo,1) (O/thJ O) 1 o

in particular, if ) is semistable, then (for all a appearing) {fa} =0 = |la] = la. Refining
this observation with respect to the Hodge filtration (viz., Gr%Hffm Xt)e(—a) = Grh.C?) yields
a short proof of [EFM21, Thm. D].

Now consider the special case where (X, X() (with semistable reduction ))) arises as a log-
resolution of (X, D), where X L A also has smooth total space, and D = F~1(0) is reduced
with a single isolated singularity at x with spectrum } 5. ms[B]. The nonzero eigenvalues « of
0, appearing in (1.3) [resp. torsion exponents in (1.4)] are then the fractional parts {—g} [resp.
{—p}] for those 8 € Q\ Z with mg # 0. More precisely, we have (essentially by [loc. cit.]) that

R”*pg*ﬂg;m(log Yo)
P*R””’f*Q’}/A(IOg Xo)

_ ©mg
(1.5) ~ Dse(p,p+1)NQ (O/te{ 5}0) .

To give a simple example, if X is a degeneration of elliptic curves with type IV singular fiber
(hence Dy singularity at x), we can take X to be its blowup at x, and Y to be the (smooth)
CM elliptic tail. Since the spectrum of Dy is [2] + 2[1] + [3], taking n = p = 1 and ¢ = 3
gives RHS(1.5) = O/t20. Indeed, in local coordinates at a node of Xy we have f ~ u3v, and
w ~ u?dv for the generator of (Roﬁ.ﬂ},(/A (log X0))o; clearly then p*w vanishes to order 2 along
Yy, verifying (1.5) in this case.
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k-log-canonical singularities. Returning to the reduced singular fiber setting, we address
how Corollary I1.4.2 generalizes to the setting of non-isolated singularities.

Theorem 1.6. If X has k-log-canonical singularities (Z.(Xo) = Ox Vr < k), then?
H*(Ff2) C FFH*(F1.) (Vo € sing(Xo)) and

(1.6) Crio H* (Xo) = GriHy (X4)(0 < i < k).

Proof. Begin by observing that the associated weight-graded of the vanishing cycles MHM is
semisimple perverse, so that

(L.7) Gr" (P Quln + 1)) = B ICL(Ve),

where {S,¢} is a stratification of sing(Xy) (with £ = dim(S¢), d = dim[sing(Xo)] <n — 2, and S,
smooth) and Vy — S are some polarizable VHSs. We claim that they satisfy V, = F k+1y,: we
say that V; is contained in F*+1,

Assuming this claim, the MHSs H"¢;1Cg-(Vy) and H" (Xo,1C5(Vr)) = TH"(S,, V) are con-
tained in FK*! (Vr € Z, © € Xo).* Hence so are all the terms of the spectral sequences
B = HH 9 Cr 2o Quln + 1) and E)Y = HI (X, Gr'V.P¢;Qx[n + 1]), which converge to
HH05P¢:Qun + 1] =2 HAIH(F; ) and HH (X, P¢rQu[n + 1]) = HIEIT7(X,) respectively.
Conclude that all H*(§,.) C F*1' and H},, (X;) C F*¥', whence (1.6) follows from (0.1).

To prove the claim, let & = mi)? &, denote the (global and local) microlocal log-canonical
xeXo

thresholds of f.° By [Sail6, Cor. 2] (see also [MP20, Cor. C]), the k-log-canonicity assumption
implies that k = [&f] — 1, hence that &y, > k+ 1 Vo € X,. Consider any = € Sp, so that the
only subobject of (1.7) supported at z is the £ = 0 term 7V, , (where V, , is a Hodge structure
with T"5-action). In the proof of [Sail7, Prop. 2.3|, Saito shows that its spectrum is supported
in [@f,n+1—dy,]; in particular, Vo, = FF1V, .

Next consider a point x € S;. Taking ¢ hyperplane sections of X through x (transverse to
S¢), the slice of X still has k-log-canonical singularities at = by [MP18, (0.2)]. The argument
of the last paragraph applied to the slice yields that the spectrum of V. (as a Hodge structure
with T%-action) lies in [df ., n + 1 — ¢ — Gy ,]; in particular, we have Vy, = F**1V .. So the
{V,} are contained in F**! and the claim is proved. O

2. THE SAITO-SIERSMA-STEENBRINK FORMULA

Consider as above a projective morphism f: X — A from a smooth total space to the ¢-disk,
which is smooth over A*, with dim(sing(Xy)) = 1. (That is, if X, is nonreduced, then n = 1.)
For any point p € sing(Xj), let V;fp = H*(15¢;Qx) be the k™ (reduced) cohomology of the
Milnor fiber, which has a T*-action and MHS (by [Sai90]) hence (weighted) spectra o ,, 5% ,
as in Definition 0.1. On the open stratum S; C sing(Xj),° these are nonzero only for k =n — 1,
and yield a VMHS V}“l. The formula we now describe concerns the finite set S = sing(Xo)\ Sy

of “bad” points, at which Vf;l and Vf’fp may both be nonzero.

3Note: superscript * indicates that the statements hold in all degrees of cohomology.

“In more detail: if (S, D) S (S¢,5¢\ S¢) is a log-resolution, and M, M are the (F*-filtered) D-modules underlying

IC%(W), IC;—Z(W), then DR%M is filtered quasi-isomorphic to (DRK;-M)log = DR%MO (wéf(log D)®Vy,e) (with Vg ¢

the canonical extension), cf. [Sai09, p. 159]. Since IC%(VZ) - RBJC%(VE) is a direct factor by the Decomposition
¢

Theorem, and (DR%I\7I)1Og = F"Jrl(Dl:{,glgl)l0g7 the assertions follow. (Alternatively, assuming wolog V, pure of
weight wy, one can use duality and wa’kDRélvl = {0}.)
5We do not discuss this here; see [KLS22, §1.4].

6This may be smaller than the smooth part of sing(Xo); for instance, the pinch points studied below belong to
So but also the smooth part of sing(Xp).
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F1GURE 2.1. Each g; has finite degree ;.

Restricting to a neighborhood U C X of p, which (by choosing holomorphic coordinates
21,...,2n41 at p) we regard as an open ball in C"*1, denote the restriction of f by f: U — A;.
(In this context, we shall also denote p by 0.). Writing Z = U Nsing(Xy) = U;Z; as a union of
(analytic) irreducible components, we assume that U is chosen sufficiently small that (for each
i) Z;NSo = {0} and Z; := Z; \ {0} [resp. the normalization Z;| is a punctured disk [resp. disk].
Let g be the restriction to U of a linear form on C"*! whose further restriction to each Z; is
finite — yielding a diagram

iHA

— and assume in addition that the critical locus sing(flg-1(0)) = {0}.” Together with f,
this yields a holomorphic map = = (f,g): U — Af»s to the bi-disk with discriminant locus
A = Ugm{sing(f|g-1(5))}. Each irreducible curve C' C A° := AN (A*)? has a Puiseux expansion
t =7¢ - $°¢ + {higher-order terms}, and we set

vi= CIana;i(o{O’tC} € QZO

For every r € N with r» > ¢, the Yomdin deformation f 4+ g” has an isolated singularity at 0; in

fact, we can even take r = v provided none of the curves C have v¢ =t and y¢ = —1 [Sai9l].
Writing V; for the restriction of V™ Yto zF = 7; \ {0}, its LMHS
(2.1) VI =g Vi = dg H T (PorQun + 1))z

has commuting actions of “horizontal” monodromy T; (associated to ¢f) and “vertical” mono-
dromy 7; (associated to 1g,). Let O'ﬁmll = >_;l(@ij, wij)] be the weighted spectrum of (Vhm sy,
that is, we have a basis {v;;} C VI™ ® C such that v;; € (Vhimy L Jwig—Leij ) and
TPvy = e2mV=Tay; v;;. Further, we may choose these {v;;} to be a simultaneous eigenbasis
for 755, with eigenvalues e>™V =15 for some {B:;} € [0,1). Write formally

pir—1

§ § ,3 +k
Thm i Zﬂ' ’
J

"Equivalently, the critical locus of 7 intersects 71 (A; x {0}) only in {0}.
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for the corresponding “spectra”; and define spectral “convolutions” by

gl = Bij+k . — L itk
Uﬁm,li ® Tl?m,i = Zj,k[(aijvwij) # ( T ,0)] resp. 0-17ilm,1i ® Tl(i)m,i = Zj,lc[aij + %]7

where “*” is given® by (o, w) * (8,w) := (a + B,w +w + (a | B)) with
0 aor e

(a| By := 1 a,B,a+ B¢ 7
2 o,f¢Z,a+peL.

Theorem 2.1 (SSS formula). (i) With notations and assumptions as above, we have the equality
of spectra

n n—1_ n n—1 0
(2.2) TFo =y = OFrgria = D Ol ® Thims
i

—_—

(ii) If r > v then the corresponding equality (2.2) of weighted spectra holds.

Sketch. Though only (i) is stated in [Sai91], Saito’s proof actually establishes (ii) as well (which
only fails for » = v due to the limit taken just after [op. cit.,(4.6.2)]). The main step in his proof
is to establish the following

Lemma 2.2 ([Sai91], Thm 2.5). Given M € MHM(AZ,) smooth over (A*)?\ A°, with A°
tangent to the t-axis at (0,0). Then we have the equality of spectra’

(2.3) o (1P PertM) — o (5P 3 M) = o + BM]
¢

for the monodromy T about t = 0, where Y, [aM] = o (PysPpe M) and the BM € [0,1) are 217(:3('_%
of the eigenvalues of monodromy T about s = 0.

(The argument is similar to our proof of Theorem I1.6.1.) With this in hand, the assumption
that sing(g; '(0)) = {0} guarantees a suitable projective fiberwise compactification of 7 to
7: X — AZ% and defining p: A2 — A2 by (s,t) — (s, 1), we set

M = PHOR(p o 7).Qxln + 1].

By finiteness of Z over the s-axis, we then have (for h = s + ¢ resp. ¢t and H = g" + f resp. f)
the middle equality of

Z?O’O)p(th = ZE‘OVO)pHOR(p o)« PonQx[n + 1]
= ZE(O’O)R(p om)PouQepn +1] = 157 onQrpln + 1].
Plugging this in to the LHS of (2.3) gives o', o — (0}, — 0?7;1). The {a_é"‘, BM} come from
taking push-forwards of the various V; under the finite maps A* = Z* 22N A* of degree p;r,

. ir—1 ij+k
whereupon each pair {«a;;, ;;} becomes (i {aj, B;jt 1. O

Remark 2.3. Combining Theorem 2.1(i) with toric geometry techniques (§I1.5) yields a com-
binatorial formula for LHS(2.2) in the (nonisolated) Newton-nondegenerate simplicial case; cf.
[JKSY19] (n = 3) and [Sai20] (n arbitrary), which appeared while an earlier version of this paper
was being prepared. While this formula applies in principle to some of the examples below, it
does not yield the weighted spectra or appear that it would simplify the computations.

Applying part (ii) of Theorem 2.1 can be a little tricky in practice, as one needs to correctly
compute the “vertical” LMHSs (2.1). Here is an instructive

8This is the same operation on weighted spectra as in §I1.6 on the Sebastiani-Thom formula.
9For V* € DPMHS with an action by T5%, o(V*) € Z[Q] means the alternating sum S (=D (V™).
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Example 2.4. Suppose f has local form f = 22y? + (2* +y*) 2z +2° +1°, where we have relabeled
(21, 22,23) =: (x,y,2). Then Z is the portion of the z-axis inside the small ball U about 0, and

taking g = z yields t = 5; so r = 7 will work.!® The VMHS V on Z* 5 A% is given, at each

g
s € A*, by the vanishing-cycles MHS on H'! of the Milnor fiber of f, = 22y + (2z* +y*)s+2° +9°,
which is a curve singularity of ordinary quadruple-point type. The weighted spectrum and
Hodge-Deligne diagram are thus

(2.4) :

Note that the fractional parts of the first entries tell us the eigenvalues of the horizontal mon-
odromy T°°.

To compute its LMHS Vi™ at s = 0, we must identify the action of vertical monodromy
7 = 7N on V. For this purpose, we can drop the x° 4 y° part of f, and look at the “tail”,
consisting of & = {(z* + y*)s + 22y? = w*} C P? minus the 4 points E, = & N {w = 0};
recall from §IL.2 that H(Es \ Es) = V,. The three (1, 1)-classes in (2.4) correspond to degree-
0 divisors supported on Es, on which 7 has eigenvalues —1 (mult. 2) and 1 (mult. 1). The
compact part & splits into two irreducible components meeting in two tacnodes at s = 0, which
allows to calculate its LMHS using the vanishing-cycle sequence. In fact, since the action of the
automorphism p: w +— iw on H*(E,) encodes T, we can use the “eigenspectrum” calculus of
[CDKP23] to find a simultaneous Jordan basis for T and 7. This yields, for comparison to (2.4),

(2.5)

More precisely, the full “eigenspectrum” Zle[(aj, wj, B;)] (notation defined after (2.1)) is
(30,01 +2[(3, 1, D]+ [(1,2,0)] +2[(1,2, )] +20(}, 1, D] + [(3,2,0)],

in which NV, “connects” the first and last terms. From this, we can read off the spectral convo-
lution Erllim ® ?I?m =

(3,00 + [(F5 DI + (13, D] + 2[5, 2)] + [(13, D] + [(1,2)]
+2[(1,3)] + [(33, DI+ 2((5F, 2] + 315, 2] + (11, 1)
(2.6) +2[(35, 2] +50(5,2)] + (17 D] + 2((13, 2)] + 5[(7, 2)]
+3((3,2)] +5[(%,2)] + 2((3, 2] + [(37,3)] + 5[(F, 2)]
+2((8,2)]+[(33,3)] + 31(F,2)] + 231, 2)] + (31, 3)]
+2((2,3)] + (33, 3)] + 2[(F, 2] + (35, 3)] + [(3.3)]
Had we (incorrectly) used (2.4) instead of (2.5), the weights in the blue terms of (2.6) would all

have been 2.1

10Since there is only one component of Z and it is normal, the sum over 7 is dropped, and p; = 1. Taking r odd
(we could have taken r = 6) simplifies the computation.
Hn addition, [(%,0)} would have been [(%, 1)], and one of the [(%, 2)]’s would have been [(%, 1)].
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The weighted spectrum of the Yomdin deformation f + g = 22y + (2* + y*)z + 2% + 9% + 27
can be computed by the combinatorial methods of §I1.5.1:'? we have &f2+g7 0=

+2[(1, 21+ 313 21 + [(55, 1]
+2[(17,2)] +5((3,2)] + [(33, D] + 2[(33, 2)] + 5[(, 2)]
+4[(3,2)] +5((5,2)] + 2[(33,2)] + (], 3)] + 5[(,2)]
+2[(%. 2]+ (33,3 + 31(F,2)] + 2((F.2)] + (57, 3)]
+2((2,3)] + [(5.3)] + 2[(2, 2)) + (31, 3)] + [(53.3)]
Applying the SSS formula, we get
(27) o= Tho = Fegr — b ® T = [(3:2)]~ [(3,0)] - [(1,2)]

in which taking the limit in (2.5) was evidently crucial in canceling the fractional terms. (After
all, the spectrum of f should be independent of the choice of r!) With a bit more work, one can
show that rk(H'(Ff,0)) = 2 so that there is no cancellation in RHS(2.7).

Before turning to further computations, we should mention one other tool which is sometimes
useful in determining whether there is cancellation on the LHS of (2.2). If .# resp. ¢ are germs
of analytic functions on C™*! resp. C"*!, with Milnor fibers §#, F» and join F © ¥4, then we
have (as vector spaces)

(2.8) H" ' Frow) = @i H' (37) ® H (3g)
with monodromy T on the left induced by T; ® T on the right. See [Sak74] and [Ném91].

3. SOME NON-ISOLATED SLC SURFACE SINGULARITIES

One of the main motivations of our study is to use Hodge theory to understand KSBA
compactifications (see [Kol23|) for surfaces of general type as proposed by Griffiths and his
collaborators (e.g. [Gri2l]). The singularities occurring for varieties at the boundary of the
KSBA compactification are semi-log-canonical (slc) and consequently Du Bois (cf. [KK10]).
Thus, as discussed above, there is a tight connection between the frontier of the Hodge diamond
of Xy and that of the LMHS.

By (0.1), the remaining ingredient for determining the form of Hjf  is the vanishing cohomol-
ogy. Here one needs more detailed input from the singularity types of Xy. Fortunately, in the
case of 2-dimensional slc hypersurface singularities, an explicit classification exists (cf. [KSB88|,
[LR12]), and we can use Theorem 2.1 (with n = 2) to determine o} , and thus Hg,,(X;). The
spectra are summarized in Table 1. We shall first describe briefly how they are computed, then
how to get from them to H_,,, and finally apply the results to degenerations of K3 surfaces.

All of the singularities in Table 1 have in common that on the open stratum S; C sing(Xj), the
singularity type is A (locally analytically, two components crossing normally along a curve).
That is, they are isolated line singularities in the sense of [Sie83]. Hence V}; 2 L(—1) for £ a
rank-one, type (0,0) isotrivial VHS on S; with (vertical) monodromies +1. It follows that all
sums over j (and in most cases, over i) disappear, all («;, w;) = (1,2), and all 5; = 0 or %; in
Table 1, 5 = % occurs only for the pinch point D,. Moreover, the local form of f at each p € Sq
is such that Z is a union of coordinate axes, and so all p; = 1.

121y particular, Theorem II.5.4 yields N-strings in its vanishing cohomology from (p,q) = (1,2) to (0,1) with
Tss-eigenvalues {eQ"i(%+§)}2:1, arising from the edge in the Newton polygon from (0,0,7) to (2,2,0); notice
that the weights are 1 and 3. These and their conjugates are what will cancel with the blue terms of (2.6).
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Accordingly, the SSS formula reads (for r > t)

r—1

(31) &?‘,p = 5-]1”,p + &ergr,Q - Z Z[(l + @7 2)]

i k=0
One can readily compute &f2+gr,9 with SINGULAR (which we used for some entries in Ta-
ble 1), or by hand (see the Jj ~ example below). So on the RHS of (3.1), this leaves 5}71),
ie. the computation of V;} = H'(Fy,) as a MHS and T%-module. For Ti 0,00, §1 gives
Vi, = Q(=1)%?% and we can directly show rk(V} ) =1 [resp. 0] for Tp oo 00 [resp. Tpg.00] by
fibering T, over the a-coordinate. In other cases, f = 2 + F(y, 2) is a suspension and (2.8)
yields Vi ) = HO(§,2) @ H*(Fr0)- If §rp is connected (Do, Th 4,00, Jk,00), this is zero; while for
75, 00,00, SF,0 has 2 components so that Vf{p has rank 1, and T =T} ® T acts by (—1)? = 1.13

TABLE 1. Nonisolated slc hypersurface singularities (n = 2)

symbol local form of f g, t, N 5'11“,;7 &?’p
Ao z2 4y 2,0,1 (1,2)] 0
Do @® + 9’z z—y,3,1 0 ((3.2)]
T2,00,00 @ +y?2? z—y,4,2 [(1,2)] (3.2)]+ [(2,4)]
Toq00 | @° +1y22% + 47 z, 25,1 0 (3,2)] + [(2,4)]
(¢>3) +3I I+ £,2))
Too,00,00 Yz z+y+23,3 2[(172)] [(274)]
Tp 00,00 wyz + P vtz 25,2 | [(1L2)] | SO+ £,2)] + [(2,4)]
(p >3) )
Tp,q,00 zyz + x? 4y Z gt 1 0 Yo+ %72)]4"[(274)]
(a>p>3) + i1+ £,2)]

As previously mentioned, Table 1 makes use of a classification by Liu and Rollenske [LR12].
The point p is simply (0,0,0) in the coordinates used there, and &;,p is calculated using (3.1);
N denotes the number of components of Z.

For the computation of t, consider for instance Do.: although Z = {# = y = 0}, we cannot
take g = 2 (since then sing(r) N7 '({s = 0}) = {&# = 0 = 2} # {0}). But g = 2 — y works,
and the critical locus of 7 = (22 +y%2,2 —y) is {x = y = 0} U {x = 22 +y = 0}, with image
{t=0}U{t = 5+s3}. So v =3, and taking r =4 (and 8 = 1) the RHS of (3.1) reads

0+ {51+ [F1+ B+ B+ [} - {B + [T+ [F] + [}
(with all weights = 2), giving the result in the table.

The results in the table allow us to compute the vanishing cohomology via the hypercoho-
mology spectral sequence

(3:2) By = H'(W Q) = W (65 Qx) = Hiun(X0),
where the (non-perverse) cohomology sheaves record the reduced cohomologies of Milnor fibers
wH ¢;Qu = HundQu = HY (F1,p) = VY.

Recall that H?¢;Qu is supported on the finite set S, H'¢;Qx is supported on S, = sing(Xy),

while the other cohomology sheaves vanish. It follows that terms of (3.2) other than Eg’l,

E21’1, Eg’l, and ES’Q vanish, and the only possibly nonzero differential is ds: Eg’Q — Eg’l. To

13For this and the other rank 1 case (Tp,00,00), an easy way to deduce that 6'} » =11,2)] (= Vflp =~ Q(-1))
is from the need to cancel a —[(1,2)] in the third term of RHS(3.1) (that is not cancelled by the second term).
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describe H'¢;Qx as a sheaf, note that (H1¢fQX)|Sl = V} (viewed as a local system) and
(Hl(beAiHSO = @pes,Vj, If the {V/ } vanish, then H'¢;Qx = 5V} under the inclusion
7:S1 — Sy; while in other cases the {V},p} glue together with V} to yield the constant sheaf
Qs, (—1) (T2,00,00 Tp,00,00) Or something more exotic (T, 00,00; Se€ Example 3.1 below).

We now turn to several examples involving degenerations of K3 surfaces. It is instructive to
begin by looking at something familiar in this context.

Example 3.1. Suppose & is a Kulikov type III semistable degeneration of K3’s with F compo-
nents , while Sy consists of E P!’s and Sg of V points (of type T c0,00). As the dual graph is a

triangulation of S?, F = E—V+42. Write Z: S; — X for the normalization of S; and 1: Sg < Xo;
then from the table, H2¢;Qx 2 1, Qs,(—2) and H'¢pQx = ker{I*Qi(—l) — 2,Qs,(—1)}. This
yields

H? Q(-2)%"

H! Q(-1)®Ft Q(-1) Q(-2)%*

HO Hl H2
= ker{H*(X,) — H{_} has rank F — 1 = E — (V — 1), we must have'

lim
=~ Q(—1)®F~! and H2, is an extension of Q(—2) by Q(—1),

van

for (3.2); since H3

rk(ds) = V— 1. Conclude that H}

van
which via the vanishing cycle sequence

0— H. — H*(Xo)— H2,— H2,6 —0

yields that H2(Xj) is an extension of Q(—1)%¥+F by Q(0). For instance, this gives h?(Xy) = 23
if F = 4, which is borne out by applying Mayer—Vietoris to (say) the minimal semistable reduction
of the standard tetrahedral degeneration of quartic K3’s.

Example 3.2. Next we consider a degeneration of K3’s with S; = P! and Sy = 4 pinch points
(Do), about each of which the rank-one local system £ has monodromy (—1). In particular,

2:1 -
this gives H'¢;Qx = nL(—1) = 5.L(—1), whose H' is TH'(£)(—1) = H'(E)(~1) with E = S,
the elliptic curve branched over Sg. The spectral sequence (3.2) is thus simply

H? Q(-1)%
H! 0 HY(E)(-1) 0
HO H' H?

where the subscript “—1” refers to the action of 7%, and H2,  is the direct sum'® of the two

van
nonzero terms.

14Qne can avoid a nontrivial d2 by using the alternate hypercohomology spectral sequence

'E}Y = HY(X0,KV) = H},,(Xo) with ¢;Qx ~ K* := {2.Qs,(-2)[-2] — I*RFQi(—l) — 2.Qs, (1)}
(Note that 1 ¢Qx is not quasi-isomorphic to EBjHM)fQX[fj]; otherwise dz in (3.2) would indeed be zero.)

15Ag usual, the extension is split by the action of T°5.
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Now in the vanishing cycle sequence

(3.3) 0— H*(Xo) — HE, — H2, — H*(Xo) =0

van

we have two possible scenarios, depending on whether H3(Xg) is (a) 0 or (b) HY(E)(—1). In
case (a), the degeneration has type II (in the sense of Definition I1.5.4) and the nonzero terms
of (3.3) have Hodge—Deligne diagrams

In case (b), the degeneration would be of type I, with the first two terms of (3.3) pure. In
fact, case (b) cannot occur: since Xy is irreducible and the smooth fibers X;.o are K-trivial,
we have Ky = 0 with nowhere-vanishing section 2. Writing wg := Res(%) and n: Xo — X
for the normalization, n*wy is a section of Q%(O (log E) with nonvanishing residue wp € Q(E).

Therefore H2(Xy\ S1) = H?(X, \ E) has a nontrivial (1,2) + (2,1) part, which must come
from Ho(Xo)(—2) in the localization sequence since H;(S1) = {0}.19 That is, H?(X,) has a
(1,0) 4+ (0,1) part, as claimed.

The main point is of course that we can say all this without resolving X, let alone performing
semistable reduction (or similar). This will be refined by Example 5.4 below, in the setting of

degenerating quartics in P3.

4. THE Jj o SERIES

We continue our study of the effect of non-isolated surface singularities on the Hodge theory
of degenerations, by considering some non-slc examples. Namely, one of the simplest series of
non-slc non-isolated surface singularities are the

Jooot  fu ~ 2%+ y3 + y2z"‘
loc
for k > 3. (Note that Jy o resp. Joo are the singularities Do, and T 3. considered above;
however, the formulas derived below apply to them too.) Our interest in this class of singularities
is partially motivated by their occurrence in the study of projective degenerations of K3 surfaces
(e.g. see [LO18]; see also [KL25, §3] for further related discussion in the isolated singularity case).
In this context, we note that an interesting byproduct of our study (Theorem 4.2 and Remark
4.3 below) is a conceptual explanation of the fact (observed heuristically for quartics in [LO18])
that the worst J, o, that can occur in a degeneration of K3 surfaces is Jy -

Locally, for Jy; , the singular locus Z is just the z-disk {z = y = 0}, and taking g = =

gives A° = {t = 553"} so that v = 3x. Away from 0 (on Z*) we have A as above, with the
1

branches exchanged about 0 (i.e. 3 = 3) <=  is odd. By connectedness of §ys 2.~ and

(2.8), 0}, o = 0. Applying (3.1) with r = 3 (without the tildes) and taking the p-constant

L6The localization sequence is a bit subtle in the singular case: we need the setting where X is a singular surface
containing a curve Y, with X \ Y smooth. Then the homology sequence — Ho(X) — H2(X,Y) — H1(Y) twisted
by Q(—2) is — Ha(X)(—2) = H2(X\Y) — H;(Y)(-2).
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deformation f + 23% ~ 22 + 33 + 23* gives

3k—1
k
(4.1) 0.0 = Taryaran =y [1+ 5]
) k=0
={2, 0« {a&, &, ..., 2 — {Tresp. 95} {0, 5, 2,..., 350

by §IL.2.1 (where {A} x {B} :=3_ 4 sepla + B]). One easily sees that all the negative terms
are cancelled, and that the only remaining integer term is [2] if k is even (and nothing if x is
odd). To show that the accompanying weight is 4 (whereas all the others are 2), we must use
(3.1) with 7 = 3k + 1; rather than doing this in full, one just needs that f + 23+! has h22 | =1
for k even (and 0 for x odd). This follows at once from Theorem II.5.4, allowing us to conclude

for k odd

(4’2) Z{ 5m+2m 2 [(13&6){2771 2)]}_,’_ i [(7»@—(&3—3m 2)}
resp. for k even

%_1 5Kk 13k 2r—1 7K ’
(43) 67.0= D A(H 2 + (20 + D (5, 2)) +[(2.4):

In particular, 7% has order 6k resp. 3k, and N is trivial on H?(y, ).

Example 4.1. Continuing where Example 3.2 left off, we can look at various “degenerations” of
the singular configuration there by colliding pinch points: from (¢) four Ji oo = Doo’s (Ex. 3.2),
to (it) two J1,00’s and one Jo oo = T5 3,00, t0 (111) One Ji o and one Jz o or (#44’) two Jo 0’8, to
(iv) one Jy o, all on a smooth P! of Ay’s. For p of type Jk, 00, the MHS on szmo takes the form

q

k=1

where only the (2,2) classes are T™-invariant (and 7™ has order 18 resp. 12 on the (2,0) part
for kK = 3 resp. 4).

To compute HZ, (X:), we use (3.2) and H'¢sQx = 51L(—1), where £ has monodromy (of —1)
about only the Ji o and J3 o points. Moreover, the fact that the general fibers of f: & — A
are K3 implies that for (iii'), () a (2,2) class in ES? must cancel with E3"'. (Otherwise we

would have rk Gr%H2, (X,;) = 2.) This yields for H2,,

q q

van (

(ii) (iii) (iii’) (iv)

so that (i), (iii’) [resp. (ii1), (iv)] are degenerations of type III [resp. I]. Only the classes in
blue are T™%-invariant.
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Here is an intriguing consequence of (4.2)-(4.3), which will be further strengthened in the
next subsection (Cor. 5.5):

Theorem 4.2. Let X 55 A be a degeneration of surfaces with smooth total space, gemeric
geometric genus py, = h*°(X3), reduced special fiber Xo, and p € Xo of type Juoo. Then

Pg 2 L%J

Proof. The formulas show that h*>*(V? ) = [#5%] and h*?(VF,) = 0 resp. 1 (for & odd resp.
even) for the summand V7, contributed by p to E9?. On the other hand, Ey"' = H2(H'¢;Qx)
can only have Hodge type (2,2), so cannot cancel the (2,0) part of Eg’z under dy. Hence
NE0(X,) > hEO(HR,) > hO(HE,) > 551 0

van

Remark 4.3. Of course, the same proof shows that if {p;} C sing(Xo) are of type Ji; o, then

pg(Xe) > 35 | %5 —1|. In particular, when pg(X:) = 1 (e.g. K3 surfaces), the only non-slc
singularities of type Ji,00 that can occur are Js oo and Jy o, and at most one such singularity
can occur. This matches with the detailed analysis of the degenerations of quartic K3 surfaces
of [LO18|. Of course, the point is that Theorem 4.2 recovers this in much more generality and
more conceptually.

5. CLEMENS-SCHMID DISCREPANCIES FOR NODAL TOTAL SPACES

One of the new phenomena that occurs in the presence of non-isolated singularities for Xy is
the fact that the total space X is typically singular. In this section we comment on this situa-
tion, under the genericity assumption that X has only ordinary double points. This occurs for
instance when considering generic smoothings of hypersurfaces Xy with 1-dimensional singular
locus (and A, generic singularities). These types of examples occur frequently in the study of
compactifications of K3 surfaces or surfaces of general type.

In general, when X is singular along X, the Clemens-Schmid sequence and its two main
corollaries

(A) H*(X,) surjects onto the T-invariants H,

hm(Xt)T and
(B) Hk'H( o) =im{HE (X;) — H*T1(Xy)} is pure of weight k + 1

fail. Various approaches to quantifying or bounding this failure were described in §I.8-9. For
the non-isolated singularities considered in this section, with dim(sing(Xo)) = 1, most often one
has type A, (transverse A;) on the “generic stratum” S; C sing(Xy). When X, = {F(z) = 0}
is a hypersurface of degree d, and X = {F(z) + tG(z) = 0| t € A} a generic smoothing (with
deg(G) = d), sing(X) consists of d - deg(sing(Xy)) nodes contained in S;. In this case we can
say much more about (A) and (B). This is crucial, for instance, in the Hodge-theoretic analysis
of how the {Ji o} singularities actually arise in GIT.

VaIl

Theorem 5.1. Suppose the total space of f: X — A has k nodes on Xy, and no other singu-
larities. (The singular fiber itself may have arbitrary singularities and nonreduced components.)
Recall that n + 1 = dim(X).
(1) If n is odd, then (A) and (B) hold.
(ii) If n = 2m is even, (A) and (B) can only fail when k = 2m, and then only in type (m, m).
Put
s 2m
a:= di1rn(coke1r{H2m(Xo)m’m LN (Hhm (X: )T)mm}) and
6 := dim (Hgglﬂ(xo)m’m) — rank{(H2™(X,))™™ % B2 (X))

van (

for the corresponding “Clemens—Schmid discrepancies”; then we have a + 6 < k. In par-
ticular, if m = 1 and Xq is irreducible, then a +6 = k.
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Remark 5.2. Taking T-invariants of type (m,m) in (0.1) yields
[H2m(Xt)m,m]T [HQm(X )m,m]T

lim van

sp(H>(Xo)™™) ~  im(N)

in which the end terms have ranks a and 6. So one way to view the Theorem is as saying that
K is an upper bound on the middle term (which would be zero were X smooth).

(5.1) 0— — H2"H(Xo)™™ =0,

Proof of Theorem. Consider a resolution 7: X — X with exceptional quadrics Q; := 7 Yq)

(i =1,...,k) and associated long-exact sequence
(5.2) o= HRNX) = HNX) — o' HHQ;) —
of MHS.'” Applying the Decomposition Theorem to 7 (cf. (I.7.12)) gives
HY Q)] j=0
R, n+ 1] ~I1C% [ .=
Qs A t@non i, 120
hence
HE
k(v ~ QZ k>n
(5.3) H*(X)~1H @@{Hk 2(QN(-1). k<n
and
HE
k(v ~ k (Q'L) k >n
(54) e =t o @{ S0 b2
while perversity of Qx[n + 1] yields the s.e.s.
(5.5) 0— ®p?V; -5 Qxn+1] = IC%, — 0

in MHM(X) (for some MHSs {V;}). From (5.2)-(5.3) we deduce that V; = HJ (Q;), which is
zero for n odd, making X an intersection homology manifold; in this case the results of §I.5 for
X smooth (including Clemens-Schmid) go through.

When n = 2m is even, one has V; = Q(—m), and (5.3)-(5.4) imply that the weights of TH"(X)
resp. TH¥(X) are < k resp. > k. This from the TH C-S sequence (I.5.7)

(5.6) THF (X)) — THF (X)) —% epiy HE (X)T —=0
A
H*(X)
we get that ker(spfy;) has pure weight k. By (5.5),
(5.7) 0= H2™(X) o5 TH2™(X) S Q(—m)® B B2+ () 5 TH2 (X)) = 0

is exact, and o is an isomorphism for k # 2m,2m + 1. Conclude that coker(sp*) = {0} for
k # 2m, ker(sp®) has weight k for k # 2m + 1, while

coker(sp”™) < Q(—m)¥™ ¥ (= a <r1k(a) )
and
(5.8) 0— (@(_m)éBrk(ﬁ) = ker(sp?™+1) - ker(sp?ﬁnﬂ) -0
is exact (= 6 = rk(5)).

17As usual, H*(X), H*(X), H:(X), IH*(X), IH*(X) acquire their MHSs via identification with H*(Xp),
H*(ﬂ'_l(Xo)) Hopgoox(m 71X )) H* (z}OICX[ n —1]), and H*(Z!XOIC:‘,[—n—l]).



HODGE THEORY OF DEGENERATIONS, III 191

Finally, if m = 1 and r [resp. r + k] is the number of components of X [resp. 7~ 1(Xp)], then
by (5.3)-(5.4) and C-S for X,

rk(TH?(X) — TH?(X)) = tk(H2(X) — H?(X)) —«
= cork{ Hp,,(X¢) = Ha(n ™' (X0))(—2)} —
=(r+k—1)—«k=r—-1.
So when r = 1, sp?; is an isomorphism and a = rk(a). O

In order to make use of this Theorem, we need a complementary result on how to modify the
computations of H,  in previous sections.

Proposition 5.3. Let Z be a component of sing(Xy), Z1 = ZNS;y the Ay locus, and Z7 — Z
J
the complement of the nodes of X. Then H'¢Qx|z, =0 for j #n—1, and
H o Qulz, = nL(—[5]) 1),

where the subscript indicates the action of T, and L is a local system (pointwise = Q(0)) with

monodromy (—1)™ about each point of Z1 \ Zf. (Its monodromy about Z \ Z; depends on the
singularity types there.)

Proof. We may choose local coordinates (z1,...,2zp+1) in which Z; = {z; = --- = 2, = 0} and
q€ Z1\Ziis0,and F+tG =01is Y_,_, 27 = tz,+1. Hence the Milnor fiber at g is contractible,
and H*(F;,) = 0 (Vk). Tt is also clear from the equation that the “vertical” monodromy (in
Zns+1) equals the “horizontal” monodromy (in t) on H" () for p € Z; near q. O

Example 5.4. Let X be a degeneration of quartic K3 surfaces, with Xy as in Examples 3.2-4.1,
sing(Xo) = S; = Z a smooth conic curve, and sing(X') = 8 points on S; = Z;. In the computation
of H2 (X;), only H'(H'¢;Qx) (= H'(S1,7/L(-1)), where y': Z; < Z) changes. In each of
the five cases (i)-(iv), the effect is simply to add 8 T-invariant (1, 1)-classes to H2, (X;). So the
middle term of (5.1) (with m = 1) has rank 8; indeed, by Theorem 5.1 we must have a +6 = 8.

This determines the MHS types for HZ  and HZ2, in each case,'® while leaving an apparent

van
ambiguity in H2(X):

1 6+ 6 646 646 5+6 5+6

@ P P P P P
() (i7) (ii4) (iid') (iv)

We claim that, in fact, 6 = 0 in all cases. Let Xo 5 Xo be the normalization; this is a smooth
dPy, or a dP, with one node which is not on Z := ~(Z). Here Z — Z is the double cover
branched at the Ji o points: Z is (i) smooth elliptic; (i) nodal rational; (i) cuspidal rational;
(#4') 2 rational curves meeting in a pair of nodes; or (i) 2 rational curves meeting in a tacnode.
Via the exact sequence H2(Z) @ H%(X,) — H*(Z) — H?*(X,) — H3(X,) we therefore have
that H*(Xo) = {0}, hence in particular that H3 (Xo)"! = {0}, as desired."®

181¢ should be noted that in case (i) the LMHS still must have type II. Blowing up X along the base locus
F =G =0 in P? gives a crepant resolution X (with exceptional P1’s {L;}) to which we may apply the argument
from Example 3.2. The exact sequence ({0} =) ® H'(L;) — H2(Xo) — H2(Xp) then passes the nontrivial
weight-1 part of H2(Xo) to H2(Xo) hence to HZ, .

19The main point is to show that, in cases (éiz’) and (i), the two components of Z have intersection matrix

<(2) 3), so that H2(Xy) surjects onto H2(Z).
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Corollary 5.5. Theorem 4.2 and Remark 4.3 remain true for degenerations of surfaces whose
total spaces admit nodes on the As locus of sing(Xp).

Proof. By Theorem 5.1, we still have h?°(HZ ) > h*O(H?2,); and Prop. 5.3 makes clear that

H?(H'¢;Qx) still has no (2,0) part. O

6. THE DOUBLE BOX

As a final application, we discuss a higher-dimensional example, where in particular the notion
of higher rational singularities becomes relevant. Specifically, we determine what these tools can
say about the cohomology of the cubic hypersurface Xy C P® cut out by the second Symanzik
polynomial associated to the “double box” Feynman diagram with general masses and momenta
(in physics “dimension” D > 4).

For D = 4, Bloch [Blo21] showed that Gry H?(X) = H'(FE)(—2) for some elliptic curve E.
Subsequently, Doran, Harder and Vanhove [DHV24| determined F and discovered that when
D > 4 it is replaced by a curve of genus 2. Our goal here is to compute the rest of H?(Xj)
and to say more about the monodromy of a smoothing of Xy. From our point of view, this is
interesting as a nontrivial example of a degeneration with non-isolated 1-rational (hence also
1-log-canonical) singularities, cf. Rem. 6.1. We will also discuss the degeneration that arises
from specializing momenta en route from D > 4 to D = 4.

Remark 6.1. Using local Bernstein-Sato polynomials, one easily computes that the microlocal
log-canonical threshold éx, = 2; that X, is 1-rational then follows from the appendix to [FL24].
This is not used in the remainder of the section, though the calculations do provide a nice
illustration of (1.6) together with the additional isomorphism GrH*(Xo) = Gra(H,, (X))
that comes from singularities being 1-rational.

Thus we shall consider a degeneration X — A of the form 0 = F(Z) + tG(Z), where G is a
general cubic, and the 2*¢ Symanzik polynomial F takes the form

F(Z) = Z0123Q(Z4, Zs, Zs) + Z3a56Q' (Zo, Z1, Z2) + Z3P(Z),
with P(Z) = Z?:o Z?:?) P,;Z;Z; (and P33 = 0) and @, Q" quadrics, and where we denote

Zo 4 -+ + Z3 =: Zy1o3 etc. for convenience. More precisely, let pi,...,ps € RVP~! denote
“momenta’ summing to 0 and my, ..., mg € R denote “masses”, all assumed generic; then writing

U(Z) = Zn12Z4s6 + Z3Z012456
for the 15¢ Symanzik polynomial, we have
Q'(Z) = P5Z0 21 + PasZoZa + P3Z1 22 + Zona Z?:o m?Z;,
Q(Z) = PeZsZs + P26 Z1Z6 + P2 25 Z6 + Zase Z?:z; m?Z;,

and
2 6 /10—j 2 6 2
P(Z)= Z Z ( Z 5k> ZiZj + Zo12 Z m>Z; + Zase Z m; Z; + m3U(Z).
i=0 j=4 \k=i+2 j=4 1=0

0 j=4
If D > 4, then sing(Xy) consists of the two disjoint conic curves
C:{Z0:21:22:Z3:Q:0} and C/:{Q/:Z3:Z4:Z5:Z6:0}.

When D = 4, sing(Xy) = CUC'US”, where §” consists of two nodes pY, py with nonzero
Zz-coordinates.?” Tt will be important later that U (p!) = 0.

20This is contrary to the claim in [Blo21, Prop. 2.1]. The equations of these nodes are quite ugly: write
P4 = «2p2 + azps + asps + agps for the linear dependency forced by D 4 (of course also
P1 = —P2 — P3 — Pa — P5 — P6). Define quantities N = ao(l + aQ)ﬁg + 2a2(1 + @3)p2 - ps + as(l + ag)ﬁg,
N = as(1 + a5)5§ + 2a6(1 + a5)ps - Ps + as(l + ag)ﬁg, m = —agm% + (a2 — ag)m% + (1 + ag)m%, and

el
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The exceptional divisors of the blowup along C LU C’ are quadric bundles with smooth total
spaces [Blo21, Lem. 3.1]; in particular, their singular fibers have corank 1. Since the latter
are determined by the intersections of C,C’ with a cubic discriminant locus, there are 6 on
each bundle. Equivalently, X has generically A, singularities on C LI C’, with pinch points at
S={p1,...,p6} CCand & = {p,...,p5} C C’; the stratification of sing(Xy) is thus given by
S1=C\SUC'\§ and Sg =SUS' US". Write g := |S"| =0 (D > 4) resp. 2 (D = 4), so that
‘So| =12+ g.

We must also keep track of the 12 points {¢1,...,¢6} C C and {¢},...,q5} C C’ given by
intersecting these curves with G = 0, which are the (nodal) singularities of the total space.
Denote by Si the complement of these points in S;. As n = 5, we are in the milder case (i) of
Theorem 5.1, and they do not affect Clemens-Schmid. Writing H%,  := H*¢;Qx, we know that
HE, =0 for k #4,5.

To evaluate H?  and H3

van van

e at p e S” (D =4 only): Zgzl 2=t = M3, ~Q(-3) (and H*=0)

eatpeSTcCoucC: Z?:l 27 =1t (v free) = Hi, ~Q(—2)- (and H3,, = 0), where the
subscript “—” means that Ty acts by —1 (Prop. 5.3);

e at ¢;,ql: 22:1 r? =trg = M, = Hinn = 0, and the generic Hi,, on Sj has vertical
monodromy —1 as p goes about these points (Prop. 5.3 again); and

o at p;,pl: 22}21 v} 4+ wexd =t = HS,, ~ Q(-3) (and Hi,, = 0), and the generic H,,
on Si has vertical monodromy —1 as p goes about these points. (This is by repeating the
analysis of pinch points in §3, which yields &%M =0and 5%, =[(3,6)].)

(stalkwise), we consider the local forms of X" at points of sing(Xj):

Thus H°¢;Qx is a sum of 12 + g skyscraper Q(—3)’s on Sg; while H*¢;Qx ~ x1(Q(—2)_ ® X),
where k: S§ < CUC’, and y is the rank-1 “Kummer sheaf” with monodromies of —1 about each
of the points p;, pj, ¢;, ¢;. Since there are 12 such points on each conic curve, the double-covers
C, C" (of C,C") branched along them are curves of of genus 5. Writing H := H*(C) @ H(C"),
the spectral sequence (3.2) becomes

45 (_3)@12+n 0 0
HA 0 V(=2)_ 0
HO H? H?

whence HS  (X;) =2V (=2)_ @ Q(—3)P12F4 (the subscript “—” again refers to the action of Ti)

and HE (X;) =0 for k # 5.

van

In the terms of the vanishing-cycle sequence

0— H(Xo) — HE, (X3) — H2 (X)) > HS(Xo) — HS (X)) =0

van

M= —asm? + (as — as)m2 + (1 + a5)m2. Let p1, p2 be the roots of the quadratic equation
O =P+ OV =M +N—M+m)p+ (M—M) =0
(which arises from intersecting U = 0 with five hyperplanes). Then

: (fn/—im’)p,i;(m—sm) .

- aez(aﬁ—a5):1+a5]‘
3

py = [—a2pi: (a2 — a3)p; : (1+ a3)p;
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we thus have the following possibilities for Hodge-Deligne diagrams:

(6.1)
q
10 12+a-a 10 12+a a+1 1
b@® b..N. e o [ ] [ J
([ ] ® @010 @10
2+a—a b 24+a—a b

f f f P f f f P f f f P f f f P f f f P

H°(Xo) HE, (X0 H, (X4) H(Xo) HE, (Xy)

where a = rk(9) is unknown, red dots signify nontrivial Tis-action, and
(6.2) b=h*" (X)) - (12+p8—-a+10)=21—-(22+a—a)=a—a— 1.
As in the case of nodes (§I1.2.2), more information is needed to resolve the ambiguity.

Clearly we have 1 + a4 < a < 124 g, hence b < 11. We can do much better than this by
generalizing the proof of Theorem I1.2.9 to arrive at the following

Lemma 6.2. Let I,.# denote the ideal sheaves of C U C’ resp. S" on PS, and
| HYCUCL(On/)2)
HO(C u C/7 NCI_IC’/PG(_]'))

(6.3) ev: HO(P®, Ops (2)) @ HY(S", (Ops ) 7)(2))

~. B ~ b
the evaluation map.?* Let PS — PS be the blowup along C LU C' US", and Xo — Xo the strict
transform, with respective exceptional divisors Eg and Ey,. Then we have identifications of vector
spaces

coker(ev) = H'(P°, I” ® . @ Kps(3X0))/im{H" (P°, Qs ;(2X0))}

(6.4) = ker(HO(%o) — HY(B%)) = im (H(Xo) - f1:i52})

4 Y
~ ker (54%2)) —» W4H5(XO)) .

Sketch. Noting that X, is smooth, Mayer-Vietoris and weak Lefschetz yield

(6.5) 0 — HY(BS) & H'(Xo) 5 252 2 Wi H5(Xo) — 0,

with dual
0 HS(BO)(1) & HO(Xo) & ker{H*(By)(~1) — HO(Eg)};
and we set HS(Xy) := im(8Y) = ker(a). By localization and [Sch85, Lem. 1.4],
H{(Xo) = FPHE(Xo) = F*H"(BO\ Xo) = H'(B®, Q37 (e - 3)),

which by [Blo21, Lem. 4.2ff] is

= H'(P°, B35 (o - 3))

= H(P°, Qs (Xo) — Q5o 1(2X0) — Qe (3X0) @ I* ® ).
Now H3(PY, Q36 (Xo)) = {0}; and since

0— QI%G,I(2XO) — Q]EI;G (2X0) — NCUC’/IPG(_l) —0

21The map Neyps (=1) — (Ops /1?)|c(2) (for C and C') is induced by Tpe(—1) 3 Ops (2), where Tpe (—1) is
globally generated by {0z,}%_, and §(9z,) := 0z, F. In (6.4), the sheaf subcomplex Qps ; C Qg is generated

by IQ%,G and dI, and the map 936’1(2)(0) — Q[?,G (3X0) ® I?(®.#) is also induced by F.
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is exact and Noyorps(—1) =2 (0% & Ops(1))|cuer = “(OF' @ Op(2))¥?” (by identifying
C = P! = ("), we find H?(PS, Q]E};G’I(QXO)) = {0}. So we conclude that

Hg(Xo) = H'(P°, I © 7 @ Kps(3Xo)) /im{H* (P®, 23 ;(2X0))},
which — by noting Q% (3Xy) = Ops(2), H'(P°, Q°(3X,)) = {0}, and
HO (P%,Q°%(3X,)/(Q°(3X0) ® I? ® .7))
HO(P%, Q36 (2X0) /s 1(2X0))
— identifies with coker(ev). O

RHS(6.3) =

Theorem 6.3. For general masses and momenta, in dimension D > 4 [resp. D = 4], the second
Symanzik hypersurface for the double box has Hodge numbers h®?(H®(Xg)) = 9 [resp. 10| and
h32(H5(Xo)) = h?3(H®(Xo)) = 2 [resp. 1|. The LMHS H;, for the general 1-parameter cubic
smoothing has tk(N) = h33 = h?2 = 9 [resp. 10] and h*>3 = h3? = 12 [resp. 11| while Ty acts
by —1 on a subspace of Grgv of rank 20. The degeneration from D > 4 to D = 4, in which Xy
acquires 2 nodes, has monodromy logarithm of rank 1.

Proof. By (6.1)-(6.2), it will suffice to show that a = 3 (D > 4) resp. 4 (D = 4). Note that by
(6.1), tk(W,H5(Xp)) =12+ a4 — a.
First, we claim that a = rk(coker(ev)). Each of the quadric 3-fold bundles in Ey, (over C' and

C") has 6 corank-1 singular fibers, hence contributes 8 to h*(E,) and 6 to rk( gzégg) (while each

quadric 4-fold arising from a node contributes 2 resp. 1). By the Lemma, rk(coker(ev)) is thus

4 [
rk(gag)) — tk(WaH (X)) =2-6+a-1—- (1248 —a) =q,

as desired.

To compute ev when D > 4, write S? for homogeneous polynomials in Z, ..., Zg of degree 2,
and (0123)? [resp. (3456)%; Jr| for the subspace given by polynomials in Z, ..., Z3 [resp. poly-
nomials in Zs, ..., Zg; linear combinations of 0z, F, ..., 0z, F|. Recalling

C={Zy==2=Q=0}
the only degree-2 polynomials vanishing to order 2 on C are those in (0123)2, making this the
kernel of the map from S? to HY(C, (Ops /I%)(2)). As the latter space and S2/(3456)2 both have
dimension 18,%? they are isomorphic. Similarly, one finds that

C{0z,}) = H(F°, Tps (1)) = H°(C, Neype (~1))

is an isomorphism by a sheaf cohomology computation, whence ev is just the natural map

9 S? S?
6.6 ) .
(6.6) VST 01232 + Tp  (3456)2 + JTr

Note that (0123)% N (3456)% = C(Z3). We claim that

(6.7) ((0123)% + Jr) N ((3456) + Jp) = Jr @ C(Z2) & C(U),

making dim(ker(ev)) = 9. To see this, note that the “cross-terms” of type (012)(456) in the 9z, F
are (in order)

{Z45602,Q'Yi—g, P+ m32302,U, {Zn1207,Q}_,.
Denoting by cg, c1, ¢co, ¢4, C5, cg the unique constants that make

Z?:o ¢i02,Q" = Zpy2 and Z?=4 ¢i0z,Q = Zysé,

22dim(5) = (g) = 28, dim((3456)2) = (g) = 10, and an easy computation using
0— Ng/]pﬁ(Z) = (Ops /12)|c(2) = Oc(2) = 0

and N, (2) = 00(1)694 @ Oc¢.

C/p6
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we set O'F = Z?:o ci0z, F, OF = Z?=4 ¢;0z,F. Then §F := 'F — JF is (up to scale) the

unique element of Jr with no cross-terms (by genericity of P), and we may write uniquely

mod C(Z3) §F =: g — g’ with g € (3456)% and ¢’ € (0123)2. One checks that g = &'F — U and

g = OF —U (whence U € LHS(6.7)). Now given Gy € LHS(6.7), we have G'+ H' = Gy =G+ H

with G’ € (0123)2, G € (3456)2, and H, H' € Jp. Then H — H' = Y% 6,07, F = G' — G has

no cross-terms and must be a multiple of §F, whence G = ug + A\Z2, and Gy € RHS(6.7).
From (6.7) we can now immediately read off

rk(coker(ev)) = dim(RHS(6.6)) — (dim(S5?) — 9)
=2(28—-10-7)— (28 —9) =3,

proving the Theorem for D > 4. For D = 4, ev is “enriched” by the evaluation at the two nodes,
becoming
52 52 52
2 b 2 ®—
(0123)2+ Jp — (3456)2 + Jp =~ &
(with S2?/.# = C?). Since all the 0z, F, as well as U, vanish on &, they map to 0 in S%/.#;%3
on the other hand, Z2 does not map to 0 in S?/.#. So rk(ker(ev)) has increased by 1 and the
rank of the codomain by 2, making rk(coker(ev)) =3+2—1=4. O

ev: 5%

We conclude with some remarks on the extensions of MHS in (6.1). As usual, H{  and H_

van
are the direct sums of their Tys-invariants (black) and other Tys-eigenspaces (red). The remaining
biextension on the “black” part of H{}  includes the extension class of

(6.8) 0 — W,H®(Xo) — H?(Xo) — Gry H?(X,) — 0,
which is not hard to describe heuristically. Indeed, by (6.5) we have
(WiH(X0))" = ker{ Hy(Ep) = Hy(Xo) ® H*(Es)},

which is representgd by certain algebraic 2-cycles Z € CH? (Ep) which in particular bo~und in Xo:
writing ¢: Ep, — X for the inclusion, we have 12,(Z) = OI" for some 5-chain I' on X,. Noting
that Gry H®(X,) = H°(Xp), (6.8) is then computed by the Abel-Jacobi classes

375( Y \Y B
(69) M2 = [ e FEEREE - k)

of such Z.

Now assume D > 4. By [DHV24], X, has a birational model X, with a map II: Xo — P!,
whose fibers are generically smooth quadric 4-folds, with 6 corank-1 fibers over points ¥ C P!.
(As a rational map on X, II is just given by U(Z)/Z2.) Let € = P! denote the (genus 2)
double-cover branched over . There exists a P2-bundle 2 % % and an embedding I: % — X,
such that ITo] = mop; let Y . & be the birational model with an embedding Y < XO. Then
I, 0p*: HY(%)(-2) 5 H’(X,) recovers the isomorphism of [op. cit.]. Write {w;}2, C Q(%)
for a basis and Q; := I,(p*w;) for 5-currents spanning F* H®(X,).

Finally, for Z € CH?*(E,) as above, we set
(6.10) Zg = pu(Y 1. Z) € CHp L (6).

Then we have
Mg @@ = [Lpw= [ Fu=[ e AkZow)
T rny p(CNY)

since p(T'NY) = p(OT' NY) = Z¢, and so (6.9) (hence (6.8)) is simply computed by the
Abel-Jacobi images of the cycles (6.10) on €.

23The presence of U in this kernel implies that the map H*(P!, Qps 1(2X0)) — Hl(IP’G,Q]?,6 (3X0) ® I? ® ¥),
claimed to be injective in [Blo21, Lem. 5.3|, in fact has a rank 1 kernel.
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